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In the first part! of this treatise we have given the foundation of a general 
theory attempting to unify the various theories of algebraic systems and their 
decomposition theorems. This was achieved, to put it paradoxically, by the 
elimination of the elements from the algebraic theories. We observed namely 
that the theorems of decomposition for algebraic systems referred only to the 
properties of certain distinguished sub-systems. For these sub-systems we 
have two fundamental operations, namely cross-cut and union. This led us to 
the consideration of structures i.e. systems with these two operations, cross-cut 
and union, satisfying the ordinary axioms. We limited the type of structures 
considered by imposing a further axiom, the Dedekind axiom, giving a certain 
relation between cross-cut and union. This axiom is satisfied in almost all the 
distinguished sub-systems considered in algebraic theories. 

In the first paper we deduced the consequences of the Dedekind axiom. 
Furthermore we introduced the notion of quotients and the similarity of quo- 
tients. This notion of similarity replaces the notion of isomorphisms in algebraic 
systems. Let us observe that such a replacement is necessary since the notion of 
isomorphism for instance in a group or a ring refers to a property of the elements. 
We proved finally the general Jordan-Hélder-Schreier theorem for Dedekind 
structures. 

In the second part we show that this foundation is actually sufficient to obtain 
all the central algebraic theorems of decomposition. Hence the structures with 
their axiomatic simplicity and great generality give us a suitable background for 
the algebraic theories. Still more important is perhaps the fact that they yield a 
powerful method for the analysis of the difficult question of the domain of valid- 
ity for the various theorems of decomposition. In the following we obtain 
several new theorems of decomposition in addition to important extensions of 
theorems known in connection with special systems. 

In the first chapter we discuss the irreducible decompositions of a quotient. 
We begin by deriving various theorems on components and apply them to prove 
a general decomposition theorem. In §3 we derive the principal properties of 
reducible quotients and finally the main theorem on irreducible decompositions 
lsobtained. It is remarkable that this theorem depends only upon the existence 
of the decompositions, and not upon the descending chain condition as supposed 
lM most applications, for instance in the ideal theory of E. Noether. 

In the second chapter the considerably more difficult direct decompositions 





. Annals of Mathematics, vol. 36 (1935) pp. 406-437. In the following we shall refer to 
this paper as No. I. 
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are considered. We first give a simple proof for the main theorem for quotients 
of finite length. This theorem contains the well known Schmidt-Remak theorem 
for groups. It follows from certain investigations by Steinitz* and Krull* that 
one cannot expect the main theorem to hold for arbitrary Dedekind structures 
satisfying only the descending chain condition. It is shown however that the 
theorem is true for all so-called regular structures satisfying the descending chain 
condition. A special case of regular structures are those where no quotient 
has a proper factor similar to it; hence all finite structures are automatically 
regular. At the end of the chapter various unique decompositions of a structure 
are given. 

In the third chapter we discuss the completely reducible structures. These 
structures have applications to semi-simple systems, projective geometry etc. 
A part of the results are well known from the special applications, but there are 
also various new results showing the simple properties of these structures with 
regard to similarity. 

In the fourth chapter we represent an arbitrary Dedekind structure as the 
product of completely reducible factors and various of the fundamental proper- 
ties of such product representations are derived. It may be mentioned that a 
part of these results, proved in the special case of linear differential systems, 
goes back to Loewy. We generalize these products to much more general 
product representations where each factor instead of being completely reducible 
is of so-called normal type. The same results hold for these representations. 
In the last chapter we discuss the close connection between irreducible decom- 
positions and maximal completely reducible factors. 


CHAPTER 1. IRREDUCIBLE DECOMPOSITIONS 


1. Theorems on components. In the final part of the preceding paper the 
product representation of quotients has been studied and a general formulation 
of the Jordan-Hélder theorem for structures satisfying the Dedekind axiom has 
been derived. We shall now study another, equally important class of repre- 
sentations, namely the representations of structures or quotients as the union or 
cross-cut of sub-structures with given properties. Such representations are 
fundamental in a number of branches of algebra, for instance, in ideal theory 
and in group theory. We observe at this point that because of the dualism 
between cross-cut and union it is only necessary to consider one type of decom- 
position; we shall prefer here the representations by means of union. 





2 E. Steinitz: ““Rechteckige Systeme und Moduln in algebraishen Zahlkérpern, Teil |, 
Math. Ann., vol. 71 (1911) pp. 328-354, Teil II, vol. 72 (1912) pp. 297-345. 

3 W. Krull: ““Matrizen, Moduln und verallgemeinerte Abelsche Gruppen im Bereich 
der ganzen algebraischen Zahlen.’’ Sitz.ber. Heidelberg 1932. 

‘See for instance: A. Loewy: “Uber die Zerlegung eines linearen homogenen Differ- 
entialausdrucks in grésste vollstindig reduzible Faktoren.’’ Sitz.ber. Heidelberg 1917. 
See also: O. Ore: ‘‘Formale Theorie der linearen Differentialgleichungen’’ Journ. f. Math. 
vol. 168 (1932) pp. 233-252. 
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We always suppose in the following that the structure satisfies the Dedekind 
axiom. Any representation of a quotient % as the union of quotients with the 
same denominator 


(1) A= (Ms, --- , A] 


shall be called a decomposition of A. Any %; in (1) shall be called a component 
of {in this decomposition. To each component %; in a given decomposition (1) 
there exists a unique complement 


(2) W = (2, arate YW i-1, W iis, T=. 4,]. 
Now let $ be an arbitrary factor of Y. The quotient 


shall be called the component of 8 in Y;. We shall derive various properties of 
these components which we need to prove the following theorems of decomposi- 
tion. We mention first: 


THEOREM 1. The component A® of B in WX; is the maximal factor of A; such 
that 


(4) [a?, Hs] = (8, Mi. 
Proor. We observe that according to (2) chap. 1, I we have 
Qe? Td) = AA [BAD] = (BA, WAM) = (BA 
and it is obvious according to (3), that any factor %/ of YU; such that 
(M;, We] = (BH) 


must be a factor of 2°. 


Let us now consider the components 2% and 9° of B in two different quotients 
Y;and%;. One immediately finds 


(5) (fF, #) = (Ai, W,). 


More important is the following result: 


TuroreM 2. Let [%;, 4 ;]® denote the component of B in [Y;, X;] in the decom- 
position (1). Then [2°%, X] has the factor [X;, X,]°. 
Proor. We denote by %;,; the complement of [%;, %;] in (1); hence 


Y= (%s5,%), A; = (Mis, i. 
According to (3), chap. 1, I the expression 
(a?, MF) = (1B, H.W), ALB, Wei, WD] 


may be reduced to 


[a®, a?) = ((2:,2U;], [B,%.], [B,4,;]) 
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and hence obviously 
(aP, 1] = (WA, (B,A.s)) = Ws, WI]. 
An important consequence of theorem 2 is: 


TureoreM 3. Let % be a factor of a quotient X having the decomposition (1). 
The union of all components of 8 in the various U; 


M = (AP, --- WP] 
has the factor &. 


Proor. It follows by repeated applications of theorem 2 that I must be 
divisible by the component of % in Y, i.e. by B itself. 


2. The general decomposition theorem. So far we have only considered 
the components of a fixed factor $ in the various %;in (1). Let us now consider 
the components of two quotients $ and C in a fixed 2;. We can then prove: 

TuHeEoreM 4. Let % have the decomposition (1) and let B and © be factors of ¥ 
with the components X® and AS inA;. Then [B, C] has the component [®, X°] in Y,. 

Proor. The component of [%, €] in Y; is 

MN = (2;,[B, G, X;]) 
and according to (4) we have 
N= Ai, (AF, AS, Ar) , 
and since [%%, 4°] is a factor of %; we can apply the formulation 7: (p. 412, I) 
of the Dedekind axiom giving 
N= (WF, MF, As, Wd] = (WP, MI]. 
An important consequence of theorem 4 is: 
THEOREM 5. Let 


Y = (21, asia » A, = (Gi, abe , Be] 
be two decompositions of the same quotient and let U;,; be the component of B; in 
%; and B;,; the component of A; in B;. Then 
(6) Wi = [Mia --- As), By = (Bir, ---, Birl- 


Proor. It follows through a repeated application of theorem 4, that for 
instance the union of the %;,; (j = 1, 2, --- s) is the component of the union of 
the %;, i.e. Win ;. 

From Theorem 5 we obtain the general decomposition theorem: 

THEOREM 6. Let 


(7) = [Mi, --- ,%] = (Bi, --- , B.] 


be two different decompositions of the same quotient %. It is then possible to 
decompose the components % ; and B; further: 


(8) Ai = Mia ---, Me), B; = [Birr ---, Berl, 
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so that both sides in (8) have the same number of components and so that a component 
;, ; in the first decomposition can always replace ¥;,; in the second and conversely. 

Proor. It is sufficient to let %;,; and %;,; be the components of B; in YI; 
and %; in $; respectively. The relations (8) are then true according to theorem 
5. Let us now replace %;,; by B;,; in the corresponding decomposition of Y. 
We then obtain the quotient 


MN = [2;, ee » Us, 5-1, ¥;, ty Ws, 541) Eee a . Yi] 
and we want to prove that % = MN. From a repeated application of theorem 4 
follows that 
(Mia, +++ y Mga, Me jea, --- , Ae] = As, [(B, As], 
and according to (2), chap. 1, I we have 
(As, (Us, [B;, A)] = (As, Ad, [B;, Ad) = [B;, 
hence according to theorem 1 


N = [(B;,i, Bi, Ai] = (Bi, B;, A] = A. 


& 


‘J; 


3. Irreducible quotients. We shall say that a quotient &% = A // Aois 
reducible when there exists a decomposition 


(9) 4=([B,6], B=B/A, C=C/Ao 


where 8 and € are proper factors of Y, i.e. A > Band A > C. When no such 
representation (9) exists, we shall say, that %& is irreducible. We shall now 
deduce some properties of irreducible quotients. 
TurorEM 7. When % is irreducible, then every l.h. factor of X is irreducible. 
Proor. If al.h. factor %; of 2 is reducible, 


% = (Bi, Gil, Y= % XK A, 
then one finds that % is reducible since 
WM = [Bi X %o, Gi K Ae] . 


TuroreM 8. The necessary and sufficient condition that a quotient X be irre- 
ducible is that any two L.h. factors of X have a common factor. 

Proor. Let us first suppose that % has two Lh. relatively prime factors 
BYand€. According to theorem 8, chap. 3, I we can then write 


[B, C], _ (Bi, Gi] ’ 


where %, and ©, are r.h. relatively prime and similar to % and to € respectively. 
From theorem 7 it then follows that % is reducible. Conversely, when 2 is 
reducible and has the decomposition (9), let D be the greatest common r.h. 
factor of B and €; hence 


B=3xXD, C=GxX2Md, 
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where %; and G; are r.h. relatively prime. Then % is l.h. divisible by [¥,, 6] 
and since this union may also be written as the I.h. union of relatively prime 
quotients it follows that 2 has two relatively prime 1.h. factors. 

When theorem 8 is applied to the case where 2 is a quotient of finite length, 
we obtain 

THEOREM 9. The necessary and sufficient condition that a quotient X of finite 
length be irreducible is that it have but one l.h. prime factor . 

Let us finally prove: 

THEOREM 10. Every r.h. transform of an irreducible quotient is again irre- 
ducible. 

Proor. It is fairly obvious that one obtains another irreducible quotient by a 
similarity transformation of an irreducible quotient 2%. Let us now suppose 
that we transform % by 8, where 2 and B have the common factor D. We can 
then write 


A=W XD, B= %3xXD 


and %; is irreducible according to theorem 7. According to §3, chap. 3, I we 
have 


BAB = BA By" 


and since the last transformation is a similarity transformation our theorem is 
proved. 


4. Irreducible representations. We shall now prove the main theorem on 
quotients which may be represented as the union of irreducible quotients. We 
say that a decomposition (1) is a proper decomposition when no component Yj 
is contained in its complement. One can prove: 

THEOREM 11. Let 


(10) Y= [%,--- , A] 
and 
(11) Y= (Bi,--- , Bl 


be two proper representations of a quotient U as the union of irreducible quotients. 
Then both decompositions have the same number of components and the enumeration 
may be chosen so that X; and B; have a similar left-hand factor.* 

In the applications of this theorem, for instance in ideal theory, it has been 
proved only under the strong assumption that the descending chain condition 
holds. It is therefore remarkable that the theorem actually is based only upon 
the existence of the irreducible representations. 





* (Added in proofs.): The fact that two representations (10) and (11) have the same 
number of components and that the components may be interchanged has been shown 0 
a recent article by A. Kurosch: Durchschnittsdarstellungen mit irreduziblen Komponenten 
in Ringen und in sogenannten Dualgruppen. 
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Proor. We apply the decomposition (6): 
= (2:1, teey A,» ’ bY = (4, [B,, I, ]). 


Since %; is irreducible, we must have Y%; = %;,; for some j and hence [¥,, Y;] has 
the factor X,;. This proves that for every 7 there exists aj such that 


(12) a = (2h, sitet Wir, Bi, WM 41, cite » U,] . 


We wish to prove that this is a proper representation. First, it is obvious that 
%, is not contained in %;, because otherwise the original decomposition (10) 
would not be proper. Second, let us suppose that some Y%; in (12) is superfluous. 
Denoting as before the complement of [9;, 2] by Y:,, we divide both sides of 
(2, Yi, W;, x] = [B,, Asx] 
by %,, and obtain 
Ws, x (Mi, Mx] WF", oa Ws, x B45", . 

Since the r.h. side is irreducible according to Theorem 10, the |.h. side must also 
be irreducible and it is easily seen that this is not the case. The relations (10) 
and (12) show finally that 2; and %; have a similar |.h. factor. This proves: 

THEOREM 12: When a quotient A has two proper representations (10) and (11) 
as the union of irreducible components, then any component X ; in one decomposition 
may be replaced by a suitably chosen 8; in the other so that the new representation 
is also proper. The quotients A; and B; have a similar Lh. factor. 

This process of substitution may be repeated and it follows that an arbitrary 
number of components 2; may be replaced, by the same number of %;, so that 
the resulting representation is also proper and each %; has a |.h. factor similar 
toa l.h. factor of the Y;it replaces. Replacing all r components in (10) by com- 
ponents in (11) it follows easily that both decompositions have the same number 
of components, and theorem 11 is proved. 

When the descending chain condition is satisfied in the quotient I, the exist- 
ence of a representation as the union of irreducible components is always as- 
sured. In theorem 9 we have proved that an irreducible quotient 2% of finite 
length has but one 1.h. prime factor 2. We shall say that Y belongs tof. Theo- 
rem 11 then shows: 

THEOREM 13. Let %& be a quotient of finite length. Any two proper representa- 
tions of as the union of irreducible quotients have the same number of components, 
and the components may be ordered in such a way that corresponding irreducible 
components belong to similar prime quotients. 

We shall return to the irreducible representation at another instance. (See 


chap. 5.) 
CHAPTER 2. Direct DECOMPOSITIONS 


1. The decomposition theorem. A quotient It in a Dedekind structure = 
shall be said to be direct decomposable when there exists a representation 


(1) M = (A, B] 
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where % and Q are relatively prime quotients (with the same denominator as 1), 
When there exists no such decomposition (1) we shall say that M is direct in- 
decomposable. Correspondingly we may define left-hand direct decomposable 
and indecomposable quotients by means of the 1.h. union and cross-cut. We 
observe however, according to theorem 8, chap. 3, I, that when there exists a 
r.h. decomposition (1) there also exists a 1.h. decomposition and conversely, so 
that there is no difference between r.h. and |.h. decomposability. 

It is obvious that when the descending chain condition holds in > there 
exists a direct decomposition of J: 


M = [%, --- , %] 


as the union of a finite number of mutually prime (I, chap. 3, §6) direct inde- 
composable quotients 2%; From a remark we have just made it follows that 
such a representation must also exist when the ascending chain condition is 
satisfied. 
The principal theorem on direct decomposition is then the following: 
THEOREM 1. Let Mt be a quotient of finite length in a Dedekind structure 3 
and let 


(2) M = [Wh, ---, A-] = [Bi, ---, Bs] 


be two direct decompositions of IN into direct indecomposable components. Then 
both decompositions have the same number of components, and these are direct 
similar in pairs. Any component in one decomposition may be replaced by a 
suitably chosen component in the other to give a new direct decomposition of Mt and 
any component in one decomposition may be used for some such replacement in 
the other. 

Let us observe that when applied to groups this theorem contains the well- 
known Remak-Schmidt theorem. 

We shall prove theorem 1 by induction, supposing it to be true for all quotients 
of shorter length. From this fact we first deduce: 

TueoreM 2. There exists at least one pair of components, for instance Y%; and 
Bi, in the decompositions (2) such that they may mutually replace each other, 


(3) M = (Bi, 2, ore » U,] = (i, Bo, Set $B] 


giving two new direct decompositions of WM. n 

Proor. We shall apply the same notations as in chap. 1, writing YU; and 3; 
for the complements of 2; and %; in the decompositions (2), and the components 
of $; in A; and Y; in B; are 


(4) %,7 = A, (BV, Ad), Bis = (GB, Ms, Bil). 


Let us make the preliminary remark that when the identities (3) hold they 
are eo ipso direct decompositions. This follows simply by comparing the length 
of the decompositions (3) with the length of the decompositions (2). 
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Let us now form the quotient 
(5) Near, =N= (Bi, erage B;,1] . 


This quotient has the factor %f, according to theorem 3, chap. I, and hence we 
can apply the Dedekind axiom and write 


(6) N= (2h, (2h, N)] aad [B, °° * %,,1] . 


We suppose first that Jt is a proper factor of I, hence that theorem 1 is true 
for the direct decompositions of J. This shows that in (6) the indecomposable 
%, must be replaceable by a direct indecomposable component of some %j,1. 
Let us suppose that %, is replaceable by ©; where 


(7) Bii = [G, @]. 
We have then 
(8) N = (Gi, (Qh, N)] ’ 


where G; is relatively prime to (4, N). Since G is a factor of N this implies 
that ©; is relatively prime to %:. 
From the relation (6) we obtain 


(9) M = [N, M1] — (Gi, 1] ’ 


and from this direct decomposition of J we can conclude ©; = B, because the 
Dedekind axiom gives 


Si => [Gi, (Bi, %)], 


showing that 8, would otherwise be decomposable. The substitution 8, = G 
in (9) gives us the first relation (3). To prove the second we observe that 
according to (7) we have 


Bi. = (Bi, Lh, Bil) = Bi 
and hence [21, 81] has the factor %1, so that 
M = [%, Bil. 


It remains to consider the case Jt = M. From the definition (5) of MN one sees 
that this can occur only when %;,1 = Q; for all j, and the definition (4) of Bj, 1 
in turn implies that 


M = (2h, $ ;] (j = 1, 2, sth 8) 


is the necessary and sufficient condition for Jt = Mi. 
If in this case 


M = [Bi, %] 


our proof is completed. Hence we may suppose that [%:, %:] is a proper factor 
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of IN. We then construct the quotient 
Ny, = ha, --- Wal 


and since it is a proper factor of I, we can repeat the argument of the first case. 
The validity of theorem 1 is easily deduced from theorem 2. From the 
relation 


(Mi, Me, --- , We] = [Bi, %e, --- , A] 
it follows that %; and QB, are direct similar. The relation 
(Mi, Me, --- , MW] = [h, Be, --- , Bs] 
gives, after r.h. division by %, 
(10) [Mr Mo MT", ++ MWe MT") = [Wi BA’, --- ,% BA", 


and since (10) has a shorter length than Jt we must haver = s. Since %; 7! 
is direct similar to %, B; %7' we also conclude that %; and %; are direct similar, 
The fact that the components %; and 8; may be replaced in the way mentioned 
in theorem 1 is also a simple consequence of the fact that the theorem holds 
for the decompositions (10). 


2. Regular structures. In §1 we have proved the main theorem on direct 
decompositions for quotients of finite length. It is then natural to discuss 
whether this theorem is true for Dedekind structures of more general types. 
It follows however from investigations by Steinitz and Krull® that the theorem 
is not true in general for structures satisfying the descending chain condition. 
These authors consider moduli whose coefficients are integers in an algebraic 
number field with a class-number h > 1. These moduli satisfy the Dedekind 
axiom and the descending (ascending) chain condition, but the components in 
direct decompositions of the same modulus do not have to be isomorphic. 

Let us observe that in a Dedekind structure > of finite dimension n (I, chap. 
II, §5) the main theorem is true if one considers only the components of highest 
dimension, since n successive reductions of = give us a structure of finite length. 

There exists however, as we shall now show, a class of structures more general 
than the structures of finite length for which the decomposition theorem re- 
mains true to its full extent. 

We shall say that a Dedekind structure is (r.h.) regular when it has the follow- 
ing property: 

Let 


(11) M = (A, B] = [C, D] 


be two direct decompositions of the same quotient. When then % and © may be 





5 See the papers mentioned in the introduction. 
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perm uted so that 
(12) M = [C, B] = [A,B], 


then these new decompositions are also direct. 

We have already seen that structures of finite length are regular. To obtain 
more general structures having this property, let us suppose that the decom- 
positions (11) and (12) hold without assuming that the decompositions (12) 
are direct. One then obtains 


BEB" = SAS" 


and from I, chap. 3, §3 follows that 2 is similar to a l.h. factor of ©. In the 
same way one finds that € is similar to a |.h. factor of 9{ and hence % has a |.h. 
factor similar to it. This shows: 

THEeorEM 3. A Dedekind structure is r.h. regular if no quotient has a l.h. factor 
similar to tt. 

This shows in particular that a structure is regular when no factor B in any 
product representation of a quotient 2 can be similar to Y. 

We shall now prove: 

THEOREM 4. The main theorem (theorem 2) on direct decompositions holds in 
all regular structures satisfying the descending chain condition. 

Proor. Let us consider a quotient Jt having two different decompositions 


(13) M = [S, 2h, se -, U] = [S, B:, as %,]. 


The notations are chosen such that & denotes the union of all components 
which are identical in both decompositions. On account of the descending 
chain conditions we may assume the theorem to be true for all proper factors 
of 2. We may also assume the theorem to be true for all representations (13) 
of 2 containing a smaller number than r + s of different components. 

We shall prove the theorem by showing first that one of the %; in (13) may 
replace a 8; and vice versa. On account of the regularity of the structure it 
then follows that the two new decompositions are also direct. We write 


45 = [%, ---, Wen, Wiss, --- , WI, SB; = [Gi --- , Bra, Bi, --- , Be) 
and 
(14) Ws, = (2, [3, A, %;]), Bi, = (B;, uk %,, %;]). 


We next turn to the union 9 of all the components of [%, 2%] in the second 
decomposition (13) and obtain 
(15) MN = [S, B11, Siac Bi, |. 


According to theorem 3, chap. 1 this quotient has the factor [%, %,] and hence 
we can write 


(16) N= (3, Mh, (h,, M)] = [3, Bia, ---, %,, «|. 
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We suppose first, as before in §1, that Jt is a proper factor of M. Our induc- 
tion assumption then shows that %; in (16) must be replaceable by some direct 
indecomposable component ©; of one of the B,;. Let us suppose for instance 
that 


(17) Bi1 = [G, Gl. 
From (16) we then obtain the direct decomposition 
(18) N = (3, G, MH, N)] 
and this gives in turn 

(19) M = [W, N] = (3, G, Ail. 


To show that (19) is a direct decomposition we observe that, according to 
(18), ©; is relatively prime to (Wh, Jt) and hence to %, since G is a factor of N. 
Furthermore $ is relatively prime to 


[G, (Mh, N)] = (N, (Mh, G)), 


hence & is relatively prime to [%, €:]. Theorem 21, chap. 3, I then shows that 
(19) is a direct decomposition. 

As before we conclude from (19) that ©; = %; because otherwise %; would be 
direct decomposable. From (19) then follows 


M = [3, B, %] 


and hence %; can replace %;. To prove that %; can replace $; we need only 
observe that from (17) and (14) follows 


Bi1 = Bi = (Bi, [3, %, Bil) 
and hence 
M = [S, 2h, $,]. 
It remains to consider the case 2} = Mt. According to (14) and (15) this can 
occur only when 
M = [3, %, B) 


for all 7. 
If in this case we have 


M = [S, Bi, MJ, 


then %; and %; can mutually replace each other. If not, we form the union 
of all components of [$, 81] in the first decomposition (13), and since now the 
component in %; is a proper factor of %,, it follows that Nt is a proper factor of 2 
and our first argument applies. 

After this first step in the proof is achieved we choose the notation so that 


(20) M = [S, Bi, Ae, ee » U,] = [S, M1, Bo, mat’ %,]. 
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The comparison with (13) shows that %, and %; are direct similar. Furthermore 
(20) gives us direct decompositions where the number of different components 
is smaller than in (13), for instance 


(3; Mh, ats » UJ _ [S, 2h, Bo, ie %,]. 


Hence we have r = s and the components are direct similar in pairs and may be 
replaced in the way indicated by the main theorem. 

This proof also shows: 

THEOREM 5. One direct indecomposable representation (13) in a regular struc- 
ture may be obtained from the other by successive mutual interchanges of components. 

We have proved the main theorem by specializing the structure to a regular 
structure. One may however obtain a formulation of the main theorem in an 
arbitrary Dedekind structure by the introduction of a set of special elements, 
called regular elements, in the structure. The main theorem is then true pro- 
vided the descending chain condition holds and provided each indecomposable 
component is a regular element. I shall however not discuss this problem 
in detail. 


3. Strong decompositions. Before leaving the subject of direct decomposi- 
tions we shall consider some other, more special types of decompositions in a 
Dedekind structure. 

We have said (I, chap. 3, §5) that two quotients % and % are strongly prime, 
when for any r.h. factors %, and B, of 2% and % respectively, any relation 


[G, i] = [C, Bi] 


implies that € contains [%1, 81]. We have proved (I, chap. 3, theorem 20) that 
this definition is quivalent to saying that for any € the distributive law 


(21) ([%, B], © = [QA ©, (8, ©] 


shall hold. 
We shall say next that a quotient IN is strongly decomposable when there exists 
a decomposition 


M = [A,B] 


where {{ and % are strongly prime, and that M is strongly indecomposable when 
no such representation exists. Any representation 


(22) M = [%h,---, °%l 


shall be called a strong decomposition when every %; is strongly prime to the 
union of the rest. One easily shows, as an analogue to theorem 21, chap. 3, I, 
that the necessary and sufficient condition that ‘ibe be a strong decomposition 
is that, for each 7, %; be strongly prime to [%4, --- , %:1]. This shows that any 
strong decomposition of a component %; will again ‘give a strong decomposition 
of Mt. We can now prove: 
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THEOREM 6. Let 
(23) M = Wh, --- ,A-] = (Bi, ---, Bs] 


be two strong decompositions of the same quotient IN. It is then possible by further 
strong decomposition of the components A; and B; to make both decom positions (23) 
identical. 

Proor. On account of the strong decomposition we find according to (21 ) 
the two new strong decompositions 


A; = (Ai, Bi), --- , Ai, B,)] 
B; = [(Bj, %), --- , (Bs, %)I, 
which substituted in (23) give the same strong decomposition 
M = [--- (AB,), --- ]. 


A consequence of theorem 6 is: 
THEOREM 7. If there exists a strong decomposition 


(24) M = Wh, ---, °] 


of a quotient into strongly indecomposable components, then this decomposition is 
unique. 

We have considered here right-hand strong primality. One may also define 
left-hand strong primality in a similar way and this gives us also |.h. strong 
decompositions corresponding to (24). The following remarks show that there 
exists a close relation between the two types of decompositions for the same 
quotient. If namely 2% and Q are r.h. relatively prime then according to Theo- 
rem 8, chap. 3, I, we have 


(25) (A, B) = (BAB, ABA] 


and the relations given in theorem 3, chap. 1, I show directly that both decom- 
positions (25) are strong at the same time. Hence r.h. strong decomposability 
implies 1.h. strong decomposition and vice versa. The following theorem is 
easily deduced. 

Turorem 8. To any strongly indecomposable representation (24) corresponds 
al.h. decomposition of the same kind 


M = (Mi, ---, We], 


with the same number of components and such that A; is similar to i. 

This theorem shows in particular that a decomposition (24) exists when either 
the ascending or descending chain condition is satisfied. ° 

One might also consider the direct decomposition of a quotient into neutral 
components. We shall say in accordance with our former definitions (I, chap. 2 
§3 and chap. 3, §6) that % is a neutral factor of M if for any two other factors 
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6, and ©, we have the distributive law 
(26) . ({G, Go], 1) = [(2, ©), (4, C»)]. 
We can however prove: 
THEOREM 9. Any direct neutral decomposition is a strong decomposition and 


conversely. 
Proor. Let us suppose first, that we have a strong decomposition 


M = (A, B). 
It follows from (21) that any factor of Mt has the form 
© = [%, Bi] 


where 9; and ¥; are factors of 2 and % respectively, and one finds easily that 
(26) is satisfied. Conversely, from (26) one deduces (21). 

In I, chap. 3, §5 we have defined two quotients %{ and % to be completely prime, 
when no factor of %& in any product representation of Y% is similar to any such 
factor in any product representation of 8. This is obviously a still stronger 
notion of primality than those defined before. 

We may now as before introduce completely prime decompositions and inde- 
composable quotients. The theorems of decomposition for such representations 
are analogous to those obtained for strongly prime decompositions, and may be 
proved in a similar way. We only state: 

THEOREM 10. Any two completely prime decompositions 


M = [W, --- , A] = (Bi, --- , Bl 


of the same quotient may be further decomposed to give the same completely prime 
decomposition 


M = [--- AMB;),--- ]. 


When there exists a completely prime decomposition of a quotient, where the com- 
ponents cannot be further decomposed, then this representation is unique. The 
right-hand and left-hand indecomposable representations contain the same number 
of components, which are similar in pairs. 


CHAPTER 3. CoMPLETELY REDUCIBLE STRUCTURES 


1. Principal properties. In this chapter we shall consider Dedekind struc- 
tures of a special type which we shall call completely reducible structures. They 
may be defined as follows: 

Derinivion 1. Let = be a Dedekind structure with a unit element Ey. We 
shall say that > is completely reducible when the relation A > B > E implies the 
existence of at least one element C such that 


A = [B,C], C<A. 
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In this chapter we shall always suppose that the descending chain condition 
holds. Under this assumption definition 1 is equivalent to the following: 

DEFINITION 2. A Dedekind structure = is completely reducible when to every 
B contained in A there exists at least one C relatively prime to B such that 


(1) A = [B,C], (B,C) = E. 
According to the first definition there exists a C such that 
A = [B, C], (B, C) = D. 
Since we must have D < C we can write again C = [Ci, D] and hence we obtain 
A = [B, Ci], C11<C 


and when this process is continued we must finally come to a C satisfying (1). 
When we assume in addition that = has an all-element we can prove that the 
former definitions are equivalent to the following: 
DEFINITION 3. Let = be a Dedekind structure with a unit element Ey and an all 
element Oy. Then > is completely reducible if to every A there exists at least one 
complement A such that 


[A, A] = Or, (A, A) = Bp. 


It is only necessary to show that the last definition implies definition 2. Let 
A > Band 


[B, B) _ [A, A] = 0p. 
From the Dedekind axiom then follows that 
A = [B, (B, A)]. 


Since, as one easily sees, the complements of a descending chain can be chosen 
so that they form an ascending chain, it follows that the ascending chain con- 
dition in a completely reducible structure with unit and all elements implies the 
descending chain condition, and conversely. 

THEOREM 1. Let > be a completely reducible structure with unit and all elements. 
If the descending chain condition is satisfied in 2, then the ascending chain condition 
is also satisfied, and conversely; and > is a structure of finite length. 

This theorem shows that there is no limitation in assuming that > has a finite 
length. We can then prove: 

THEOREM 2 (DeEFINITION 4). The necessary and sufficient condition that > 
be completely reducible is that every element be the union of prime elements. 

Proor. The finiteness of > in connection with the representation (1) shows 
that every element A is representable as the union 


(2) A = [P,, --- P,] 


of a finite number of mutually prime, prime elements in =. We shall call (2) 8 
basis representation of A. Conversely when the all element Op has a basis repre- 
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sentation then this may be obtained by adding on additional prime elements to 
the basis (2) for A and thus the existence of a complement follows. 

In general, the basis of any element contained in A may be completed into a 
basis for A. Every quotient structure 2 = A/B in & is also completely re- 
ducible. Since the representation (2) may also be written as the l.h. union of 
similar prime quotients it follows that 1.h. and r.h. complete reducibility are 
identical. A consequence of the Jordan-Hdlder theorem is: 

THEOREM 3. All basis representations (2) of an element A contain the same 
number of prime elements similar in pairs. 

In §7, Chap. 3, I, we introduced the notion of transposable factors. By means 
of this notion we can give the following characterization of the completely re- 
ducible structures of finite length: 

THEOREM 4 (DEFINITION 5). The necessary and sufficient condition that a 
quotient structure XU be completely reducible is that in any prime factor representation 


Y= PiX--- XB, 


any two consecutive prime factors be transposable. 

Proor. We shall prove this theorem by induction, assuming it to be true 
for ali quotients of shorter length. Let us first show that & is completely re- 
ducible when it is completely transposable, i.e. when it satisfies the conditions of 
theorem 4. We write 


X= BX fi, % = A/P,, $. = P,/B, 


where {; is prime and $ completely transposable, and hence according to 
assumption 


B= [Qe, --- »O,], Qi = Qi/Pi. 
Since each prime quotient OQ; may occur as a factor preceding 1, each of them 
is transposable with 3; and may be written 
QO; = BP: Pz’, Pi = P./B, 
giving 
(3) PY I = [B1, Sti » Pr]. 


Conversely when %& is given by (3) we can write 
Y= [Pi PP’, ---, PPP] X Pi = PCPr' x Pi 


where © and hence %1CPz" is completely reducible and has a shorter length than 
1. According to assumption, 2,7! is completely transposable and it remains 
only to show that any prime factor of 2,7" is transposable with 3, and this 
follows from theorem 7, chap. 3, I. 

In the following it is convenient to use the terminology that two quotients 
belong to the same class when they are similar. We shall also say that a com- 
pletely reducible quotient Ul is uniform when it is the union of prime quotients 
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belonging to the same class. Every uniform completely reducible quotient has 
a basis representation 


(4) U= [P, ee » B,] 


where all prime quotients are similar and have the same denominator and 
conversely every quotient (4) represents a uniform completely reducible quo- 
tient.* When ll, and Us are uniform completely reducible with prime factors 
belonging to the same class, then (Uh, Us) and [Uh, Ue] have the same property. 
The union of all prime quotients of a given class dividing a quotient % we shall 
call a maximal uniform completely reducible component of A. It then follows: 

THEOREM 5. Every completely reducible quotient is uniquely representable as 
the union of its maximal uniform completely reducible components. 

Proor. One obtains such a representation 


(5) f= (Ui, ---, Ua] 


from a basis representation (2) by joining all prime quotients belonging to the 
same class into one group U. 

To prove the uniqueness of the representation (5) let us suppose that there 
exist two representations 


(Uh, ---, UJ] = (Wi, --- , Wu] 


where ll; and Y; are unions of prime quotients belonging to the same class. 
It is obvious that U1; is completely prime (in the sense of §5, chap. 3, I) to all 
QW ;, 7 ~ 2, and to their union. Theorem 20, chap. 3, I then shows that Ul; = 
(U,, W;) or W; = U; and conversely one finds YW; < U;. 


2. Transformation in completely reducible structures. The process of trans- 
formation in completely reducible structures has several simple properties which 
we shall now deduce. We first prove: 

THEOREM 6. In a completely reducible structure any quotient A = A/B can 
be obtained by expansion from an element Ay in X. | 

Proor. Since A > B we have 


A= [Ao, B}, (Ao, B) = Ky 


and hence 2% is obtained from Ao/E» by expansion with B/Ep. 

Now let P and P be two similar prime elements in =. One of them can then 
be obtained from the other by a series of expansions and contractions. Accord- 
ing to theorem 6 we can always suppose that the contractions are so completed 
in each case that the denominator is the unit element. This is seen to give 4 
series between P and P of the following form: 


[P, Q] = [P:, Ql], [Pi, Qi] = [Pa, Qi], «++ , [Pa, Qn] = [P, Qn]. 


* (Added in proofs.): These uniform completely reducible quotients are “projective 
geometries’’ in the sense of G. Birkhoff (Annals of Math., Vol. 36 (1935) pp. 743-748) 
and J. v. Neumann (Proc. Nat. Acad. of Sci., vol. 22 (1936) pp. 92-100, 101-108). 
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Here we suppose that all Q; are prime elements by the same argument that was 
used to derive equation (20), chap. 3, I, and hence we have 


(6) [P,Q] = [Pi Q] = [P, Pil, — [Ps, Qi] = [Ps, Qi) = [Pi, Pa], ---. 


In the series P, Pi, --- , P each element is then direct similar to the next in the 
sense which we have defined in §4, chap. 3,1. We wish to show that this implies 
that P and P are direct similar. It is obviously sufficient to prove that P and P; 
are direct similar when (6) holds. We obtain from this equation that 


[P, Q, Qi] = [P2, Q, Ql, 


and when P and P; are relatively prime to [Q, Q:] the prime elements are direct 
similar. We may then also write 


iP, P2] = i, R] = [P2, R}, R = ((Q, Q1], [P, P3)), 


where R is seen to be a prime element. In the case where [Q, Q;] contains P 
or P; one finds 


(Q, Q] = [P, Pi] = [Pe, Pi], 


and the last relation again shows that P and P» are direct similar. From this 
result one obtains 

THeoREM 7. Let = be a completely reducible structure. When ; and $2 are 
similar prime quotients in 2 with the same denominator then these quotients are 
direct similar and there exists a third prime quotient Q such that 


(7) [B1, OQ] = [P2, OQ] = [Pi, Pol. 


We next prove: 
THEOREM 8. Let 


(8) A= [Pi ---, B,], B = [Q,,--- ,Q,] 


be the basis representations of two quotients in a completely reducible structure. 
The necessary and sufficient condition that A and B be similar is that the basis ele- 
ments be similar in pairs. 

Proor. The condition is obviously necessary. To prove the converse we 
observe that according to theorem 6 there is no limitation in assuming that 
and B have the same denominator. Let us write (8) in the form 


A= [P, ---, B., D], B= [Qi --- ,Q., D] 


where D = (%, B). Since B; and Q; are similar, there exists according to 
theorem 7 a prime quotient 9; such that 


[(B., Ri] = (Qs, Ri] = [Fs Qi. 
If we write 


R= (Ri --- , Rel 
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then one finds 
(A, B] = (A, RK] = [B, RK] 


and comparing the lengths of these three quotients one finds that 9 must be 
relatively prime to % and %. This proof also shows: 

THEOREM 9. In a completely reducible structure two quotients with the same 
denominator are direct similar when they are similar. 


CHAPTER 4. MaxIMAL Propuct REPRESENTATIONS 


1. Maximal completely reducible factors. In this chapter we shall consider 
the product representation of arbitrary Dedekind structures by means of quo- 
tients having certain maximal properties. We shall first discuss the represen- 
tations by means of maximal completely reducible factors. 

Let % be an arbitrary quotient of finite length in any Dedekind structure >. 
The union of all r.h. prime factors of 2% forms a completely reducible factor 
which we shall call the maximal completely reducible r.h. factor of %. Every 
completely reducible factor of 2 divides Mt. Let us now write W% = % X Mb. 
The quotient 2; has also a unique maximal completely reducible factor Nt, and 
one finds by continuing the argument: 

THEOREM 1. Every finite quotient UI has a unique representation 


(1) Y= MX --- XK Me KX Mi 


as the product of its maximal completely reducible r.h. factors. 

The same theorem holds for left-hand factors. 

We shall now investigate more generally the product representation of a 
quotient by means of completely reducible but not necessarily maximal factors. 
We can prove by induction: 

THEOREM 2. Let A, be any r.h. factor of 2 and let 


W=CxX--- KG 
be any representation of %, as the product of completely reducible quotients, while 
the maximal completely reducible representation of X is given by (1). Then every 
product M: XK --- M1 has the r.h. factor ©; XK --- XG. 
Proor. The theorem is obviously true fori = 1. Hence we can prove it by 

induction assuming that it is true for 7 — 1 factors. We then have 
(2) Mia X--- XM = Fax uxX---xKG 
and also % = B X %. Multiplying (2) on the left-hand side by Mt, X --> X Mi 
we find 

W=MK--- KM KGa xX Gaxk--- KG 
or 

BxXG@.xX--- XG = Me K--- KM: XK Fi. 
This relation shows that the completely reducible quotient $:1€;9711 divides 
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m. X --» X Mand on account of the maximal property of 2; we must have 
Mi = K XK JaGiIh 
or 
Mi X Fra = kK XK (€,, Ju] = 3: X C. 
From this relation one easily finds 
MiX-- XML= Ix Gi x--- KG. 


Theorem 2 has the following interesting consequence: 

TuEorEM 3. An arbitrary representation of a quotient as the product of com- 
pletely reducible factors always contains at least as many factors as the maximal 
completely reducible representation. 

Proor. The theorem follows for % = %. If namely s < r one finds that 
has the r.h. factor 


Mx--- KM = 3K ExX---xXG=3,xK A 


and this is impossible since the quotient at the left is a proper factor of Y. 

Any representation of 2 as the product of completely reducible factors shall be 
called a shortest representation when it contains the same number of factors as 
the maximal representation. 

We shall now consider the relation between r.h. and l.h. completely reducible 
representations. Since every l.h. completely reducible quotient is also r.h. 
completely reducible it follows from theorem 3 that the l.h. maximal representa- 
tion of % contains at least as many factors as the r.h. representation and since 
the same reasoning also holds the other way we find: 

TueoreM 4. The r.h. and I.h. maximal completely reducible representations 
of a quotient 


(3) A= MXK--- XM = BX: KB 


have the same number of factors and for each i the quotient M; X --- X Mi has 
the rh. factor 8; X --» X Bi and B, --- XK Byhasthe lh. factor M, X --- X Mi. 
The last part of the theorem follows from theorem 2. Let us furthermore 
mention the following theorem: 
TororEM 5. Let 


Y= SG X---X Gi 


be an arbitrary shortest completely reducible representation of a quotient % having 
the maximal decompositions (3). Then for each i the quotient 6; X --- X Gi 
isar.h. factor of M; X --- X Mt and has the r.h. factor 8; X --- XK Bi while 
a -+» X G,isalh. factor of B. X --- X B,and has thel.h. factor M, X +++ X 

Proor. One half of the theorem is seen to be a consequence of theorem 2. 
To prove for instance that S; X --- X G; has the rh. factor Bi X --- X Bi 
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we use the known result 
GxX---XKX Gu KR: = BXK--- K Bur. 
Multiplication by 8; X --- X Bi gives 
G@X---XGuxXRi x BixX---XB=-A=-SxX---xXGS, 
and eancelling on the left by GS, X --- X Gis gives 
RX BixX---XB=SixX--- KG. 


It should be observed that theorem 5 gives a unique characterization of the 
maximal representations among all shortest representations. 


2. Representations by means of sub-structures of normal type. In §1 we 
have deduced a system of interesting theorems on the representation of struc- 
tures of finite length as the product of completely reducible factors. The 
question arises as to whether these theorems depend entirely upon the special | 
properties of the completely reducible structures or if it is possible to extend this 
theory to other classes of sub-structures. We shall prove that the theory holds i 
for all sub-structures of normal type which we shall define presently. Furthermore 
we shall prove that the condition of a finite length of the quotient is not essential. | 

Let us consider sub-structures 27 of the given structure 2. We suppose 
that all =‘7’ have some property T in common, for instance that of being com- 
pletely reducible as in §1, and we shall say that =" have the type T. This é 
type shall be called normal when the following axioms are satisfied: 

T;. Every = is a quotient structure in >. 


T.. Every prime quotient in = has the type T. 1 
T;. When SG! and S% have the same denominator then [S{", S$] has 1 
the type T. J 


Ts. Anyr.h. or |.h. transform of 6 has the type T. 
Let us observe that T; implies that any r.h. or l.h. factor of a quotient 6” 
again has the type T. If namely S67 = % x G, then P 


CS™EI=B, BIS ™B=C. 


Generally, any factor occurring in any product decomposition of S") has the 

type T. a 
We can now show that for the representations of a quotient 2 by means of 

sub-structures of a given normal type T all of the theorems of §1 will hold. Let 

% be a quotient of finite length. The union 9% of all r.h. factors of type T (4 

shall be called the maximal r.h. factor of X of type T. According to T; and 7s as 


we find that M{” has the type T and T. shows that M{” is not the unit quo- m 

tient. If we now write % = %, x Mi” we find again that %, has a maximal 

factor M>” and continuing we find: 8 
THEOREM 6. Every quotient Y% of finite length in a structure has a unique repre- re 


sentation as the product of maximal r.h. factors of a given normal type T 


(4) A= Mx... x MM. a 
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This theorem depends only on T, T: and T; and the finite length of %. In 
all of the following theorems we can omit the condition that % has a finite length 
and replace it by the weaker condition that a maximal product representation 
(4) shall exist. 

We first prove a theorem corresponding to theorem 2. 

THEOREM 7. Let YL be a quotient for which there exists a representation (4) as 
the product of maximal r.h. factors of a given normal type T. Furthermore let 


5 M% = CO x --. x EP 
(5) 


be any representation of ar.h. factor %; of X as the product of arbitrary not neces- 
sarily maximal factors of the same type. Then for each i the product 


MP Xx --- x MP 


has the r.h. factor 6 KX ... CY. 
Proor. It is obvious that the theorem is true for 7 = 1 on account of the 
maximal property of M{". Let us suppose then as before that 


(6) MK KMP = Bix OM, x--- KEM. 


If we write UX = B X YW, we find from (6) by the same reductions as in the proof 
of theorem 2 that 


BxeM™x... x CP = mM x... KM” * BA. 


This relation shows that $;-,€7) 371, divides M“ x --- * MY and from 
T, and the maximal property of M2) it follows that $3.67 971, divides 
m”. We then find as before 


MP X Ba = 9x CY 
and we deduce easily 
MD Ke KMP HARKEN. KEM 


and the induction is completed. 

From theorem 7 we obtain as in §1: 

TuroreM 8. Let % be a quotient having a maximal r.h. product representation 
(4) by means of quotients of the normal type T. An arbitrary representation of % 
as the product of quotients of the type T then has at least as many factors as the 
maximal representation. 

Any representation of %{ as the product of quotients of type T containing the 
same number of factors as the maximal representation may be called a shortest 
representation. 

Let us now consider the relation between r.h. and |.h. maximal representa- 
tions. The argument of §1 leads us to the following analogue of theorem 4: 
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TuEorEM 9. Let % be a quotient having both a r.h. and a l.h. maximal repre. 
sentation by means of quotients of the normal type T: 


(7) Ge Mx... KMe = Bx... x BP. 


Then both representations are shortest representations, 1.e. they have the same number 
of factors and for each i the quotient MT x --- * MY” has the r.h. factor 
BY x... & BY? and B™ x .-. KX BM has the l.h. factor MP «K ... x mg, 
We mention finally the analogue of theorem 5: 
THEOREM 10. Let 2 be a quotient having both ar.h. and al.h. maximal repre- 
sentation (7) by means of quotients of the normal type T. If then 


y¥= Sx... x SY 


is an arbitrary shortest representation of U by quotients of the same type, then for 
each i the quotient S67? x... X SY isar.h. factor of MX --- — MM and 
has the r.h. factor Bx... K BY while S™ x .-- x SM ts a Lh. factor 
of BT x... & BP and has the Lh. factor MD *« --- * MP. 

This theorem again characterises the maximal representations among all 
shortest representations. Let us finally recall the small number of assumptions 
required in order that this theory shall hold. Not even the Dedekind axiom is 
necessary. 


3. Simple representations. To show that the preceding theory contains 
more than the representation by means of completely reducible quotients we 
shall give another example of sub-structures of normal type. 

Let = be a Dedekind structure of finite length. We shall say that a quotient 
U is a uniform when it has a prime factor representation 


U=,X%--- X Pi 


where all factors are similar. When 1; and WU. are uniform having prime factors 
belonging to the same class, then [Uj, U2] and (U1, U2) have the same property. A 
special class of uniform quotients are the uniform completely reducible quotients 
studied in §1. The union of all uniform quotients with prime factors belonging 
to the same class and dividing a given quotient % shall be called a mazimal 
uniform component of %. 

A simple quotient is the union of uniform quotients with the same numerator. 
A structure shall be said to be simple when all of its elements are simple. It is 
easily seen that any simple quotient has a basis representation 


(8) R= (Uh, Us, ne U,] 


where the Ul, are uniform quotients whose prime factors belong to different classes. 
Since such quotients are obviously completely prime it follows by the argument 
used in the proof of theorem 5, chap. 1 that: 

THEOREM 11. Every simple quotient has a unique representation (8) 48 the 
union of its maximal uniform components. 
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Theorem 5, Chap. 1 is a special case of theorem 11. It also follows from 
theorem 20, Chap. 3, I, that any factor S of ® in (8) has the form 


$= [(UL, S), ie dod (U., S)] 


and hence is simple. The union and cross-cut of two simple quotients with the 
same denominator are again simple. The rules of transformation show that 
any transform of a simple quotient is again simple. These remarks show that 
the simple sub-structures are of normal type. 

We mention without proof the following theorem analogous to theorem 4, 
Chap. 1: 

TuEoREM 12. The necessary and sufficient condition that a quotient R be 
simple is that it have a factor representation . 


(9) R= UX --- XU 


where all U; are uniform and that any two such factors in any representation (9) 
be transposable when their prime factors belong to different classes. 

Let us also mention the following characterization: 

THEorEM 13. The necessary and sufficient condition that a structure = be 
simple is that for any product B X Q of two prime factors we have 


(10) BPXQ=02:XFi, 


where $ is similar to B, and Q to Q,. 

If $ is not similar to Q then a product $ X OQ can only be simple when $ and 

© are transposable 

PX O=[%, 0) =P OP' XP 
and conversely when the condition (10) is satisfied one finds that any quotient 
is the union of uniform components. 

Since simplicity of a quotient is a property of normal type, all of the repre- 
sentation theorems of §2 will hold for any quotient of finite length. The 
maximal simple component Mt; of a quotient % is equal to the union of the maxi- 
mal uniform components. We mention only: 

TueorEeM 14. Every quotient % of finite length has unique representations 


A= MX---KM=BxX--- XK Bi 


as the product of its r.h. and l.h. maximal simple components. Both representa- 
tions have the same number r of factors and no representation of A as the product of 


simple factors can have less than r factors. For each i the quotient M; X --» X Di 
has the r.h. factor 8; X --- X B, and B, X «+» X Bj has the lh. factor 
MX +++ K Mi. 


CHAPTER 5. IRREDUCIBLE DECOMPOSITIONS AND MAXIMAL COMPLETELY 
REDUCIBLE FACTORS 


1. Quotients of finite length. We shall now return to the representations 
considered in chap. 1, namely the representations of a quotient Mt as the union of 





OEE 


ON ee ne 


| 
; 





290 OYSTEIN ORE 


irreducible components. We suppose here that Nt has a finite length and hence 
that there exists proper representations 


(1) M = Ph, +++, %] 


by means of irreducible quotients %;. Let us also recall that according to 
theorem 9, chap. 1, each irreducible %{; belongs to a unique prime quotient ZR; 
in the sense that 2%; has the single left-hand prime factor $;. We shall now 
prove: 

THEOREM 1. Any proper irreducible representation (1) of a quotient IN contains 
the same number of components as the basis representation 


(2) NM = (Qi, ---, Qe 


of the l.h. maximal completely reducible factor of IN and each A; belongs to a prime 
quotient B; similar to Q;. 
Proor. The proof of theorem 1 depends upon the following reduction. Let 


% = Pi xX Bi, 
and let us divide It on the right by 8;. We wish to show that the quotient 
(3) MM = MX Bz’ = (Pi, Bie Bz’, ---, BA, Bz’) 


has the same |.h. maximal completely reducible factor Jt as M. To show this 
we write 


(4) M=MxKMw, M=M XP. 


Any l|.h. prime factor of 2 dividing Ne is a |.h. factor of Mt. If Q is alh. 
prime factor of Jt not dividing Pts, then according to (4), %, has the I.h. factor 
Mz’ QMs and since Y%, has the single l.h. prime factor B, we must have 


3, = mz! Q Me 
or 
Ma = Me x Bi = [Q, Mehr, 


showing that also in this case Q is a l.h. factor of M. 

In (3) we have an irreducible representation of 9, where each irreducible 
component %, %; B: belongs to a prime quotient similar to B;. The same 
reduction may be performed on Jt; and we shall finally arrive at a completely re- 
ducible quotient with components similar to the $B; and identical with the 
maximal completely reducible |.h. factor 2 of M. 


2. Extension of the notion of maximal completely reducible factors. In 
some of the applications of the theory of Dedekind structures it seems 
convenient to make an extension of the notion of maximal completely reducible 
factors to structures which do not have a finite length. When the quotient u 
has a finite length, then one sees that the maximal completely reducible factor 
M of 2% may also be defined as the quotient of minimal length such that every 


































-— ef asf 2. hCUuelc lOO 


a —=— —> oS OOS es 





| hence 


ling to 
ient §; 
Il now 


mtains 


L prime 


Let 


at 


yw this 


> alh. 


factor 


lucible 
- game 
ely re- 
th the 


s. In 
seems 
ucible 
ient 2 
factor 
every 





ABSTRACT ALGEBRA 291 


factor of { also has a factor in common with 9. Let us now consider the case 
where is not of finite length. Any r-h. factor IM of Y% having the property that 
every quotient having a common r.h. factor with % also has a factor in common 
with M shall be called a r.h. cover of Y%. The set of all covers of % is easily seen 
to form a structure. When this structure has a minimal element 2, (unit 
element) then 2% is a minimal cover corresponding to the maximal completely 
reducible factor in the finite case. 

Let us now suppose that the descending chain condition holds in 9% so that the 
existence of a r.h. minimal cover is assured. to is then obviously the least 
quotient containing all r.h. prime factors of 2 of dimension zero. 

In the applications we are, however mainly interested in the I.h. covers of YU. 
Let us suppose for convenience that % satisfies the descending chain condition in 
the strong form that % has a finite dimension. A I. h. prime quotient $ of dimen- 
sion n shall be defined as a quotient such that every r.h. factor of B has at most 
the dimension n — 1. We shall now consider the |.h. prime factors of Y%. The 
prime quotients of higher dimensions obviously do not have the same simple 
properties as in the zero-dimensional case. It may for instance occur that one 
prime factor is a l.h. divisor of another. To illustrate this, let P be a one- 
dimensional prime element over the unit element Eo in some structure. The 
quotients $; = P/A, 8 = P/Eo where P > A > Ey, are both prime quotients of 
dimension 1 and still 8 = $1 K W, where A = A/Ep. 

We shall say that two prime quotients with the same enumerator are equivalent 
when they have acommon I.h. factor. Two |.h. factors $; = A/B:, B2 = A/Be 
of a prime quotient $ = A/B are always equivalent since they have the common 
lh. prime factor Q = A/[Bi, Be]. The quotient © is not a unit quotient since 
otherwise the dimension of $ would be less than n. This remark shows that the 
notion of equivalence is transitive. 

Any union 9M of l.h. totally prime, prime factors of a quotient % shall be said 
toform a maximal l.h. completely reducible factor of AX, when Mis al.h. cover of A. 
One can construct an 9 in the following manner: Let §; be an arbitrary 1.h. 
prime factor of %. If every l.h. prime factor of %& is equivalent to $; we put 
N=; If not, let Be be a prime factor not equivalent to fi. If every prime 
factor of {{ has a common I.h. factor with [¥, Be]: we put M = [Pi, Beh. If 
not, we have a $3; with no common factor with [¥1, B2), etc. The descending 
chain condition shows that this process finally gives a basis 


(5) M = [B1, ed » Bre ° 
If one replaces  ; in (5) by al.h. factor ; then one finds that 
(6) M’ = (Bi, ---, Br] 


Is also a maximal completely reducible factor of &. This result may be proved 
by induction, replacing one prime factor at a time and using the fact that every 
quotient having a l.h. factor in common with §; also has a factor in common 
with;. We shall say that (6) is obtained by reduction from (5). ‘The principal 
theorem is then: 
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THEOREM 2. When IN and Nt are two maximal l.h. completely reducible factors 
of a quotient X of finite dimension in which the descending chain condition holds, 
then both have the same number of basis elements and by a suitable reduction the 
basis elements are similar in pairs. 

Proor. Let us write 


M = (Pi, ---, PB, NM = [Qi --- ,Q,] 
and let 7 be the first index such that 1 has a common Lh. factor $8; with 
N; = [Qy, --- , Osh. 


Then N71, 8, %,_, has a common |.h. factor with 971,0;N;_, and by a suitable 
reduction of %; and Q; we can obtain that 


R;., P, Nes = Ti, ©; Nes ’ 
[Q,, aia Qi — [Q,, a Qi-1) $1), . 


The last relation shows that $8; can replace QO; in the reduced form of J, and 
since it is easily seen that by further reduction one can eventually replace all 
©; by similar $; our theorem follows. Let us observe also that theorem 2 may 
be extended to quotients of infinite dimensions. 
One may extend theorem 2 to this more general case and obtain: 
THEOREM 3. Let 


Y= Mh, ---, UW] 


be an irreducible decomposition of a quotient A satisfying the descending chain 
condition and having a finite dimension. Then any basis representation 


MN = (Qi, --- ,Or] 


of a maximal completely reducible l.h. factor of & also contains r terms and one 
may choose St such that %; for each i has a l.h. factor similar to QD ;. 

We shall leave the proof of this theorem to the reader. The theorem has been 
mentioned because it shows the close relation between the irreducible representa- 
tions and the properties of the covers. This relation can be shown to exist 
even in the most general case where no finiteness condition is assumed. 
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ON WARING’S PROBLEM AND ITS GENERALIZATION 
By L. E. Dickson 
(Received July 8, Revised November 11, 1935) 


1. Summary. In a recent number of these Annals, Vinogradow' proved the 
remarkable result that if nm 2 4, every sufficiently large integer is a sum of 


(1) [n(6 log n + log 216 + 4)] 


integral n** powers 2 0, where (as henceforth) the logarithms are natural, and 
{r] denotes the largest integer S x. We shall reduce the value (1) to either of 


log (6n? — 7n + 6) 








4n — 2 3k, k-—-12 ; 
: : . — log (1 — ») 
3 — — 
(3) n+t%, k&—-1> SSE ls+ 0-&) 
— log (1 — ») 


where vy = 1/n, while k or k, denotes the least integer satisfying the respective 
inequality. In the following table, the best result in line D is obtained from 
(2) if n = 7, otherwise from (3). 


n 6 7 8 9 10 11 12 13 


D 111 137 164 192 220 251 279 310 
V 120 147 174 203 231 261 291 321 
H-L 87 192 425 949 2113 4687 10334 22639 


In line V are the values of (1), while the last line gives the best results by Hardy 
and Littlewood. 

However, our main object is the generalization of this theory of sums of 
n* powers to 


s—3 k ki 
(4) Aun + 2) Ayri + Do a(wi + Wi) + Do Aes’ » 
gy = = 





where the coefficients are given positive integers. Let 
s—3 

(5) Az*+ >> A,x; + a,(w" + W") =G (mod p”) 
j=1 


have integral solutions such that not every term is divisible by p for every 
integer G and prime p, where y is defined by (15). In the cases in which such 
Osanna 

*Vinogradow, Annals of Mathematics, 36 (1935), 395-405. His o involves a misprint. 
His Y must be changed to our (9). His paper presupposes only pp. 83-87, 250-2, 276-299, 
341-2 of Landau,? which involve only the elements of congruences. It avoids the elaborate 
analytic theory of Hardy and Littlewood. 
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solutions are known to exist, s 2 4n. If this congruencial condition is satisfied, 
if n = 4, and if either k, = k and (2) holds or k = k; + 1 and (8) holds, we 
shall prove that all sufficiently large integers No are represented by (4) with each 
veriable 20. These results hold also for any homogeneous polynomial of degree 
nm having the values A, Aj, aj. 

In Part III we prove the ideal Waring theorem (in the original sense of War. 
ing) for exponents 11, --- , 15, 17. This requires the determination in Part I] 
of a number N such that all our conditions hold when No = N. This in tum 
requires us to replace Vinogradow’s relations involving 0, <, > by explicit 
inequalities. This replacement will be appreciated by readers not familiar 
with the calculus of these three symbols. 


Part I. Asymptotic THEORY 


2. Notations and definitions. Write 


(6) v= 


. o = n(1 — pv)’, ao, = n(l — pv)", 


Sle 


Let c; be positive numbers and h, f denote positive integers depending only 
on n, A, A;, a;. Given a (large) integer No, we take 


(7) P=[hANGl, R = [PJ], m = max (A, ---, A,_3, 3"-1A, 27-y,), 


ea} “ae, er 
1 k-+1 


(9) Y = [CPs], a - a 
Ok+k, 2” 1 
Then 
(10) 7 <P" if P = (2mn)?, Y* s $P} if Pos = IWC. 


The latter will be true when No (and hence P) is sufficiently large and 
(11) (n — 1)f < 3. 
When z is real, (z] denotes the distance from z to the nearest integer. When 


x is complicated, we denote e* by Ez. 


3. Proof of five lemmas. 
Lemma A. [f a, q, t are positive integers, (a, q) = 1, then 


q—1 a 
ps E2zi q tr 


r=0 








< cq’, c(n, t) > O. 


Proved for ¢ = 1 by Landau,? and for any t by Huston.’ 





* Vorlesungen wiber Zahlentheorie, I, p. 298, Theorem 315. The theory is due to Hardy 
and Littlewood. 
* Proc. London Math. Soc., (2), Vol. 39 (1935), p. 102, Lemma 30. 
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For positive integers q, 8, fj, write 
1% 
(12) Aq, w) = DE(- dri wy) 125 EQni "tyr, 


where the outer sum extends over the non-negative integers a which are less 


than g and relatively prime to q. 

When each ¢; = 1, we have 

Lemma B. When s 2 4n, n 2 4, there exist positive constants b = b(N, n, 8), 
¢, = (Nn, 8), C2 = a(n, 8), such that 


(13) } A(q, N) — b| S au”, b> ce. 
q=1 
Employ the singular series S and Landau’s Theorem 316, p. 299: 
(14) S= 2 AGN), |AGN)| < dog, 
s 


where by is positive and depends on n and s only. Thus 


i] io] 


pB A(g,N)| <b 3 a" S bu [ oeda, 


q=utl q=utl 





‘DAG@®) - 





where we have compared the area under the curve with a sum of rectangles. 
Write a= bip/(svy — 2). This proves the first inequality (13) with b = G, 
since © converges absolutely when s > 2n by Landau, p. 299. Moreover, 
3 > bi(n, s) > 0 by Landau, p. 286, when s 2 4n, n 2 4. 

To generalize Lemma B, let p* denote the highest power of the prime p which 
divides n and write 


(15) y¥=6+4+1if p > 2, y= 604 2if p = 2. 
A special solution 71, --- , 7. of the congruence 
(16) p tr’; = G (mod p”) 

j=l 


is a solution such that not every ¢;7; is divisible by p. 

Lemma B’. For every prime p and every integer G, let congruence (16) have a 
special solution. Lets > 2n,s =5. Lett be the maximum of th, ---,ts. Then 
there exist positive constants b = b(N, n, s, t), c; = cx(n, 8, t), satisfying (13). 

By Huston’s Lemma 31, p. 102, (14) holds with b(n, s, t) > 0, and S con- 
verges absolutely. Under the assumptions in Lemma B’, Huston’s Lemmas 
24,31, 37 hold and imply S > b,(n, s, t) as in the proof of his Theorem 2, whence 
his condition s = (n — 2)2"-1 + 5 may be replaced by our s > 2n,s 2 5. 

lemma C. Let 0 S f’(y) S 3, f’’(y) = 0 in the interval g S y S h, where g 
and h need not be integers. Then 


>, E2zif(y) -— [ E2zif(y) dy <5. 


g<ySh 9 





a 





| 
| 
; 
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Define integers A and Bso thatg < A <BSh,|A—g|S1,|h-B| <1 
Hence in the displayed sum, y takes the integral values A, --- , B. by Landay, 


p. 342, (387) and (390), that sum is equal to 


427i f(A) + ZE27i f(B) + f E2rif(y) dy + K, |\K| <2, 


Express the integrals from g to h as the sum of the integrals from g to A, A to B, 


and Btoh. Since 


S|h-B| <1, 








['a|=i4-ois1, | 


the expression in Lemma C is < } +3+1+1+2=5. 

Let (z] denote the distance from z to the nearest integer. 

Lemma D. Let d be real, but not integral. Let G and H be integers, G < H. 
Then 


/  E2ni f(y) dy | < 


9 











H 
1 
> E2niar| < —. 
en 20] 


The substitution = y + G shows that it suffices to prove Lemma D when 
G=0. Then 


H 
2 E2miAx 


z=1 


= |C + iS| = [C? + S*}}, 








H 
C = > cos 2rdx = cos (H + 1)r\ sin Hrd ese mh, 


z=1 
H 
S= Zz: sin 2rAr = sin (H + 1) zd sin Hm) ese md, 
z=1 


sin Hr 
sin 7A 


1 1 


2 
Ie + SP = = fsin =a] = 20)’ 











by Landau, p. 252, (284). 


4. Construction of the numbers ¢ and wu. Let s; denote the set of integers 
(17) a,-1", Q,-2", Fey a,P}. 
Two consecutive numbers s; and s; of this set s; have the difference 
/ 


8; — 8; S$ a,{Pt — (P; — 1)"} <a,nPt7 = a,nP}™”. 


Between s; and s; interpolate the terms s; + a,w", where w is integral and 
” IN » 
0<w< ("=") = 
= Q 


Replacing x by y + p, p > 0, and expanding by the binomial theorem, we 
see that 
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(x —1)"—(y—1)"< 2 - yify < xz. 


Hence y" — (y — 1)" is monotone increasing as y increases. 
Thus the difference between any successive interpolated terms and the differ- 
ence between the last interpolated term and sj are both 


S a,Q” — a,(Q—1)"< a,nQr?-” < e; at no-” pra—ry* 


Let s. denote the set composed of s; and the interpolated terms. Each of its 
numbers is of the form a,x" + a2w”. 

From s2 we obtain by like interpolation a set s3, --- , and finally a set s,_1. 
The numbers £ of the last set are of the form 


k-1 
(18) t= > ay’; « 


The difference between any two consecutive terms of s,_; is 


k-2 _ k-1 
< xnit—-v)+- ++ +0-»)"* pad») ; 


where x is a product of powers of ai, --- , @x1. By (6) and (8;), this difference is 
— ae (1—») #4 
< xn La Ga (20) 


v a 





By (8:) whose number in [ ] is II, and [z] + 1 > 2, 
Pi+1>T = (6)1+4, = {1 — (.6)"}1 > 1, 
"> (6)0" > 40" 41. 
Hence the interval a;(P} — 1) in (17) exceeds 3a;II". Division by the above 


difference shows that, if X denotes the number of the £’s, 


‘ad (1—v)*-1 
(19) X > Sew P, 1 (1 —») {1 —»*1-1}, «= ak (*:) 
v X \Qk 


The integers u defined by 


(20) u= + aw" (Ein 3.4;0 = P,P +1,---,2P — 1) 
will be proved to be all distinct. By (8:), 
(21) a(P +j—1)"+ na,P 2a,(P +j —1)"+aP}. 


The second member is the maximum (20) with» = P+j—1. But 
(P+j—14+1)">(P+j—1*+nP+5-)", 
by the binomial theorem. The least (20) with v = P + 7 is therefore 
a+a(P + 7)">a+a(P + 7 — 1)" + na,P""Qj 21), 
which exceeds (21). Hence the w’s are all distinct. Also, 


a,P{ Ss na,xP"™™ < na,(2P — 1)". 
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Hence the maximum uw is 
a,P} + a.(2P — 1)" < ax{(2P — 1)" + n(2P — 1)"} 
< ax(2P — 1+ 1)" = a,(2P)", 
The minimum u is a, + a,P". Hence 
(22) ayP* <u < a,2"P". 


Just as we defined numbers é and wu by use of P, Pi, we now define &, 1 by 
use of R, Ri, replacing k by k:, and a; by ax,;. Under these replacements let 
x, kK, w become xi, «1, #1. Thus 


ki-1 


(23) f= Do anyj2% UW = E+ ered} (v, = R, --- ,2R—1). 
j=1 


(24) Number Xi of the & is = 3xn“R"™*™, 
(25) On+k,te” « U1 < Ok+k,2"h". 


5. The two classes of intervals. Given the real numbers 7 and a, r > 1, 
we can find an irreducible fraction a/q such that 
a 


a- - 


q 


A 


0<q<r, 








1 

qr 

This follows from theorem 158, Landau, p. 100, with q = b, a = §,n =7-1, 
if r is an integer, but n = [7] if ris not aninteger. Let 


(26) ow go * Bar € a x ot. 


For every a in this interval we therefore have 


1 
(27) aa +2, (a,q) = 1, 0<q<yr, lz|s—, 
q qr 
where a = 0, since the negative numbers in interval (26) are given by (27) with 
a=0,q= 1. For fixed a, q, all numbers a which satisfy 


(28) a=i te, @jg)=1, O<qgsPi, -r's2z28r', 


are said to form an interval of the first class. No two intervals of the first class 
overlap. For, if all reduced fractions with positive denominators = P? are ar- 
ranged in order of magnitude, they form a Farey series. Let a/q and a’/q’ be 
adjacent such fractions, of which a/q is the smaller. Then a’qg — aq = I 
(Landau, p. 98). Hence 


, 2 , 
eta t2(1)>?2, # 12 G4})>0. 
gq aq 4 py T q eT oe 
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Also, (27) and q S P! imply (28) since g 2 1. Hence every a in (27) which 
belongs to no interval of the first class may be expressed in the form (27) with 
q > Pi and is said to belong to an interval of the second class. 


6, Four sums and their corresponding integrals. Consider 


P 3P 
(29) T;= >) E2wiaA;x” (j = 1,---,8 — 3), T = >> E2riaAr", 
z=1 


z=1 
2P-1 2R-1 


(30) V= >> E2ziaaw, Vi= >> E2riay"ars.v'%, 


vV=P v\=R 


where y is an integer, 1 Sy S Y; 


P 3P 
31) = | E2rizA,;r"dz (j = 1, --- , s — 3), ¢= i E2mizArdz , 
0 0 


2P-1 2R-1 
(32) y= E2ziza,x"dz, Wy = [ E2mizy"a44,2"dz , 
R 


P-1 -1 


whose integrands correspond to the above summands with a replaced by z. 
In order to treat these four sums simultaneously, consider 








> IF U M 
T; | 1 A; 
(33) == . E2ziaMz", T |1 3P A 
~ V|P 2P-1 «a 
V,|R 2R — 1 Y"Ak+k, 
Pal a situ =igq+r(r =0,---,¢g—1). Sinceex > F —-1, 
TSU, 
(34) (F—~1—nr/a<ts (U—n)/q. 


We assume that @ belongs to an interval (28) of the first class. Thus the co- 
efficient of 277 in D is 





(2 + :) M(tq +17) 


All terms except r" of (tg + r)" are multiples of g. Since their products by a/q 
are integers, the corresponding factors in = are unity. Hence 


q—1 
z= po K,E2ri = Mr", K, = >> E2nizM(tq +7)", 
r=0 t 
summed for the integers t satisfying (34). To apply Lemma C to K,, take 


M) =|2| Mtg +r)". By (34), tg +r>F—120,t¢ +r U. Hence 
I) 20, f’ 20, sincen =4. By (28), f’(t) < fif 








AOS UREN eee Brinn Fo 
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(35) tr 2=2MnP*U"", 
For = = T;, T, V, this holds when 7 is defined by (8). For = = V,, it holds 


since 
(36) mP*! = aesz,2" 'Y*R™". 
Then Lemma C applies and gives 
(U-—r)/q 
x. = / E2rizM (tq + r)" dt + 58, lo| <1. 
(F—1—r)/q 
Returning from the variable ¢t to z = tq + 1, we get 
U 
int J E2nrizMade + 50. 
q Jr-1 

In the cases 2 = T;, T, V, Vy, this integral is ¢;, ¢, ¥, ¥y, respectively. Write 

< a — a tl a 
(37) B= >> E2ni- Ayr, B=), Eni = ar", p=)», Eni" y"ausnt, 

r=0 r=0 r=0 


and B for B; when subscript j is suppressed. Hence 


(38) T; = 7 iB; + 5, T =" 6B + 500, la1<1, |el<l, 
(39) V = 1 v8 + 500’, le'| <1, 

1 yy AA 
(40) res te + ’ | 0 | <1. 


7. Approximations to certain sums. Consider the sums 


(41) S = >> E2zriaé, S, = >> E2zriay"t, 
3 gy 
2R-1 a 
(42) U= >> E2ni- Ansny"?' 5 
v\=R 


where £ ranges over X values, and £ over X, values defined in §4. Then 
. > E2ni § «a E2wi 7 e(E2nicg in SD 
E E 


E2mrizé — 1 = 2 sin rzé(— sin rzé + 7 cos w2é). 
The final factor has the absolute value unity. Also 
sina |zl|&E<rl|z|é, é Sa,P{ Ss na,P"" 


by (8:1). Summing for the X values of £, we get 


wh 
sigi 


Its. 


sine 








, 


z 
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(43) S =D) E2ni & + QenaX|z| Pes, || <1. 
g 
By (36) the same proof with P; replaced by Ri, and X by Xi, gives 
(44) S, = > E2mi ; yé, + 2?-"rnmX, | z| PP", ldi| <1. 
gy 

In (42) writen = tg+7,0 Sr<q. Since vj} — risa multiple of g, 

2R-1 a q—1 (2R-—1-r)/q 

U= >> Etri-anyayr = > 
v,=R q r=0 t=(R—r)/q 


with the same summand free of ¢t. The number of terms in the inner sum is the 
sum of R/q and a number between —1l and +1. Hence, for p in (37), 


R 
(45) +m e+e, |A| <q. 


Eliminating p between this and (40), we get 





_ Wy _ = Py ” 
Y= pUut+W, W= R 4 + 598". 


Evidently | ¥, | < R. Hence 
(46) V="U+W, \W| < 69. 


Let N lie in the interval 
(47) No — NoP-* < NEWNo, 


where g is } (or near it). We shall prove 
(48) E(—2zriaN) = B(—2ni 2 N = 2rieNs) + 2n(Jh)— | z | Pr-%e, 


where | 6. < 1 and J is just < 1. The difference of these two exponentials 


is the product of #( - Qni° N ) by 
q 


E(—2mizN) — E(—2xizNo) = E(—2zizN){1 — E(—2rizd)}, 


where 4=N,—N. Subtracting No from each term of (48) and changing all 
signs, we get 


NoP? >A 20; 
1 — E(—2mizA) = 2 sin rzA(sin 7zA + 7 cos 72d). 
Its absolute value is 
S 2r|z|A < 2r|z|NoP-9 < 2x|2| P™9/(WJh)", 
sncel 4+ P > hNj > JhN¢ + 1, where J is just < 1. 
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8. Approximation to integrals ¢;, ¢, ¥. Define Z by 
(Z=P if |e|SP, 


49 
ani [Z=|zb if |z| =P. 


Since the absolute values of the integrands are < 1, evidently 
lo | SZ, |¢| < 3Z, l¥|sZ 
in case (49;). It remains to treat the second case (492). Write r = |z|"P,u= 
Wwe 


|z2|>a2. Then r 21, de = Zdu. If w 21, fy = E2mzCadz = 
0 


wr 1 wr 
Z I E(+27iCu")du = Z J 4 } Let I denote the final integral. 
0 0 1 


The absolute value of the integral from 0 to 1 is evidently $1. Write u" =», 
Then 


du = 1 dy, I= f E(+277Cv)v"—"dv. 
n nN Ji 
Let w and C be positive integers. The function v’ is monotone decreasing. 
Express the exponential in trigonometric form and apply the second mean value 


theorem to the real part of the integral and to its coefficient of 7. Hence there 
exist numbers s and ¢ such that nJ is the sum of 


cos 2rCv dv +h / cos 27Cv dv 
1 8 


and the product of +7 by the like expression in sines with s replaced by t, where 
h = (wr)! < 1. Simple integrations give 2rCnI = +7 + (1 — I) 
(sin 2rCs =i cos 2rCt) th (cos m +i sin m), where m = 2rCw"r". Hence 


anCn || S1+(1—h)V24+hS2, | Io! s 2(1+ 4). 
Integrals ¢; and ¢ are cases J; and J3. Next, 


2P—1 2P P P 2P 
[Of Laff 
P-1 0 0 P-1 2P—1 


The absolute value of each of the last two integrals is < 1 since the length of 
the path of integration is unity. Hence for C = ax, 





ly | 524 24(1 + 1.) < 22.0001 bp : ), 
NTA; 


NTA, 
since |z| < 7, Z = 7’, whence Z is very large. Hence in both cases (49), 


1 
nA; 





nT 


2 
(50) || = 2(1 + }. |\@| $3Z, Iv | < 2(2.001 + 2) 








le 


llA 
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9, Asymptotic value of an integral. Consider 


1—r 
(51) Ty, = / Ti --- T.-3T V2S?°V Sye—2t82N da = Ay, + Hy ’ 


ra 


where the subscripts 1 and 2 refer to the intervals of the first and second classes. 
We here consider only Hy. The results in §§6-8 hold for this case. By Lemma 
A and (37), 


(52) | By| < Ct’, |B| <c'g, iB| < cq. 


Hence the absolute values of the first terms of the second members of each of 
(38), (39), (43), (44), (46), (48) are = the products of 


(53) Zq”’, Zq’, X, Xi, R, 1 


by positive constants. The ratios of the absolute values of their second terms 
50;q, ete., to the corresponding numbers (53) are < the products of 


(54) Z-g', Z-\q!+", |z| P=, \z|P*-1, R-q, |z| Pre 
by positive constants. Here g < P'?. By (72) and (11), we have f < } and 
R+1>P'%>1+44P, R-q < 2/(Pt), 

when P is large. Hence 
(55) R-'q < P- if f<4-g. 
In case (492), 


iels<Prs, Ztalep <P, Zt < Pris Po 


ifg$4—yv. Incase (49;), Zg' < PF < P~ if g < 3 — be. 
lemmaE. Let K=n+6,|7|/S a,|¢\|/AS 
letters. Then 
| KK’ — nn’ | S AV (c'Ce + cC’e’ + CC’ ee’). 


When K and K’ denote any two of 7;, T, V, Vy, we saw that ¢ and ¢’ are 
<P’ < 1, whence ee’ < P-* and Lemma E gives 





KK’ = m’ +1, | nn’ | < cen’, |r|’ s C,P-*, 
where C; = c’C + cC’ + CC’. Repetitions give 
T,--- T.3TV?V, = 1+, [Ti | < C.P-Mh, 


where II denotes the corresponding product of the first terms in the second 
members of (38), (39), (46), while I; is the product of their corresponding bounds 
Zq or R in (53). 

Th Lemma E we next take K = 7 + ¢ to be the preceding equation and take 
K’ to be either S or S,. Thus 





tt 
hr’ 
5 
4 
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e= P-, e’ = |z| Pr, lz| <r, ¢ <i, -_ oF 
since g S 3. Hence the e for the product equation is also P~, 
Finally apply Lemma E with e = P~* < 1, K’ = e~**@%, whence ¢’ = | z| Po 
ec’ < e’. Increase e¢, ¢’, ee’ toe + €’. 
In the product of the first term (44) by (42), note that + ais:07 is u by 
(23). Hence 


(56) | Ti--- TasTV?S°V,S,ere’ — FE, | S csZ*q-"RX?XiP-{1 + | z| Pr, 
s—3p. /R\2 
(57) E, = 11. Be) ¥ E2ni ty (x Eni ® e) B( 2912 v), 
é 


j=1 q Uy q 
s—3 
(58) Fy = 2 $;-¢VyR+ E(—2rizNo), 
j=1 
where E, is independent of z and F is independent of a and g. Multiply (56) 
by dz and integrate from z = —7r!toz = r. For the part (denoted by an 
accent) of H,, corresponding to the interval with a and q fixed, we have 
(59) |H), — @#,| = L, Q = fF, dz. 


We obtain L from the right member of (56): 
L S eq-"RX?Xi1P-°fZ*(1 + | z| P) dz. 
In case (49;), | 2 | S P-” < 7" by (10) and the integral is 
—s 
< r P.2dz = 4P™. 


In case (492), we increase 1 to | z | P" and note that the integral extends from 
—r1to —P-" and from P-" to 7, and hence is less than the double of 


I 2 | 2 |!-vePn dz = 2p" (Ps-2n a 7s?) E 
n vs — 2 


Hence 

(60) L S 5e3q-"RX?X,P-"* . 

Summation for a (with fewer than qg values) multiplies this by g. Since vs 2 4, 
Zq'" S gq? < 5/4. Hence 


Ppi/2 


(61) | Hn — Q,D,| < 7eeRX*XiP"-9, D, =>, > #£,, 
q=l1 
where the inner summation extends over a = 0, --- ,q — 1, (a,q) = 1. Thus 


D, is real since it is symmetric in all the primitive g** roots of unity. 


10. Interpretation of J,y. In (51), we insert the definitions of 7, --+ , Sv and 
see that the integrand is 





(6; 
He 


(69 


The 
The 








56) 


rom 


WV 
a 


Thus 
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e-3 


» 3P 
.. }> E2zria > Aj? DO E2riaAx > >> E2miaa,(v™ + v’) 
to {a1 ont Y? 


: p > E2ria(é + £’) > z E2riay” (ai4%,01 + fe?" da. 
; 


my & 


P 


z= 


But & + @epn0" = ta, & + av" = u, and likewise in accents. The coefficient 
K of 2ria in the general term of the product is 


s—3 

(62) K=G4+Az"—N, G= 2 Awe tutu’ + ym. 
i 

According as K = 0 or K ¥ 0, 


i—r-t 1 ; 
2riak os — 2riak die 
[. e da = [ = lor oniK f og 0, 


since K is an integer. Hence J,yy is the number of sets of integers 2;, x, u, u’, u 
within their ranges for which N = G + Az”. 





11. Approximation to Q,. We employ 
(63) Zz Iyy = DD Ant+ > Ax, 
N N N 
summed for all integers N satisfying (47). Subtract G from each member and 
write N; for No — G. We get 
(64) Ni — NoP-* < Az* SM. 
Since 2; < P, 


s—3 s—3 
(65) > Aj? < HP*, H = > A;. 


7=1 j=1 
Employ also (62), (22), (25), y < Y, (72) and (102). Thus 
G < P\H + 2a,2" + Ok4%,2"1P-") ‘ 


To prevent the expression in parenthesis from increasing with P, we assume 
that its exponent is S 0, viz., 


(66) fz. 

We may then increase this negative power of P to 1. Then 

(67) Ni = No —G> P(h- — H — 2"Ha, — 2” arin). 

Hence, by choice of h, Ny = 2"P". When N, (and hence P) is sufficiently large, 
(68) 2"P" — NoP-? > P"s M=N, — NP > P*, 

(69) M < Ax" < Ni. 


The maximum integer x is y where y” is the greatest integral nt" power < N/A. 
The minimum integer z is z where 2” is the least integral n** power > M/A. 


a 








5 
5,” 
; 
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Thus (69) has exactly y — z + 1 integral solutions x. By definition, (y + 1)» 


N,/A, (e — 1)" S M/A. Hence 
y +1 — (2 — 1) > (Ni/A)’ — (M/A)’. 
For the moment denote Nj'NoP-* by Q. Then 1 — Q = M/N,, 


Ni 


vj — ar = ar (8 


-1)=Mr{1-@--1) 


= M*{vQ + do(v + 1)Q? + --- , all terms positive} . 


But Ni = No — G,G > 0, whence No > Ni. AlsoM > P”. Hence 
MQ > P.P-, MQ? > Pi, 
Ni — M’ — A’ > »P,” 
Hence for a fixed N, the number of integral solutions x of (64) exceeds 
(70) vA~P9 > gNoP'*, cs = vA-"(Jh)", 


by the end of §7, where J is just < 1. 
But N, varies with G. The number of sets 2;, u, wu’, us in Gis P*-*(XP)X,R. 
The product of this by (70) gives 


(71) >> Ty > X?XiRN WP. 
= 


Let K be the number of solutions N of (47). Then 
(72) K is least integer 2 NoP~?. 


When q = 1, then a = 0 and each exponential in Z, is 1, whence FE, = X:RX". 


By (59) and (60), the corresponding part (denoted by accent) of >oH yi has 
(73) | > Hj, — KXiRX°Q, | = KL,-1 S 5e:KRX?X:P"". 





When g > 1, Lemma D applies and gives 








1 ; 1 
e72riNalq < : 
2 2(a/q] 
To sum this for a, apply Landau, middle p. 256. Thus 
(74) NG (1 lo 2) < 2¢? 
DG G/al ~ dj — "ae 

by approximating the area under the graph of y = 1/z. Also 

hs ” ied < 2 ; 
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> Hence by (52) and (57), 
(75) p | E, | < 2c5XiRX?, CG = ce'C, eee C.-3; 
a,qiN 


> Ai, — 2sXiRX*Q, | < 5es5KRX?2XiP" 
N 








Adding this to (73), we get 


(76) | Y Hy — (K + 2cs) XiRX°Q, | < 10esKRX?X,P-"-2 





ve If a is in any interval of the second class, g > 1 and (a] = 1/r. In fact, the 
numbers from —1/7 to 1/7 form the interval of the first class with a = 0, q = 1, 
and hence are here excluded. For 1/7 S a S 3, zero is the integer nearest 
to a, whence (a] =1/r. Finally, if 3 S a S 1 — 1/r, the integer nearest to a 
is 1, whence (a] = 1 — a 21/7. Lemma D applies and gives 


1 T 
— ; Pa — n—} 
2 E(—2z7iaN) < Haj] = 2 mnP*-3 , 
By (51), 
1—r-1 
XR. (77) | > Hy| < prs.ap. | >, E2riau I da-R-X,-mnP"™4, 
N —r u 








where the factors arose from 7 --- T's_3, T, V*S?, and (20), V,, S,, and the line 
above (77). But | F?| = FF. Hence the integral is equal to 
=0 if uw’ ¥u, 


(78) | E2mia(u — u’) da - 
( ud mia(u u’) a _~ PX if nati 


since u has PX values. Hence by (19) and (71), 


>) Han 
N 


To (76) apply | > | — | B | < | > — B |. Using also (63), (71) and (79) and 
cancelling RX?X,, we get 


(80) (K + 2c;) | Q, | > caNoPs-"-9 —_ ce oP*- "te? oe 10c;KP*-"-* . 
By the definition of K in (72), 


RX. 


- 6mh” 


(79) < CeX?XiRNoP***-4 , Ct = -*? 
kn’ 














K-~1<M™P~, Py a —7 MP, 


81) (K + 2cs) | Q, | > NoP-#P"(cy — csP* — 9esP~*) , 
Where f= ¢ — 3+ 9. Vinogradow’s result (1) follows (end of §13) by taking 
(82) k = [2n log n + n log 6]. 


Vary: 








oat ence rane ele en wR 
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Then (6) and log (1 — v) < — v give 
log « < log n — kv < log n — v(2n log n + n log 6 — 1) 
= — logn — log 6+» S — log4 — log6 + % = —log 8 —log3 +1. 


But log 3 > 1. Hence logo < — log 8,a < §. The latter follows at once for 
our improved value of k. Since g is } (or near it), we get ¢ < — 4. Hence for 
P large, (81) gives 


(83) | Q, | > oP. 


12. Approximation to D,. By (57), 


E,= >) B( —20i2 Ns) 


— 
No j7=1 


B; BB 
q a@’ 


q 
No=N —é§—-—# — yr. 
Hence by (612), (37), and (12) with t; = A;(j = 1, --- , s — 3), te = A, 
ts1 = ts = Ak, 
pi/2 
(84) D, = >> > AG, N2). 
N, q=1 


In case the Aj, a; are not all 1, assume that (5) has a special solution. Apply 
Lemma B’ with u = P?. We get 


Pi/2 


Z. A(q, N2) = W(N2) + 6a P!-*”, |6| <1, 
q=1 


where b(N2) > C(n, s, t). Sum for N2 and note that & and &’ take X values, 
and wu; takes X:R values. Hence 


(85) D, > X*XiR(C + 6e,P!-*”?) , |6| <1, 6 real. 
Using also (61,) and (83), we get 
(86) | Q,D, | > cgX?X,RP=", 

|H| =|QD+ (A — QD)| 2|QD| -—|H — QDI, 
(87) | Hy| > coX?X,RP*, Cy just < ¢gs — 7¢;P°. 


To prove that H,,, in (59) is real, note by §10 that its integrand is the quotient 
of a polynomial with positive integral coefficients in E2ria = pt by (pf)*, where 
p = E2ni a/g, ¢ = E2niz. Since pt = 1, the integrand is a polynomial in p 
whose coefficients C; are rational in ¢. Let f Cdz = I(z) = R + iM. Then 
I(—z) = —(R — iM), I(z) — I(—z) = 2R. Hence the definite integral from 
—r to 7-1 is real. Summing fora = 0, --- ,q — 1, (a, q) = 1, is equivalent 
to summing over all primitive g*" roots p of unity. Summing also for q, we s*° 
that H,, is real. 
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Similarly, Q, is real. To prove it is positive, we may discard the bars in (79). 
From it and (71), 


- 2) Ha > —C,X?---, do Hn > aX? ... — 2 Ha. 


Add and insert the resulting >» H,, in (76), and with bars discarded. This 
proves (80) and hence (83) and (86) each without the bars. By (61) and (86), 


-—Ha + Q,D, < 7c3R teey Hua > (es — 7¢2P-*) XX, RP", 
13. The fundamental integral. Take N = Nj and consider 


y 1—r-1 
(88) Iy, = > Iyn, = il T,... FV > V,Sye2"i2% da, 
ain as y 


ro 


(89) Ivy, = Hi + He, Hy = >> Ay > coYX?X\RP™. 
y 


It remains to approximate the part H, of J, integrated over the intervals of the 
second class. Then by (10), 


(90) Pi<q<r, Y* < dq. 


By (232), 
V,S, = >> E2riay™n, 


sz 


uy 


> VS, 


By Landau, (282), p. 250, the square of the last sum is 








p de E2riay"u | . 
y 





























d 
< Xik > > 2 < XiR 7. 2. <" d = Ax4x,2"R", 
uy, y u,=1 y 
by (25). Write x for uw and apply | F |? = FF for F = >),. Thus 
Y Y d | 
91) | SVS P< xXR>D >d E2ziatz |, t=y"— yj. 
y y=1 y=1lz2=1 


By the case k = 1 of the proof in Landau, p. 253, with d 
is the minimum of d and {2(at]}-!. Hence 


4 ¥ 
> < XRQ, 2= > ¥ min (4 sa): 
g=1 9,=1 2(at] 


at, the inner sum 


(92) 





LVS; 








By (902), |t| <4q. Since y" — y* = 0 has Y integral solutions, the part of & 
contributed by = Ois Yd. Since the number of integral solutions of 


(93) y"— yi =t ¥0, lsysY,1smnGKy, 


s the same as for the equation obtained by replacing t by —t, we may take 
- 0 for the moment. Then y — y; = D, where D is a positive divisor of t. 
“mination of y, yields yt — (y — D)" = t, an equation in y of degree n — 1. 
Hence for a fixed ¢ > 0, the number of integral solutions of (93) is S$ (n — 1)T(O), 
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where 7'(t) denotes the number of positive divisors of ¢. For 0 < ¢ < 4, James! 
finds that 


(94) T(t) S ft, log ¢ < 4e2"/<. 


Let J denote the absolutely least residue of at modulo q and let t ¥ 0. Since 
| t| < 4q and (a, g) = 1, evidently J is never 0 or + 39. Thus / occurs among 
the numbers +1, +2, --- , +Q, where Q = 3q — lif qiseven, Q = }(q — 1) if 
qisodd. By (27), 


(95) (all = ({24 Shi] = (442, \o| <1. 


Case | > 0. Since the function (2] is of period 1, we may replace at by | in 
(95). Also, 








ai .6 2) @23 (! a | 
oe) Se ee ae j=(-+—- 
qr <9 qt or <q’ (ad o* de ; [al <1 
But! < Qs #q-—1),1 21> — 6. Hence 
.t_t. 441 _1 ih 1 24 
Sq <q dg 72’ OG = +5 ca *T- 
Casel < 0. Now 
q+l A; q-1 A; q-Q ,4 1 
t}J=(L], L=—+=2— 8s ——+-<1, L2e—+—7>;. 
(at] = (L) . + 9 ; + 93 : +9, 5 
Hence 1 is the nearest integer to L. Thus 
“ = &. <1 1. 2q 


Write \ = |1|. Then ¢ uniquely determines \, while —t gives the same }. 
Suppose that at = --at; (mod q), where also | t; | < 4q. Then ¢ = +t, (mod 9), 
|t+t| S$ |t| + ]t| < q,t¢ = +t. Hence there are just as many }’s a 
positive ¢’s. The part of 2 corresponding to all t ¥ 0 is 

1 
2(at]’ 


summed for the distinct positive values of t. Since t < }q and e > 0, 


(97) a < an — ($a) >, » = > sal < Soft + loge 


Thus = < 2qlogg. For any positive p, p< e? =1+p+4p?+---. Take 
p=q‘. Hence elogg <q‘. Henceforth we employ ¢; involving also. Thus 


(96) Q’ < 2>0 (n — 1) et 





‘ James, Trans. Amer. Math. Soc., Vol. 36 (1934), p.435. He recently reduced the factor 
9 to 4. 
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(98) 2’ < cog?*, == mo, 
(99) > VS, ? < XiR fare, 2R"Y + crog?*}, 
y 
R+1>P>1+4 (})’P!’, 1 < oP, 
Y+1>CP*""%>1+3(), 1 < 2C~"P-"y, 
q<7 = 2mnPr, gett < (2mn Pr-)24, 

Multiply the inequalities in the second column. Hence 
(100) gt! < enPYR*Y, Cu = 4(2mn)*HC->, 
(101) y = 2e(n — 3) + nf —3+ 0 — Df. 


In (99) modified by (100), we now have the common factor X,RR"Y, which 
is the product of (XiYR)? by R”*X;'Y™. Eliminate Xj" by (24), and then 
express R and Y in terms of P. We get 


| = VS, P < A(XiYR)2Pe-Ys+0-Ne, , 
y 








102 
ae ih at 4(ax4%,2" + CwtuPY) 
xynC” 
By (78) and (19), 
(103) | | V2S? da| = PX S 2x n-+P*-™"'PX?. 
By (29),| 7;| < P,|7| S 3P. Then (88) gives 
(104) | H.| < OX*X,YRP*"P’, © = 6A" n~, 
4105) ja ot ho — 1S +40 —foan. 


But |H, + H,| =|H,| — |H2|. Hence (89) and (104) give 
(106) Iy, => X2X,YRP* (cy — OP’). 


0 


We shall discuss different ways to secure a positive value of the final factor 
when No is sufficiently large. Then as in §10, No is represented by G + Az”, 


the number of whose summands is s — 2 + 2k + ki. Our goal will then be 
reached. 





ld. First, let f and ¢ be such that ¥ S$ 0. Then A < ciz, @ < cis, and (106) 
will be positive if P-’ > c1s/cs. This will hold when No (and hence P) is suf- 
ficiently large when j <0. 

Consider the special case in which k = k, has the value (82), and f = 3y, 
‘= ¥/40. Then ¢ = o; and a short proof gives —j > «, ¥ < 0. 
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In the general case, write x for ¢/o1. Then j < 0 is equivalent to 








7 . » .. wee 
(107) b- k= 
: log W _n 
aie ee Wa +l =f. 
2(k — hr) + 3k, > 298 W — 3 vee — — 2 log x 


We equate to zero the z-derivative of the last fraction since we desire that 
2k + ki bea minimum. Thus z = 1 — f, approximately. By (66) and (11), 
(108) f 24, (1 — »)f < ». 


Thus by (107) and the series for log (1 — z), we see that k — k, is approximately }. 
Hence we take the integer k — k, to be 0 or 1. 
I. Case k; = k. Then o; = o andj < 0 is equivalent to 


log no x ae 
—Tog (1 —»)’ vise ila 





(109) i i> 7 


Then k will be a minimum when f is a maximum. To secure y S 0, employ 
a very small e and 


1 
2(in—1+ 7) 


Then conditions (108) are satisfied and k is the least integer for which 





(110) f just < 


log (6n? — 7n + 6) (k 
— log (1 — ») 





(111) k-—1> 


II. Casek = ki +1. Theno = (1 — v)oi andj < Oif 


log np te 
— log (1 — »)’ ? f 








(112) kj-1> 


Then (110) yields the minimum ki, viz., 


log (6n? — lln + 10 — 4y) (k =k + 1). 
— log (1 — ») 


This and (111) give respectively (3) and (2) of §1. 


(113) ki-—1> 





15. Second, let f and e be such that y = 0. In the numerator of A in (102) 
we increase the first term up to the second. Then 0 < c4P¥/? and (106) will be 
positive if 


(114) P-i-¥l2 > Ci4/C9 , 
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and hence if the exponent is positive. The condition is 
(115) M>2e+(1—f)n, M=L—e(Qn-1), L=}—nf—2W-— If. 
Write x = o/o1. We get (107) and 


log n(2z + 1 — f) — log M 


“> —— 





As in §14, x = 1 — f, approximately, and k — k, = 0 or 1. 
I. Let ki = k. Then (115) is equivalent to 





, log p n 


e = 
df M? 
Since p increases with f, k will be a minimum (as desired) if f is. Hence we 


employ the least f for which y = 0: 


4 — ¢€(2n — 1) 
nt-ry—1 ~- 


{e(2n — 1) + 3n + 6» —6— 3} >0. 


(117) f= 





When ¢ increases, M and f decrease, whence 3 — f and n/M increase, so that 
their product p increases. Hence e = 0 gives the minimum k. The resulting 
k — 1 is seen to be (111). 

II. Let k = ki + 1. Now (115) is equivalent to 





log y n dy 
118 k -_ — eo ee : 
(118) +> Sear y Fras ff), a> ° 
We again have (117) and the same conclusion e = 0. The resulting k, — 1 is 
seen to be (113). 
It is remarkable that we are led to (111) and (113) in all cases. 
We have now proved all the asymtotic results stated in §1. 


Part II. Limit ror No 


16. For the Waring problem each Aj, a;, A is unity. We seek a limit on No 
such that all our conditions hold. Take n = 10, ki = k, f = 4v,h = 3. Then 
in (7) and (9), m = 3-1, C = (3)"". We required s = 4n in Lemma B and 
need s = 70 later. To obtain the least s, take s = 70 if 10 S$ n < 17,8 = 4n 
ifn 218. By (6), 


log 108n 
= log n — log (n — 1)” 
When n = 10, 11, 12, 14, the least such integer k is 197, 219, 241, 285, respec- 


tively. We employ s — 2 + 3k nt» powers as summands. By (19), » =o — 


(n ~ 1) and we may drop a for results to seven decimal places. 
a 8 


(119) o < 10° if 
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17. In (37), B;, B, 6 are all equal (being S, in the older notation). Thus by 
James‘ p. 405, and (52), 


(120) C;=c’ =c= G5, log cis = (n — 1) logn + e neni (n-2) | 


where a S 7log2. By (50), 
(121) |4)|<cwZ, |o|532Z, [Wl <2QcwZ, ee = 2.00014 =. 
nT 


Let [x} denote a number, independent of P, which just exceeds x. By a 
slight refinement of (55) and the three lines following it, we see that 


— — 2 ° — v — — 1 
Roser, o=[pti ZarsaPs =| aah 
where p = 4 — 3v —g. Note that in case (49), P = (2n 3"~")?, as in (10,). 
We formerly increased cy; and cs to 1. Write Dfor By. Then (38;) and (52) 
give | T, — Dd, | < 5q S 5Zq-’P~e1s, | D| < ersq~’. Thus 


(122) | Ti a D'¢ | < (Zq-’)!P-9 .57(crseis)* Ic} 
holds if 7 = 1. It follows by induction on 7 by Lemma E with 
K’' = 7,, n' = Dd, c’ = Cisse, X’ = Zqr’, C’ = 5ers, e’ = P-, 


K =Ti, »=Di, c=ciscig \ = (Zq-’)', C = 57(ciscie)*™ [ers}, € = P. 
Dropping subscripts 1 in the upper line, taking c’ = 3c:5, and using (382), we get 
(123) |TiT — D$i¢| S (Zq-”)P-9.5ei sci (crs + 34) [crs}. 

By (43), (44) and Lemma E withe = c’ = 1,e = «’ = |z| P”™, 


| 2 
Ss is (> E2ri :) 
SS, — (>) >) E2ni : yt; 


g gy 


< 4rnX7[1} |z| Po, 








< CX?X,|z|P™, 





where C = 2rn(($)""!+2[1}). Let C’ bex = 5c/5' (cis + 37) [crs}. Then 


2 
TiTS’S, — Ditgi E2ri 2? E2ri 2” y 
(124) | 1 y oi¢ (> rite) 2 iio 


S X°Xic)(q°Z)(KP + Bey sci € | | pr’). 





The ratio of the second term in parenthesis to the first one is < P-’. Hence the 
second may be absorbed into the first by using a new factor [cis} of x. By (39) 
and (46), 











the 
39) 
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| V2 — Dy? | S 2Ociscis [cis}(q-°Z)?P- , 
vy, — Dyy,R71U |S (q°Z)RP-p, p= 4c sC i 6C17 + 20¢;5¢y5 [cys} . 
Combining this with (124), we have C’ = p,C = x,e = e’ = P-*, Thus 
| TiTS*8,V°V, — Di*9i6(2)" > Vy,R-U | 
(125) ft ae 
< RX?X,c)} ,(q°Z)'*8P-*B, B= 4c} sci 6k “+ 3¢, 5C/ 6p + xpP~?. 


We may absorb the third term of 8. Apply Lemma E to (125) and (48), 
j = s — 3, and use the final remark about Lemma E in §9. We get (56) in 
which ¢; is initially 


cis {8 + (12ciscig’ + B)2x(Jh)-*}, J just <1. 
But 6 is a linear combination of the very small numbers cy; and [cis}. Hence 
(126) c3; = 24mcisci, h-", Cy just < vh", 
(127) Cy = Cig; CC, = 2.3°+h", Cz just < vh", 


since the negative terms in (81) are insignificant, while the ratio of K + 2cs 
to NoP~* differs from 1 by an insignificant amount. In (14), bi = cj;. Hence 
in (85), 


(128) Cc, = cj;/(svy — 2), C =e" (if s = 70,n >6), 
by James,‘ p. 434. Extremely close approximations are 
(129) C= & = vh"e-2™ , 


i8. The method of §14 is less favorable than that of §15 since the former 
leads toasmaller e. Since ¢ = o; is approximately zero, 








(130) —2—-y=vr(l—v)—c2Q2n-—1)>0 _ if tect. 
We cannot improve the results obtained from 
2n(n — 1) — 1 _ 1 
(131 = _ —_— =— = - 3 0. 
i se J-~5¥= 4G" edd 


Since the first term of A in (102) is relatively very small, © is very close to 
C4P¥?, where 
(132) Cig = 9-2'n3—D(m — 1)¢(2nB"—)2+1(2)?-*" /(€29) . 


Denote the product (132) by ¢F. When n = 12, we find that log F < 48, 
log ¢ > 9.54 X 108; hence in their sum 48 is negligible. Similarly for any 
n 2 10, we may discard the factor F. Likewise we may discard cy in (114). 
By (13;), we see therefore that (114) is equivalent to 


(133) ee >t. 
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Using logarithms to base 10, we see from (94) that 
log ¢ < L, L = (.48429)4e 2". 
Hence (133) holds if 
log 4v3 + log log P > log L. 

By (7;), this holds if 
(134) log log No > log L + 4 log n + log 2. 
In (131), 1/(2n?) > «. Also 2$-n? > 1/eifn 210. Hence (134) holds if 

log log No > (23)n? log 2 + 2 log n + p, p = log 4(.43429) = .23984, 
(135) log log No > .662087n?, n = 10. 

For n > 10, a better (lower) value of No is found by (134). For n = 12, this 
is log log No > 93.359. 

Part III. Warine’s ConJECTURE 


19. If g = [(3/2)"], q-2" — 1 is a sum of J = q + 2" — 2, but not fewer, 
nt» powers. The ideal Waring theorem is that every positive integer is a sum 
of J integral n*" powers 2 0. 

THEorEM. The ideal Waring theorem holds for n = 11-15, 17. 

For example, when n = 15, 1481 powers suffice’ from s = 6" + 2.5" to 
1996306 X 10". By ascent, 6327 powers suffice from s to M, where log log M = 
145.021. The same holds from sto © since M > No. 

Details for nm = 14 and 12 will appear shortly.* 7 


THE UNIVERSITY OF CHICAGO. 





’ Dickson, Researches on Waring’s Problem, Carnegie Institution of Washington, 1935, 
p. 13. By p. 23, we readily prove our theorem when n = 17. 

6 Wirtinger Festband der Monatshefte fiir Math. u. Physik, 1936. 

7 Duke Journal of Mathematics. 
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POSTULATES FOR BOOLEAN ALGEBRA INVOLVING THE 
OPERATION OF COMPLETE DISJUNCTION* 


By B. A. BERNSTEIN 


(Received October 4, 1935) 


1. Introduction. The operation of complete disjunction in Boolean algebra 
is the operation o given by a o b = ab’ + a’b (read “a with b,”’ and interpreted 
for classes as ‘‘a or else 6”). This operation has important properties,! but these 
pronerties are obscured by the prevailing symbolism employed in expressing the 
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elegance of a set of Boolean postulates has hitherto been confined to sets CX- ge 
pressed in terms of Sheffer’s operation of rejection, aa Ee Nuwtns ae 
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* Presented to the American Mathematical Society, April 6, 1935. 

' For the earliest list of properties of © known to me, see G. Peano, Formulaire de Mathé- 
matiques, 1895, Part I, p. 5. These properties (given by Peano without proof) are: (1) 
400 = a, (2) aoa = 0, (3) aob = boa, (4) ao (boc) = (aob)oc, (5) (aob)’ = a’ob = aob’, 
(6) (@ = boc) = (b = aoc) = (ec = aob). The symbol © is Peano’s. For convenience, I 
have written a’ for Peano’s —a. 

See also the following. 

0. Veblen, The Cambridge Colloquium Lectures, 1916, Part II (Analysis Situs), p. 9. 

P. J. Daniell, ‘The modular difference of classes,” Bull. Amer. Math. Soc., vol. 23 (1917), 
pp. 446-450. 

B. A. Bernstein, ‘Operations with respect to which the elements of a Boolean algebra 
forma group,” Trans. Amer. Math. Soc., vol. 26 (1924), pp. 171-175, and vol. 27 (1925), p.600. 

B. A. Bernstein, ‘(On the existence of fields in Boolean algebras,”’ ibid., vol. 28 (1926), 
pp. 654-657. 

. 0. Frink, “On the existence of linear algebras in Boolean algebras,’ Bull. Amer. Math. 
Soe., vol. 34 (1928), pp. 329-333. 

M. H. Stone, “‘Subsumption of the theory of Boolean algebras under the theory of rings’’ 
(Abstract), Proc. Nat. Acad. Sci., vol. 21 (1935), pp. 103-105. This paper, closely related to 
mine, was not known to me till after I had prepared mine for presentation to the Society. 
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Using logarithms to base 10, we see from (94) that 
log ¢ < L, L = (.48429)4e 2", 
Hence (133) holds if 
log 4v* + log log P > log L. 
By (7;), this holds if 
(134) log log No > log L + 4 log n + log 2. 
In (131), 1/(2n?) > «. Also 24-n? > 1/eifn 210. Hence (134) holds if 


log log No > (23)n? log 2 + 2 log n + p, p = log 4(.43429) = .23984, 


ERRATA TO THE PAPER POSTULATES FOR BOOLEAN ALGEBRA 
INVOLVING THE OPERATION OF COMPLETE DISJUNCTION BY 
B. A. BERNSTEIN. Vol. 37 (1936) pp. 317-325. 


Page 317, last sentence, after “rejection,” add: “and to Huntington’s set 
in terms of addition and negation.”’ 


Page 318, end of second paragraph, add: “Note that 0 is expressible in 
terms of x and ’ , since ab’ + a’b = [(ab’)’ (a’b)’|’ .” 


The oversights were called to my attention by Mr. R. M. Foster. 


140.U41. LUG SALLIS 11ULUS 1LULLL oO UU ~~ DELLUC um YH LVO. 


Details for n = 14 and 12 will appear shortly.®:’ 


THE UNIVERSITY OF CHICAGO. 





5 Dickson, Researches on Waring’s Problem, Carnegie Institution of Washington, 1935, 
p. 13. By p. 23, we readily prove our theorem when n = 17. 

6 Wirtinger Festband der Monatshefte fiir Math. u. Physik, 1936. 

7 Duke Journal of Mathematics. 
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POSTULATES FOR BOOLEAN ALGEBRA INVOLVING THE 
OPERATION OF COMPLETE DISJUNCTION* 


By B. A. BERNSTEIN 


(Received October 4, 1935) 


1. Introduction. The operation of complete disjunction in Boolean algebra 
is the operation o given by a o b = ab’ + a’b (read “a with b,” and interpreted 
for classes as “‘a or else 6b”). This operation has important properties,! but these 
properties are obscured by the prevailing symbolism employed in expressing the 
operation. The main object of my paper is to give a set of postulates for Boolean 
algebra in which o is taken as primitive. As a result, many of the properties 
of o are easily brought to the surface. As a result, also, the whole of Boolean 
algebra can be developed with an ease and elegance not possible when any of 
the existing sets of postulates for the algebra is used. 

I have tried to make the postulates simple from the point of view both of 
mathematical statement and naturalness of interpretation for logic. I have 
made no attempt to reduce the number of postulates to a minimum. Economy 
in the number of postulates, is, in general, at variance with simplicity of the 
postulates. The number of postulates in my set is ten. 

My postulates contain no existence proposition, other than one stating that 


. the number of elements in the class is at least two. The special Boolean ele- 


ments—zero, the universe element, and the negative—are all defined. This 
elegance of a set of Boolean postulates has hitherto been confined to sets eX- 
pressed in terms of Sheffer’s operation of rejection, a.& Te Huntngher 
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* Presented to the American Mathematical Society, April 6, 1935. 

' For the earliest list of properties of O known to me, see G. Peano, Formulaire de Mathé- 
matiques, 1895, Part I, p. 5. These properties (given by Peano without proof) are: (1) 
200 = a, (2) aoa = 0, (3) aob = boa, (4) ao (boc) = (aob)oc, (5) (aob)’ = a’Ob = aob’, 
(6) (@ = boc) = (b = aoc) = (c = aob). The symbol © is Peano’s. For convenience, I 
have written a’ for Peano’s —a. 

See also the following. 

0. Veblen, The Cambridge Colloquium Lectures, 1916, Part II (Analysis Situs), p. 9. 

P. J. Daniell, “The modular difference of classes,’’ Bull. Amer. Math. Soc., vol. 23 (1917), 
pp. 446-450. 

B. A. Bernstein, “Operations with respect to which the elements of a Boolean algebra 
form a group,” Trans. Amer. Math. Soc., vol. 26 (1924), pp. 171-175, and vol. 27 (1925), p.600. 

B. A. Bernstein, “On the existence of fields in Boolean algebras,’’ ibid., vol. 28 (1926), 
pp. 654-657. 

. 0. Frink, ‘On the existence of linear algebras in Boolean algebras,”’ Bull. Amer. Math. 
Soc., vol. 34 (1928), pp. 329-333. 

M. H. Stone, ‘“‘Subsumption of the theory of Boolean algebras under the theory of rings’’ 
(Abstract), Proc. Nat. Acad. Sci., vol. 21 (1935), pp. 103-105. This paper, closely related to 
mine, was not known to me till after I had prepared mine for presentation to the Society. 


317 





w 








318 B. A. BERNSTEIN 


I give for my set the necessary proofs for the consistency, independence, 
necessariness, and sufficiency of the postulates.’ 

Besides the operation o, I also take as primitive the operation of multiplica- 
tion, X, the operation of negation, ’, and, of course, the notion of class, K. 
Boole? restricts his “‘sum” a + 6 to the case where a and b are such that ab = 0). 
Thus restricted, Boole’s + has, with respect to logical multiplication and nega- 
tion, the properties that o has with respect to these operations. My postulates 
are thus expressed in terms of all of Boole’s fundamental operations, except 
that his cramping restriction on + is removed. The relation of equality, =, 
is taken outside the system. 

My postulates are such that a simple change in them transforms them into a 
set of (independent) postulates for the logic of propositions.‘ 


2. The postulates. Consider as primitive a class of elements K, a binary 
operation o, a binary operation X, and a unary operation’. The postulates on 
K, o, X, ’ which will make the system (K, 0, X, ’) a Boolean algebra are the 
propositions P\-P, following. (For the sake of brevity ab will be written 
for a X b.) 


P;. aobisan element of K if a and 6 are elements of K. 
P». ao (boc) = bo (coa), 
af a, b, c, and the indicated combinations are elements of K. 
P3. (ao a)ob = b, 

if a, b, and the indicated combinations are elements of K. 
P,. abisan element of K if a and b are elements of K. 
Ps. a(bc) = b(ca), 

if a, b, c, and the indicated combinations are elements of K. 
Ps. aa = a, 

if a and aa are elements of K. 
P;. a(boc) = abo ac, 

if a, b, c, and the indicated combinations are elements of K. 
Ps. a’ is an element of K if ais an element of K. 


Py. (aoa’)b = b, 





2 For the necessity of discussing a set of postulates with regard to these properties, se 
Trans. Amer. Math. Soc., vol. 36 (1934), p. 876, footnote. 

3 George Boole, An Investigation of the Laws of Thought, London, 1854, Chap. II. 

‘ For a discussion of the logic of propositions see Trans. Amer. Math. Soc., vol. 28 (1916), 
pp. 472-478. 
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if a, b, a’, and the indicated combinations are elements of K. 
Py. K consists of at least two elements. 


It will be noted that Postulate P2 is not the associative law. The associative 
law for o can be obtained as a theorem.> P: may be called the cyclic associative 
law for o. It will also be noted that the commutative law for o is not found 
among the postulates. This law can also be obtained as a theorem.’ Cor- 
responding remarks hold for the associative and commutative laws for X.? 


3. Consistency and independence of the postulates. The consistency and 
independence of the postulates are established by the systems So, S:, Se, --- , 
Sw in the table below. In this table, So is the consistency system, and S; is 
the independence system for Postulate P;(¢ = 1, 2,---,10). The blanks in 
systems S;, S,, Ss denote that there is no element of K for the result of the 
operation indicated. The table on page 320. 


4, Necessariness of the postulates. The fact that P:-Py are all necessary 
for Boolean algebra can easily be shown. It can readily be verified that 
P,-P) are derivable from the well known Whitehead-Huntington postulates for 
Boolean algebra (expressed in terms of @ and o).§ This derivation is ob- 
tained with the help of the following definitions: 

DeFIniTions. aob = (aob)e (@0b);aXb=ao0b;a’' = 4. 


5. Elementary theorems. I shall now derive from the postulates a number 
of theorems which will lead to the establishment of the sufficiency of the pos- 
tulates for Boolean algebra. After the proof of each theorem I list, in order, the 
propositions employed in the proof (except propositions Pi, Ps, Ps, Pio, which 
will generally be omitted). The proofs of these theorems will, at the same time, 
illustrate the easy working of the postulates. Theorems will be indicated by 
T’, definitions by D. 


T\. aob = boa. 

For,aob = ao[(aoa)ob] = (aoa) 0 (boa) = bo a; by Ps, Pao, Ps. 

T>. ao(boc) = (aobjoe. 

For, ao(bo c) = bo(co a) = co(ao b) = (ao b)oc; by Ps, Ps, Th. 

T;. Ifaob = cthenb = coa. 

For, let aob = ¢ (i). Then b = (aoa)ob = ao(aob) = aoc =coa;by 


*See Theorem 7. (§5) below. 

$ See Theorem 7; (§5) below. 

"See Theorems 7; and Ts (§5) below. 

*See Trans. Amer. Math. Soc., vol. 5 (1904), pp. 288-309. See also §6 below. 
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Theorem 7’; enables us to write down the solution of the equation ao x = b. 
It may be called the Inverse Law for o. 


T. aoa = bob. 

For, aoa = (bob) o (aoa) = (aoa) o (bob) = bod; by Ps, T), Ps. 
Ds. 0 = aoa. 

Ts. ao0 = a. 


For, ao 0 = ao (aoa) = (aoa) oa = a; by D, Th, Ps. 


Ts. ab = ba. 

For, ab = a[(aoa’)b] = (aoa’)(ba) = ba; by Po, Ps, Ps. 
T:. a(bc) = (ab)ec. 

For, a(bc) = b(ca) = c(ab) = (ab)c; by Ps, Ps, Ts. 

Ts. a0 = 0. 

For, a0 = a(aoa) = aaoaa = 0; by Di, P;, Du. 

T». (ao b)(cod) = [(aco ad)o be] o bd. 


For, (a0 b)(co d) = (aob)co(aob)d = c(aob)od(aob) = (cao cb) o(dao db) = 
(aco be) o(ado bd) = [(aco be)o ad] o bd = [(beo ac)o ad] o bd = [bco (aco ad)] 
o bd = [(aco ad)o bc] (e) bd; by P;, Ts, Py, Ts, T2, T1, T2, Ti. 


T'p. aoa’ = bob’. 

For, aoa’ = (bo b’)(aoa’) = (aoa’)(bob’) = bob’; by Ps, Ts, Po. 
D». 1 = aoa’. 

Tn. al =a. 

For, al = a(aoa’) = (aoa’)a = a; by Dz, Ts, Po. 

Tip. a’ = aol. 

For, a’ = (aoa)oa’ = ao(aoa’) = aol; by Ps, T2, D>. 


713. ao ab = ab’. 





For, ao ab = aloab = a(1ob) = a(bol1) = ab’; by Tu, P:, Ti, Tie. 


Ti. aa’ = 0. 
For, aa’ = aoaa = aoa = 0; by Ts, Ps, Di. 
D;. a+b = (aob)oab. 


Tis. a + bis an element of K. 
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By Ds, Pi, Ps, Pi. 


T 16. a + 0 = a. 
For, a + 0 = (ao 0)0 a0 = (ao 0)00 = a; by Ds, Ts, Ts. 
T 7. a+b = b+ a. 


For, a + b = (aob)oab = (boa) oab = (boa)o ba = b + a; by D,, 7, 
Ts, Ds. 


T's. a+be = (a+ bd)(a+c). 


For, a + be = (ao be)o a(be) = ao [beo a(be)] = ao [beo(be)a] = ao (be)a’ = 
ao a’(be); by Ds, T2, Ts, Tis, Ts. 

Also, (a + b)(a + c) = [(ao b)o ab][(ao c)o ac] = [ao(bo ab)][a0 (co ac) 
[ao (bo ba)}[ao (co ca)] = (aoba’)(ao ca’) = {[aao a(ca’)]o(ba’)a} o(ba’) (ca’) 


{[aao c(a’a)] 0 (ba’)a}oc [a’(ba’)] = {[aao c(a’a)]ob(a’a)}oc [a’(ba’)| ‘ 
{[aao c(a’a)Jo b(a’a)}o c[b(a’a’)] = {[aao c(aa’)Jo b(aa’)}oc [b(a’a’)] = 
{[aao cOJo b0} 0 c[b(a’a’)] = [(aao0)oDloc[b(a’a’)] = aaoclb(a'a’)] = 


ao c(ba’) = ao (a’b)e = aoa'’(be); by Ds, T2, Ts, Tis, Ts, Ps, T, Ps, Ts, Ti, 
Ts, Ts, Ps, Ts, T7. 


T 9. a(b + c) = ab + ac. 


For, a(b + c) = al(boc)o be] = a(boc)oa(bc) = (abo ac)o a(be); by D,, 
P;, P2. 

Also, ab + ac = (abo ac) o(ab)(ac) = (abo ac) o[(ab)a]e = (abo ac) ofa(ab)|c = 
(abo ac) o [(aa)b]c = (abo ac) o(ab)e = (abo ac)o a(be); by D3, Tz, Ts, Tz, Ps, T:. 


T x. a+a’'=1. 

For, a + a’ = (aoa’)oaa’ = loaa’ = 100 = 1; by Ds, De, Tis, Ts. 

6. Sufficiency of the postulates. The sufficiency of postulates Pi-Pu 
for Boolean algebra is now obvious. Indeed, following are the Whitehead- 
Huntington postulates for the algebra and their derivations. (In Postulates 
IIIa, IIIb, IVa, IVb, V, supply the supposition if the indicated elements belong 


to K; in Postulate V supply also the supposition if the elements 0, 1 of Postulates 
IIa, IIb exist and are unique). 


Ia. a+ bis an element of K if a and b are elements of K. 

By 715. 

Ib. ab is an element of K if a and b are elements of K. 

By P. 

IIa. There is an element 0 in K such that a + 0 = a for every element ain K. 


By T 16. 
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IIb. There is an element 1 in K such that al = a for every element a in K. 
By Tu. 

IIIa. at+b=b+a. 

By Tx. 

IIIb. ab = ba. 

By Ts. 

‘v4. a + be = (a + b)(a + 0). 

By T's. 

IVb. a(b + c) = ab + ac. 

By P. 


V. For every element a in K there is an element a’ such that a + a’ = 1 and 
aa’ = 0. 


By Tx, T 14. 
VI. K consists of at least two elements. 


By Pr. 


7. Miscellaneous theorems. In order to illustrate further the easy working 
of the postulates in bringing out important properties of the operation o, I list 
below some additional theorems concerning o. The proofs of these theorems 
are left to the reader. 


T. For any two elements a, b there is a unique element x, namely x = ao b, 
such thatao x = b. 


Tx. The elements of any Boolean algebra form an abelian group with respect 
00. Every element in this group is its own inverse.” 


T». The elements of any Boolean algebra form a commutative ring with respect 
lo the pair of operations o, X, the “additive” operation of the pair being o. The 
ring has zero divisors and a unit element, and every element is idempotent. 


Ty. If ab = 0 thena+b=aob. 
T 5. a = aboab’. 
Tx. ao b = ab’oa’b = ab’ + a’b. 


Compare my “Operations with respect to which the elements of a Boolean algebra 
form a group,”’cited above. 

" With regard to fields in Boolean algebras see my paper “‘On the existence of fields in 
Boolean algebras,’’cited above. 
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T 27. (ao b)(bo c)(coa) = 0. 
T 28. a(bo c)o b(co a)oc(ao b) = 0.8 
Tx. a'(boc)o b’(coa)oc’(ao b) = 0.8 


Ty. a + b +---+ k = Zao xabo --- o Zab --- k, the summation being 
with respect to o. 


Tx. A necessary and sufficient condition that 
aobo---ok=a+b+4+.---+k 
18: 
Zabo Zabco --- oZab.--k =0 
the summation being with respect to o. 
T32. a’(boc) + b’(coa) + c’(aob) = 


a'b’(co a)(co b)o b’c’(ao b)(aoc)oc’a’(boc)(boa) = ab’c’obe’a'oca'l’ = 
ao bo co abe. 


T'33. @1(@20 €30 +++ © An) O A2(G30 G40 +--+ OG1)0 +++ OAn(Q10 G20 +++ OMy-1) 
= 0. 
, , / 
T34. 1 (G20 G30 +++ 0 An)O 2 (G30 G40 --- 01)0 +++ OA, (G10 M20 + ++ OAn-1) 
= 0 or 410 G20 --+ O Gn, according as n is odd or even. 


Ts. If (roa)(yob) --- (tok) = 1 thenz = a’',y = b’,---,t = kh’; and 
conversely. 
8. The dual of o. With the help of Theorem 7's, we find: 
T's. The dual of ao b is the element adb given by 
aAb = ab + a’b’ = aboa’b’ = aobol. 


By replacing o by A, and X by +, in P;-Py we shall have the set of pos- 
tulates for Boolean algebra dual to P;—Pyp. 


By T'35 and T12, we have: 
T 37. adb = (ao b)’. 


That is, the dual of aob is the negative of aob. This property of o (or 4), 
that its dual is also its negative, is possessed by no other binary Boolean opel 
ations, except the trivial operations given by f(a, b) = 0, 1. 





12 T, is a special case of 733 below. 
13 T'59 is a special case of 7'3, below. 
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We have, further, the following two interesting relations between o and A, 
which the reader can readily verify. 


Ts. ao boc = adbAc. 
Ts. (ao b)Ac = (aAb)oc = ao (bAc) = aA(boc). 
ng As additional theorems concerning A we have the duals of T:-7'35 (§§5, 7). 


9. Postulates for the logic of proposition. I shall close by calling attention 
to the fact that the independence systems of §3, except those for Postulates P, 
and Pio, are all two-element systems. Further, as can readily be verified, P; can 
be proved if Py be replaced by Po following: 


Pio. K consists of two elements. 


Hence, P:-Pyo, with Ps omitted and Py replaced by Pio, form a set of (inde- 
pendent) postulates for the logic of propositions. 


Tue UNIVERSITY OF CALIFORNIA. 
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TRANSFORMATIONS ON SPACES OF INFINITELY 
MANY DIMENSIONS 


By L. W. CoHEN 
(Received December 12, 1934) 


Spaces of infinitely many dimensions may be classified according to the 
restrictions placed on the coordinates in order to define a finite norm. In this 
paper we consider the following spaces 


00 1 
H,:\lzlle=[% le ( 21) 


C. Hy: lim x = 0 || x || x = L.U.B. | X; | 
Ha: || x || = L.U.B. | 2; |. 


Since || z ||, is a non-increasing function of ponp > 1,H, CH, iflsp<q. 
Further, H, C Hy CH, for all p 2 1. We study transformations on these 
spaces defined by matrices. Certain results are conditions sufficient to assure 
the completely continuous character of the transformation—i.e. that the trans- 
formation carries a bounded set into a compact set. Other results concern a 
class of absolutely convergent determinants and the associated linear systems of 
equations. If p > 1, we use the notation convention p’ = p/(p — 1). 

Lemma. If S is a bounded subset of H, and, for every sequence x“) CS, lim 
|| 2? — x" ||, = 0 uniformly in s, where x3) = (2°), --- , c&, 0, 0, --- ), thenS 
as compact. 

Proor. Let x“) be any sequence in S with norms less than M. Then 


co 1 
| a"? | < [> jz? b> < M. 
j= 


The Bolzano-Weierstrass theorem and the diagonal process yield a subsequence 
az of x such that x‘? converges for each i, 


lim a!) = HF . 


t—>0 
The point xz = (z,) isin H, since for all N 
N N 
Do | a |? = lim > | 24! |p < Me. 
i=1 t-2% i=1 
From Minkowski’s inequality (which is true for p = 1 also) 


) N co 2 - 1)» 
Sila —ales Bla —al gd & ieee Se lal py 
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m the hypothesis there is, for any « > 0, an N, such that 


Fro 
>» | x |p <e, N>N., t=1,2,... 
i=N+1 
This N may be chosen so that 
> 2 | zi |P <e. 
i=N+1 
e For such an N there is a ¢, such that 
s N 
DY |e -—ale<e t>t. 
i=l 
’ Hence 
> | 2h? — a; |? < «(1 + 22) t>t, 


i= 
and x) contains a sequence x“) converging to z and S is compact. 


The lemma also holds for the space Hy. ‘*) is bounded in s 


For: 2; 
, A sequence x“) C 2) exists for which lim z'!? x; for all 7. 


6 ) — g\” ||, = 0 uniformly in #, there is an N, for any ¢« > 0 such that 


|). | S$ L.UB. | 2 | = L.UB. | 26? -— 2%) | <e 
i>N t 


#=1,2,---. 
Now 


N>N., 
Hence |2z;| S$ efor? > N, andz = (z;) CH. 


1 LUB. | 2? — 2; | $ L.U.B.| 2S? |4+ LUB.|a%|<2e t=1,2,---, 
) i>y, i>N, i>Nn, 
2s? 2 | <e {= 1,2,.--,N.; t>, 
so that 
|r — 2 ||e = L.U.B. | 2? —au|<2e t>t, 


and the lemma is proved. 


In H,, the lemma yields nothing new since lim || x — zy ||. = 0 implies L.U.B. 


iti| << eforN > N, anda C Hy. 
THEorEM 1. If p > 1 and 
oo oo P 
A=>| jaa "|r <4 
i=1 Le=1 


then yiimt Qik Ze = y: ts completely continuous on H, to H>. 


Proor. If z Cc H,, then 

ry oo » - 1 1 

Himirs | SX lawsei] = So([S taut [ & lowly = I 
_ 1 


Ziewni] = E((2 
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andy CH,. If S,is a subset of H, with norms less than M and S, is its trans- 
form, then the norms of S, are less than MA”. If y“ is any sequence in §, 
and x) is an element of S, which is transformed into y“’, then 


2 ~o 1 
Iv] sD laaal"| s 2 lp] loa” 
i= 


k=1 


ly? |? SM” >» | jax|" |< Mre 
i=N+1 i=N+1 Lk=1 
for any e > 0, N > N, and all s. The conditions of the lemma are satisfied 
and S,is compact. The transformation is therefore completely continuous. 
Corotuary. Jf p > 1, 


oo oo Dp 
} | Jal” < +2, 
i=1 1 


k= 


y C H,, then either the system 
tit Dy inte = Yi 
k=1 


has a unique solution in H, or the homogeneous system has a finite number of 
independent solutions in H ». 

This follows from the Riesz-Hildebrandt theory of completely continuous 
transformations and completes the results obtained by Bébr [1] and the writer [2] 
under the restriction 1 < p < 2 by means of absolutely convergent deter- 
minants. An analogous theorem due to Hille and Tamarkin [3] on integral 
equations may be mentioned. 

THEOREM2. Ifp>1,q>1,r = max (p, q’) and 


A= ) |au|"< + 
4 


i 1 


then pe QizX~ = Yi ts completely continuous on H, to Hy. 
Proor. Since || x ||, is a decreasing function of pon p > 1 andr 2 p, H, CH, 
Thus if z CH, 


co 0 1 
ly:| Sd laur| < Eap> jal" |, 
k=1 k=1 
Since r 2 q’ implies r’ < q, 
) 1 3 
Ive Syl $ lel] 3, eal’ |? = ela” 
andy CH,. If, is a subset of H, with norms less than M, the norms of its 


transform S, are less than MA’. If y is any sequence of S, and x) is an ele- 
ment of S, which is transformed into y, then 
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00 1 
Pls MD lanl’ |r, 


~ 1 00 1 ‘ia “i 1 
| 2 wre ' | me rh . ul ) Sp > Jax” |r < Me 
i=N+1 i=N+1 song fet 
forany e > 0, N > N, and alls. The conditions of the lemma are satisfied, S, 
is compact and the transformation is completely continuous. 

This result is analogous to a theorem of Banach [4] pp. 98-99 on transforma- 
tions in function space. 

The conditions 


tt Dd | ax | =oSic0<+on 
k=1 


Ti: |\ax| S oi; Da=c< +o 
i=l 
for matrices operating on H,, Hi respectively are usually considered as the 
limiting forms of that of theorem 1 for p = ©,1. One may also consider 


Tx: > |an| = 0; lim o; = 0 
k=1 

for a matrix operating on Hy. The condition 7, is insufficient to assure the 
completely continuous character of the transformation since the matrix |] 4;, || 
satisfies T’,, while the identity is not a completely continuous transformation 
on H,. 

TazorEM 3. If || ax || satisfies Ty, then >>%_, aixtx = y; 1s completely continuous 
on H 1 to H 1. 

Proor. If C Ay, 


> tye <> laut s Dad ln! =o¢|\z||1 


shows that the transformation is on H, to H;. If S,; C H has norms less than 
M ; the norms of the transform S, has norms less than Mo. If y“? is a sequence 
in S,and x) is an element of S, whose image is y, then 


ly? | S || 2” l1;o; S Mo; 


lYWP| SM DO a, < Me 
i=N+1 i=N+1 
ranye>0,N >N «and all s. The lemma yields the compactness of S, and 
the transformation is completely continuous. 
TaeoreM 4. Jf || ai || satisfies Tx, the transformation > 71 inte = yi 18 com- 
Heely continuous on H.,, to Hy. 
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Proor. Ifz CH,, 


| yi | SD lance | < 6 L.U.B. |x| < || 2 ||,€ i>, 


shows that y C Hx. If S, is a bounded subset in H,, and S, is its image, the 
norms of S, are less than M(L.U.B.c;). If y“ is a sequence in S,, the above 
inequality yields 


lly? ys? ll = LU.B. | ys? | S Me > Wi wets... 


The lemma applies and the theorem follows. 

These results have some added interest because the Hille-Tamarkin paper [3] 
gives an example due to v. Neumann showing that the condition on integral 
transformation in function space analogous to 7’ is not sufficient to yield com- 
plete continuity. The condition T may be used to replace T’,, in interpreting 
theorem 1 for p = ©. We note that, while the Riesz-Hildebrandt theory [8] 
leads to the Fredholm alternative theorem in consequence of theorem 3, explicit 
formulas for the solution of the linear equation problem associated with the 
determinant of || 6;, + ai || under condition T; may be obtained. The funda- 
mental results in this direction are due to v. Koch [5]. We shall elaborate them 
here in order to derive some properties of the minors and also to get a theorem 
about the space H,. In the following statements the condition 7; is to be 
considered a part of the hypothesis. 

Lemma 1. Jf t = >.7_,|aix| then L.U.B. 7, = r S o and D097, | au| So. 


i) i] i) 
PROOF. 7; = ee Xo =o; >, |a:|< DY a=0 
i=1 = i= i=1 
in °) 
Lemma 2. (a,): ps | Gis, Git, °° Ginin | S 04,7" * Ti, (n 28). 
ios oh, tinamwl 
io] 
(bn): , Dw 1 | Givi, Digi, ++ * Dini, | Srvto (n 2 2) ; 
°o " kn ° 
Proor. >> | Givi, Gi, i, | s Gi, du | Gi,i, | = Cj, Ti, 
1.= i,.= 


is (a;). Assuming (a,), we have 


2) i °] 
. ,» | Givi, Wii, +> Dinin+, | = = | Qinin+, | i | aii, Cia, °° Qin- Qi, | 
ig°'* in=1 in= te°°* tna™= 
io) 
= x | ining, | 04,7" Ti, S 04, 77 p Dining, | = Fi, 7” Tint? 
i [p= 


which is (a1). We get (bn) from (an41) by putting in41 = 7, and noting that 


i) 2) ce} 
ee - _ awl 
; ) | aii, Gis, *** Dini, | she i ie "4 =r i, = pitied 
ty cts, inl i= i,=1 


C0 


Th 


is, 


leac 


min 
colu 


Pre 
theref 
the mi 
be put 


Which 








Qin | 


inti? 


that 





SPACES OF INFINITELY MANY DIMENSIONS 331 


TuzoreM 5. The determinant A of the matriz || 6:. + aix || is absolutely con- 
vergent. "y 

Proor. The v. Koch condition for the absolute convergence of A is the 
convergence of the series 


() 


Zz > | Ai, Gigs, +++ Gini, | (21, 22, ++ , dn distinct) . 
n =] 7) eee 


’ in= 


The series 
c- °] 
om 
i=1 


is, according to lemma 2, a dominant series. This converges if « < 1 since 
r$o. Ifo 21, the use of a convergence factor in a finite number of rows of A 
leads to the conclusion that A is absolutely convergent. 

This result was given by v. Koch [5]. We now derive certain bounds for 
minors A,,,...,rs:e.---,cg Of A obtained by suppressing the rows 7, --- , 7, and the 
columns ¢,---,¢. A bound for A is P = [J[(1 + | p|) where the product 
[| isextended over all circular products p = aj,i, @i,i, «++ Gini, (41, «++ , tp distinct) 
which can be formed from the matrix || az || 

THEOREM 6. (8) Ap,,...,rgzey-+-,eg 28 an absolutely convergent determinant; 


«o 


(b) ey 7 _ eal r(r1, 2? se rs) s Ts ; 
Ct, com 
i) 
(c) [ agree < Co (c1, eee y Ce); b Ry o(c1, eee , Cs) = Os ; 
Cy ttt, cel 


where >’ indicates that the terms for which c; = r; are omitted from the summation. 


(d) <= o; : 


Tt => 


(e) ifo<l, n= Pol(r + 7% yi a= Pel(o+ 2)", 
— T a 


Proor. If r; = c;, the terms of A,,,... ,r4:c,,---,cs are among those of A. It is 
therefore dominated by P. In the other extreme case, i.e. 7; ¥ ¢; (7, 7 = 1,2, ---8), 


the matrix can, by a finite number of interchanges of its rows and its columns, 
be put in the form 








|| Ge; +; || || esr || 


(i,j = 1,2, ---, 8) (¢ = 1,2, ---,8;7 #7;) 





|| Ger; || || Ser + Ger || 
(j= 1,2,.--,8s;¢# a) (c ¥ Gi, 7 ¥ 1;) 

















‘ the determinant of this matrix converges absolutely, so will Az,,...,re:e,--+.¢8 
hich differs from it at most in sign. A term of this determinant is, except for a 








EU 
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factor which is a term of the determinant of || der + Ger ||, of one of the following 
three forms: 


set Ajnrh 
u ki-1 8 
t=1 


h=kt4+1 ,s 
TT a0 siege 
hi vite nih 


where ji, --- , jsis a permutation of 4, ---,¢c;O<u<s;s0OHhkn<hk <...< 
uw S 8; [[ienuif(m) = 1. The determinant of || 5.- + ae, || is dominated by P. 
We have the inequality 


s—l u 
1) . [hag igge- ah B a? II lannl +P . Ri II 


(j3c) h=1 u 1Sk,<---<kySs t=1 
ki-1 00 20 8 
( II | Qinrs, | i >» | a;, i Dizi, + * + Dingriy ) II | a>, | 
h=kiitl nt=l1 tiessstn = l t h=kyt+1 
8 ino) i ] 
+ P ¥ II >» yk | Qjni, Cixi, oe Qinnrh , 
(j5e) h=i ny=l ia,---,ing=l 


where >... indicates a sum over all permutations j;, --- , js of c1, +++ ,¢. From 
lemmas 1 and 2(a,42) and the assumption « < 1 


20 20 
_" T 
} pm |, 6, Qin peers Diner | > 9}, gr . %. = ee oj, - 





me=1 i++ ,ing=l nt=1 ~ Ll t 
Hence 
8 
(2) Mig atin tdi sncteal < Pr >» II | Qinrs, | 
(j;c) h=1 
aE u ki-1 8 
+P OD) Ze CA, lawl on) TT lone 
(j;¢) u=1 —T/ 1ASki<-++<kuSs t=1 \A=ki441 h=ky+1 





Po (2 ) Thaw. 


Ge) \L—T 


This is a finite bound for the series dominating A,,,..., +5:,,-..,c, and the absolute 
convergence of the minor is established. There remains the intermediate case 
where some but not all of the r; and ¢; are equal. If we consider the principal 
minor of A obtained by suppressing the rows and columns for which 7; = ¢j We 
have an absolutely convergent determinant dominated by P with respect to 
which the minor of the intermediate case is one where r; c;. The preceding 
argument need only be repeated. 
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Lemma 1 and the homogeneity of the right side of (2) yield 


io] 


bey bi: xsi pity | Ss Po AT Trh 











ey» com ial 
s—1 r u — ‘ : 
+¥4 B. OUT «-) Wo 
Bors | <= ¢ 1Sk\< ++: <kuSs t=1 h=k_o+1 h=k,+1 
T ir 
+(; ) II « 
u ! 
s—l1 u = (k g—ky 1) tek tu ee. on . 
<Pstir 4 OO - ul(s — u)! 
u=1 1 — T 








4- 


Co — me ' to \8 
(+) } Psi(r 4,7) 
which is part of (e). 


From | aj, | S o; and (2) we have 


8 
fee PD Tin 
a; ¢ 


A= 
s—1 ¢ e u ky-1 8 
Pe os ae Pele ee 
u=1 a 1Sk,< +++ <ky Ss t=1 h=ky—+1 h=k,y+1 


+(; T y cub = ol0y +56). 
— Tt} i=1 








z o(¢, oF es Cs) = P > 


s—1 » yu 2 (kgm k i )tuts—ky r 8 
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vhich is the rest of (e). Since + < a, (d) is proved for the case < 1. In case 


7 2 1, the use of a convergence factor on a finite number of rows of A permits 
one to conclude (b) (¢) (d).! 

















1 : ; i 
' For details the reader is referred to [6] where the device is used in connection with the 
“erminant subject to the conditions 
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TuroreM 7. If the matrix || aix || satisfies T,, A # 0 and y C A, then | 
tit Dy ante = Yi 

k=1 


1< 
has a unique solution x C H, and x, = A p Aik Yi. l 
i=1 


Proor. From theorem 6 (b) we have t 


ie) 


Sinls tS idwwl = hd lwl[] el + 2 14a] 


sul sia L 
s ily Ih [P + fall 2. 

|A| 
andz CH. Since, by theorem 6 (b), 3. 
> l|anAnys| So Do ly || |Aavl + 2] Awl] Selly |hlP +n, ° 
7, k=1 j=1 k=1 0. 
the inversion in the order of summation in 6. 


> Avyit Dae D Anw= DL yi | 4s +> a An | = >) yj A= yd 7 
j=1 k=1 j=1 j=1 k=1 j=1 8. 7 


is justified. Thus x defined above is a solution. The uniqueness is easily 


established. 
The A,,,...,r9:r.---.rs * 0 for sufficiently large s. Theorem 6 enables one (cf. 


F. Riesz [7] pp. 31-35) to find a finite number of independent solutions of the 
homogeneous system on which all solutions depend. These results make more 
precise the purely existential results obtained by applying the Riesz-Hildebrandt 


theory to theorem 3. 
We have the further result on the space H,,. 
THEorEM 8. [If the matrix || a; || satisfies T;, A ~ 0 y CH,, then 


Tk + > ik Xi = Yr 


has a unique solution x C H,, and x; = >> Aik Yk 


Proor. From theorem 6 (b) we eae for ‘alli , 


Iv lle T) ag Slant] lal 
jac] tel au + 3 awl] eee 4 0 


andz CH,. Since, by lemma 1 and theorem 6 (b) 





i) 


LD, leu Asusl lull X Lowi [| Awl + 71 Aa] 


= || y ||. [P + mil > lax! <{lylleo(P +l 
t= 
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the inversion of the order of summation in 
2 Anyi + y ik d Ay y; = dX Yj | A + d Aix Aa | = dX y; i; A = yr A 
; {= j= i= j= 


j=l s=1 

is justified. Thus x as defined above is a solution. The uniqueness is easily 
established and remarks on the solutions of the homogeneous system similar 
to those for theorem 7 again apply. 
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SOME DENSITY PROPERTIES OF POINT SETS 
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Introduction. Soon after his initial work on measure of linear point sets, 
Lebesgue [8] proved that at almost all points of a measurable linear set the 
density of the set exists and is unity, while at almost all points of the complement 
of the set the density exists and is zero. By using outer Lebesgue measure for 
linear sets which are not measurable, Blumberg [2] showed that the outer density 
of a linear set exists and is unity at almost all points of the set. Burkill and 
Haslam-Jones [3] showed that at almost all points of the complement of any 
linear set the outer density of the set exists and is either zero or unity. 

With the introduction of Carathéodory’s definition of the p-dimensional 
measure of a set in qg-dimensional space [4], new questions concerning density 
arose. In this paper we investigate some of these questions. Our demon- 
strations are all made for sets lying in the plane and having Carathéodory outer 
linear measure finite. The methods we use, however, are applicable with very 
little change to sets having outer p-dimensional measure finite and lying in a 
Euclidean space of g dimensions. By approaching the problem of density in 
this more general way we have obtained, as special cases of some of our results, 
all of the facts mentioned above for sets on a line. The nature of some of the 
further results of this paper, and their relation to the above theorems, may best 
be indicated by interpreting them also for the special case of sets on a line. 

With A any linear set, let C; denote the set of all points of the complement of A 
where the outer density of A exists and is unity. From Lebesgue’s results, if A 
is measurable, C; has measure zero. We prove conversely, that if C; has 
measure zero, then A is measurable. Also regardless of whether A is measur- 
able, we prove that the set A + C; is measurable and, moreover, has the same 
measure as the outer measure of A. Let C2 be the set of points of the comple- 
ment of C; where the outer density of C, is unity. We show that C2is a subset of 
A and also that A — C2 is measurable with the same measure as the inner 
measure of A. We show also that the set C; + C2 is measurable and that its 
measure is the difference between the outer and inner measures of A.? 

The significance of some of our results is not, however, revealed by the special 
case of sets on a line. For example, if A is a subset of a linear set B, then at 
almost all points of A + Cj, the outer densities of A and B both exist and are the 
same since they are both unity. If the assumption that the sets be linear is 
omitted, the outer densities of the sets need not even exist, i.e. each set may have 





1 The problem of finding such a measurable set associated with a non-measurable set was 
mentioned by R. L. Jeffery [6] footnote page 459. 
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its superior and inferior outer densities different at almost all of its points. 
Nevertheless we show that the superior outer densities of A and B are equal and 
likewise their inferior outer densities are equal at almost all points of a linearly 
measurable set containing A with the same linear measure as the outer linear 
measure of A. We also prove that A and B have the same superior inner densi- 
ties and the same inferior inner densities over a linearly measurable subset of A 
having the same linear measure as the inner linear measure of A. 

The four density functions discussed above are defined for all points of the 
plane. The principal theorem of this paper is that each of these functions is 
linearly measurable, i.e. if A is a plane set, not necessarily linearly measurable, 
and kis any real number, then the set of points of the plane where a given density 
function is greater than k is a linearly measurable set. Some of the results, 
explicitly indicated below, which are incidental to this general theorem have 
been proved by Jeffery. Our methods differ from his and are perhaps in some 
respects less complicated. 


1. Throughout this paper we shall let A represent a plane point set with 
Carathéodory outer linear measure L*A finite. 

Carathéodory, [5] theorem 17, page 273, proved the following theorem on 
which we base our work: 

lemma l. If B} DB, DB; D--- is a monotone decreasing sequence of 
linearly measurable sets whose intersection is Bo, then lim,.. L*AB, = L*ABo. 

It is to be noted that the linearly measurable sets B, are not assumed to have 
finite linear measure. 


2. With p a point of the plane and r a non-negative number, let c(p, r) repre- 
sent the set of all points of the plane whose distance from pis <r. Then, with p 
fixed, the function L*Ac(p, r) of r is continuous from the right. For let r, be a 
decreasing sequence of numbers approaching a non-negative number 7». Then 
((p, 7») is a decreasing sequence of linearly measurable (closed) sets whose inter- 
rN is c(p, ro) and consequently from lemma 1, lim»... L*Ac(p, rn) = L*Ac 
D, 1). 

Next, for r a positive constant, the set P, of points p where L*Ac(p, r) 2 
\> Vis closed. For suppose L*Ac(po, r) < , where po is a limit point of P). 
We first choose a 6 > 0 such that L* Ac(po, r + 6) < \ and thena point p of Py 
such that ¢(p, r) C e(po, r + 6) and thus obtain a contradiction. 

Consequently, for r a positive constant one sees that the set of points where 
either of the functions L*Ac(p, r) or L*Ac(p, r)/(2r) take on values between two 
‘onstants is linearly measurable. Thus, following the terminology of the 
Lebesgue theory, we say these functions are linearly measurable. We use the 
linear measurability of the second function to prove 

ee 


2 ° ° ° 
; See for example the perfect set constructed by Besicovitch, [1] page 434, with inferior 
usity zero at each of its points and superior density = } at almost all of its points. 
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THEorEM 1. The superior outer density function 


" —— L*Ac(p, 
D*(A, p) = iim L*Ac(p, 7) 
r—0 2r 
is linearly measurable. 

Proor. Since any positive r < 1 lies between the reciprocals of two succes- 


sive integers m, 








7 —— L*Ac(p,1/m) = L*Ac(p,1/m) m+1  — L*Ac(p,1/m) 
* _ . = eee, 
D*(A,p) S lim 2](m+1) = 2/m m -_ 2(1/m) 


But the limit superior over a special sequence cannot be greater than the limit 
superior so the equality holds. Thus D*(A, p) is the limit superior of a sequence 
of linearly measurable functions and so is itself a linearly measurable function, 
as one may see by paralleling the proof of the corresponding theorem for 
Lebesgue measurable functions. 

One will now see how to define the inferior outer density D*(A, p) and, using 
inner linear measure, the superior and inferior inner densities Ds(A, p) and 
Dx(A, p) respectively. We shall omit the proofs, which are similar to the one 
above, that these three density functions are also linearly measurable on the 
plane. If the outer density functions are the same at a point we say the outer 
density D*(A, p) = D*(A, p) = D*(A, p) exists at the point and likewise for the 
inner density Ds(A, p). If D*(A, p) = Dx(A, p) we say the density D(A, p) 
exists and has this common value. If the set A is known to be linearly measur- 
able we drop the asterisk, i.e. we then have only the two density functions 
D(A, p) and D(A, p). 


3. We designate by I; the set of all points of the complement of A where 
D*(A, p) > 0. Sierpinski [10] proved that 4 < D*(A, p) S 1 at almost all 
points of A. Thus the set A + I, differs from the set where D*(A, p) > 0 bya 
subset of A of linear measure zero. Then, since the superior outer density 
function is linearly measurable on the plane, we have ' 

THEOREM 2.3 The set A + T; is linearly measurable. 

Thus a necessary and sufficient condition that A be linearly measurable, is 
that IT; be linearly measurable. We shall show, furthermore, that if I’ be 
linearly measurable at all, it has linear measure zero. In proving this fact we 
need some preliminary results, which are based on the following covering theo- 
rem proved by Sierpinski, [10] lemma 3, page 176: 

If G is any plane point set and F a family of circles such that each point of & is 
the center of a circle of F with arbitrarily small radius, then there exists a sequence of 
mutually exclusive circles ¢1, C2, C3, «++ of F such that, if C; is a circle (not necessarily 
in F) concentric with c; but with radius three times that of c:, G is contained in the 
union (C, + Co+Cz3+---. 





8 Jeffery [7] theorem XIII. 
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We now prove " 

Lemma 2. Let B be a point set with L*B finite such that D*(A, p) = 6 > 0 at 
each point p of B. Then if H is an open set containing B, L*AH = yy 5L*B. 

Proor. First, from Sierpinski’s density theorem cited above, the subset B’ 
of B where D*(B, p) S 1 has L*B’ = L*B. Then, with each point b’ of B’ as 
center, we see the existence of a sequence of circles with radii approaching zero 
such that each circle c(b’, r) lies completely in H (since H is open and contains 
B) and L*Ac(b’, r)/(2r) > 36 (since D*(A, b’) = 8) while the concentric circle 
xo’, 3) is such that L*Be(b’, 3r)/(6r) < 2 (since D*(B, b’) < 1). Thus, from 
Sierpinski’s covering theorem, in the collection of all such circles c(b’, r) for all 
points b’ of B’, there exists 4 sequence c(bi, 7), c(bs, 12), --+ Of mutually exclu- 
sive circles such that the union of the larger circles c(b;, 3r;), c(b;, 37), --- 
contains B’. Consequently, from the sequence of small circles we obtain the 
relation 


L*AH 2 L*Al c(b;, ri) | = = L*Ac(b;, r,) > 6 } Ts 
while from the sequence of larger circles we have 
L*B = L*B’ = L*Bl c(bi, 3r) | SD) L*Be(b;, 3r;) < 12 D7. 


These two relations give the desired result. 

We now use lemma 2 to prove 

TaEorEM 3. The inner linear measure of T; is zero. 

Proor. For suppose LxI; > 0. It may be that I, has infinite inner linear 
measure. In this case we first restrict our attention to a subset C of I; with 
IxC > 0 and finite. There is then a linearly measurable subset B of C also 
with LB > 0. Then the points of B where the linearly measurable function 
D*(A, p) > 1/n form a linearly measurable subset B, of B. Furthermore 
lim, LB, = LB so there is an integer N such that LBy > 0. 

Now let Hi, H2, H3, --- be a decreasing sequence of open sets each containing 
By whose intersection Hy has LH) = LBy.4 But By has finite linear measure 
and at each of its points D*(A, p) > 1/N so for each H;, from lemma 2, 
[*AH; = (1/12N)L*By. Thus from lemma 1, 


1 
* = li * _- —— ; 
L*AH, lim L AH; = jan LB» >0 

* the other hand, By and A have no point in common so AH) C Hy — By and 
— < L (Hy — By) or since By is linearly measurable, L*AHy < LHy — 

y= 0. 

Since the inner linear measure of I’ is zero, the set I’; is linearly measurable if 
ind only if L*T, = 0. But, as we have seen, the sets A and I; are either both 


measurable or both non-measurable so we have 
et Ree 


boate 4 Sequence of open sets is shown to exist in [10] lemma 1 page 174 and in [9] 
ion 4, 
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Tureorem 4. A necessary and sufficient condition that the set A be linearly 
measurable is that the outer linear measure of T; be zero; 1.e. that at almost all points 
of the complement of A the outer density of A exists and 1s zero.® 


4. In his article on linear measure, Carathéodory proved the existence of a 
linearly measurable set A containing A with the same measure as the outer 
measure of A. Carathéodory did not, however, ‘‘effectively” define such a set 
A; i.e. he gave no criterion for determining whether any designated point 
belongs to A. We now prove 

TureorEM 5. The effectively defined linearly measurable set A + T; has the same 
measure as the outer measure of A. 

Proor. For let A be a linearly measurable set containing A with LA = L*A. 
Then, since A + I; is linearly measurable, LA(A + T,) = L*A. Furthermore, 
(A + 1,) — A(A + T;) = IT, — AP is linearly measurable and, since L4T; = 0, 
has linear measure zero. Thus L(A + 1) = LA(A + 1), which gives the 
desired result. 

It thus follows that L*T; is finite. In fact 

TuHeorEeM 6. The outer linear measure of T; is the difference between the outer 
and inner linear measures of A. 

Proor. First, with M any linearly measurable subset of A, 


L‘T, $ L(A + T)) — M]) = L(A +1) — LM = L*A — LM. 


Consequently, since the inner measure of a set is the upper limit of the measures 
of all measurable subsets, L*T, < L*A — LxA. Next let T; be a linearly meas- 
urable set containing T, with LT, = L*l,. Then (A + T,) — [1 is a linearly 
measurable subset of A so LxA = L(A + 11) — LT: and we have the reverse 


inequality L*T,; = L*A — LA. 


5. In this section we establish some relations between the outer density func- 
tions of two sets. We first show that 





5 The necessity of the condition in theorem 4 was first proved by Besicovitch ({1] theorem 
2). The sufficiency of this condition, as well as theorem 5, was first stated by Jeffery [7]. 
Jeffery relied on the so called “Vitali argument”’ in his work where in some cases I have been 
unable to justify its use. Jeffery’s use of the “Vitali argument’ is in effect assuming the 
sets he used to be normal (as defined in [9] page 13) with respect to linear measure. As 
pointed out in [9], all plane sets are normal with respect to Lebesgue plane measure, but the 
corresponding theorem has not been proved for linear measure even for sets with finite 
outer linear measure. While I have obtained a condition sufficient for normality with re- 
spect to linear measure ({9] lemma 1, page 14), I have been unable to show that the sets used 
by Jeffery satisfy this condition or to prove by any other method that these sets are normal 
with respect to linear measure. 

® This result is a special case for sets in the plane of Jeffery’s theorem XI in [7] page 640. 
In connection with this theorem Professor Jeffery has written me that the inequality, line 
15 page 641, while perhaps not a consequence of his argument since the spheres H (cs, 7) 
may overlap, can be established by putting each point of C’; in a sequence of spheres satisfy- 
ing (2) with radii tending to zero and, providing C; is normal, picking from these spheres 4 
non-overlapping sequence whose union contains almost all of C3. 
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TazoreM 7. If p is any pownt of the plane and M is any linearly measurable 
vd, then D[(A + T:)M, p] = D*(AM, p) and D{(A + T1)M, p] = D*(AM, p). 
In particular whenever M is A + Tu, then D(A + Tu, p) = D*(A, p) and D(A + 
I, p) = D*(A, p). 

Proor. From Carathéodory’s theorem 12, [5] page 269, it follows that for 
any linearly measurable set M the equality L(A + T,)M = L*AM holds. But 
Me(p, r) is a linearly measurable set so we have the equality 


L(A + T:)Mc(p,r) _ L*AMc(p, r) 
2r es 2r : 


Then by taking superior and inferior limits of these ratios as r approaches zero 
we obtain the desired results. 

In Besicovitch’s work [1] he restricted his consideration entirely to linearly 
measurable sets. We shall now show that the results of Besicovitch on tangents 
to linearly measurable sets may be employed to obtain as well corresponding 
results concerning tangents to non-measurable sets. Besicovitch [1] page 425 
gave the following definition: 

Let p be a point of a linearly measurable set G at which D(G, p) > 0, let TT’ 
bea line through p and draw two other lines through p such that the angle a < 
}r between them is bisected by TT’. Then, with P, the part of the plane within 
the vertical angles not containing 7'T’, if D(GP., p) = 0 for all positive a the line 
TT’ is said to be tangent to G at p. 

Ina similar manner, by using the superior outer density function, we define a 
tangent to a non-measurable set. 

Now let T'T’ be a tangent to the linearly measurable set A + IT; at a point p 
ofA. Then D(A + Ty, p) > O and D[(A + T\)P., p] = 0 for all positive a. 
Consequently, from theorem 7, D*(A, p) > 0 and since P, is linearly measurable 
(open), D*(AP., p) = 0 for all positive a. The line TT’ is then also tangent to 
Aatp. One will see conversely that a tangent to A at a point is also tangent 
toA + T, at the same point. 

The superior outer density function may of course take on different values at 
different points of the set. If, however, the superior outer density function of A 
has a constant value k at almost all points of A, then this function has the same 
value k at almost all points of A + Ty. For, if D*(A, p) = k at almost all points 
of A then, from Sierpinski’s density theorem, [10] theorem II, k is positive; in 
fet $< k. Then, since the density functions are linearly measurable, the 
points where D*(A, p) = k form a linearly measurable set B. But B includes 
almost all of A and, since k is positive, is a subset of A + T;. Thus L*A S 
IB S L(A +1) = L*A, so the equalities hold and the assertion is proved. 

It is also true that if D*(A, p) = k at almost all points of A then this function 
has the same constant value k at almost all points of A + T;. If k is positive 
the above proof for the superior outer density function may be paralleled to give 
the desired result. If k = 0 we prove that D*(A, p) = 0 at almost all points of 
“ Plane. For if we represent the set of all points of the plane where D*(A, p) = 

y £, then all the more this function is zero over the subset (A + T;)E. But 
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E contains almost all of A so D*(A, p) S$ D[(A + THE, p] Ss D(A + rE, 7] 
and since (A + T;)E is linearly measurable with linear measure finite, this last 
function is zero, from theorem 4, at almost all points of the complement of 
(A + TE. 

One will see from the immediately preceding results and theorem 7 that 

TurorEM 8.’ A necessary and sufficient condition that D(A + Ty, p) = k, 
[or D(A + T), p) =k], at almost all points of A + 1, is that D*(A, p) = k, [or 
D*(A, p) = k], at almost all points of A. 

We next prove 

TurorEM 9. If Bisa set containing A with L*B finite, then at almost all points 
of A + 1, the equalities D*(B, p) = D*(A, p) and D*(B, p) = D*(A, p) hold. 

Proor. For let A’ = A + I; and in like manner define B’. Then A’ isa 
subset of B’ so 


LB'c(p,r) _ LA'c(p,r) 
2r _ 2r 


But the linearly measurable set B’ — A’ contains no point of A’ so, from theorem 
4, for almost all points of A’ the limit as r approaches zero of the last ratio exists 
and is zero. Thus for almost all points of A’ we have that D(B’, p) = D(A’, p) 
and D (B’, p) = D(A’, p). These equalities with theorem 7 give the desired 
results. 

It then follows that any two sets with finite outer linear measure have the same 
superior outer densities at almost all points where this function is positive (or 
zero) for both sets. Also the same relation holds for the inferior outer density 
functions of two sets. 

It has been previously proved, as we pointed out in the introduction, that if 
A lies on a line the outer density of A exists and is either zero or unity at almost 
all points of the line. This fact follows easily from the above results. For at 
all points of the complement of A + I, the density of A exists and is zero, while 
from theorem 9, by considering B the whole line on which A lies, the outer 
density of A exists and is unity at almost all points of A + Ty. 


* L(B’ — te r) 
r 





6. We have proved that the set of points where the superior outer density of 4 
is positive is linearly measurable, contains almost all of A and has the same 
linear measure as the outer linear measure of A. We shall now show that the 
set of points where the superior inner density of A is positive is linearly measur- 
able, is almost all contained in A, and has the same linear measure as the inner 
linear measure of A. Any direct proof of this fact I have been able to devise is 
somewhat detailed, but by using the above theorems on superior outer density a 
simple proof is possible. It is convenient to obtain first some auxiliary results 
which, however, are of interest in themselves. 





’ The sufficiency of the condition of this theorem for the special case where k = | was 
proved by Jeffery [7] theorem XIV. 
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We first define a set I’. bearing the same relation to I’, that T, bears to A, i.e. 
Ty is the set of all points of the complement of I; where D*(T;, p) > 0. It then 
follows (theorem 2) that I: + Tz is linearly measurable and (theorem 5) that 
I*T, = L(T1 + 1:2). But, from theorem 6, L*T, = L*A — LA so we have 

TuroreM 10. The linear measure of the linearly measurable set T,; + Ts is 
the difference between the outer and inner linear measures of A, i.e. L(T; + Ts) = 
L*A — Le A. a 

Also we have that at any point of the plane D*(T, p) < D(A + 1), p) = 
D*(A, p). Thus if p belongs to the complement of A + I), then D*(T,, p) = 0. 
Consequently the only points of the complement of 1; where D*(T\, p) > 0 are 
points of A, i.e. Tz is a subset of A. Furthermore, since A + T; and Tr; + Ie 
are each linearly measurable, the set A — T; = (A + T;) — (1, + T:) isa 
linearly measurable subset of A and L(A — T2) = L(A + T)) — L(T, + T.) = 
l,A. We have thus proved 

TuEorEM 11. The set T'2 is a subset of A and the effectively defined set A — Te 
is linearly measurable with the same linear measure as the inner linear measure of A. 

The proof of theorem 7 may now be paralleled to show 

TueorEM 12. If p is any point of the plane, then D(A — T2, p) = Dx(A, p) 
and D(A — Ts, p) = Dx(A, p). 

The results mentioned at the beginning of this section now follow from theo- 
rem 11 upon proving 

TueorEM 13. The subset of A where Dy(A, p) > 0 differs from A — T2 by a 
set of linear measure zero. 

Proor. First, since A — I is linearly measurable, D(A — Ts, p) = 0 at 
almost all points of the complement of A — Ty. On the other hand, from 
Sierpinski’s density theorem cited in §3, 3} < D(A — Ts, p) at almost all points 
f4—T>. Thus, from theorem 12, Dx(A, p) is zero at almost all points of the 
complement of A — I; and is greater than zero at almost all points of A — To. 


7. We now obtain for inner linear measure results similar to those for outer 
linear measure given in theorem 9, i.e. 

TrorEM 14. If B is a set containing A with L*B finite, then at almost all points 
fA — Ts the equalities Dy(B, p) = Dx(A, p) and Dx(B, p) = Ds(A, p) hold. 

Proor. For let A’’ be the subset of A where Dy(A, p) > 0 and in like man- 
ner define B’’. Then A’’ is a subset of B’’ and both sets are linearly measurable. 
The proof of theorem 9 may now be paralleled to show that the desired equalities 
hold at almost all points of A’’ and consequently, from theorem 13, at almost all 
ponts of A — Ty, 

We thus see that if A lies on a line, we may take for B the whole line and obtain 
that the inner density of A exists and is unity at almost all points of A — Is. 
But we already know that the outer density exists and is unity at almost all 
pnts of A + Ty. Thus the density of A exists and is unity on a linearly 
neasurable subset of A with the same linear measure as the inner linear measure 
of4. Also, the inner density is zero at almost all points of the complement of 
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A — YT. while the outer density exists and is positive (unity) at almost all points 
of A + IT and is zero on the complement of A + T;. Thus the set of points of 
the line where the density of a linear set A fails to exist, is a measurable set 
whose measure is the difference between the outer and inner measures of A, 


8. One will now see how to define, in addition to I; and Ys, sets T3, Ty, ete, 
As it was seen that I, has inner linear measure zero, so it follows that each set 
I, has inner linear measure zero. Furthermore, as L*T,; = L*A — LA so is 
L*T, = L*l, — L,Q, and consequently L*T,.= L*T;. One then sees that each 
of the sets I’, has the same outer linear measure as well as the same (zero) inner 
linear measure. Thus a necessary and sufficient condition that the set A be 
linearly measurable is that some (and consequently all) I, have outer linear meas- 
ure zero. 

Also it follows that, as [2 is a subset of A, so is I's a subset of 1, T's a subset 
of Tz, etc. But all of the sets have the same outer linear measure, so any two 
sets Ie, differ at most by a set of linear measure zero, and the same is true of 
any two sets Ien41. 
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SUMMATION OF DERIVED FOURIER SERIES 
An application to Fourier expansions on compact Lie groups 
By 8S. BocHNeR 


(Received January 8, 1935) 


Introduction. Recently! the author investigated the question of con- 
vergence and summability of multiple Fourier Series from a new view point. 
It was shown that there exists, for Fourier series of all dimensions, a general 
type of summation processes under which the convergence or non-convergence 
of the corresponding partial sums at a given point depends only on the behavior 
of the function in this given point, and that continuity (in a rather weakened 
sense) of the function at the point is sufficient for convergence. 

Multiple Fourier series are Fourier expansions on the torus. The torus is a 
special case of a compact Lie group; on the other hand there exist Fourier 
expansions on every group.” In the present note we shall see that our previous 
result may be easily unheld for Fourier expansions on general compact Lie 
groups. In fact the construction of the underlying group space does not enter 
materially into the formulation of the convergence criterion; what matters 
essentially is only the dimension of the group, that is the total number of its 
real parameters. 

In part I we shall give an extension of our previous result concerning Fourier 
series on the torus to trigonometric series which, formally, are partial derivatives 
of such series. This extension will be required in Part II, but the result itself 
is of interest. In part II we shall treat in detail the expansions on (closed) 
semi-simple Lie groups which are “unitary” according to the definition of 
H. Weyl; these groups are the very opposite to the torus. 

We shall discuss only class functions. The result can be very easily extended 





1§. Bochner, “Summation of multiple Fourier series by spherical means;’’ to appear 
soon in Trans. Amer. Math. Soc. This paper will be quoted as “‘B”’, and it will be assumed 
that the reader is familiar with the contents of its first half (up to lemma 6). 

*See F. Peter und H. Weyl, ‘Die Vollstandigkeit der primitiven Darstellungen einer 

geschlossenen kontinuierlichen Gruppe,” Math. Annalen 97 (1927), 737-755; J. v. Neumann, 
Almost periodic functions in a group I,” Trans. Amer. Math. Soc. 36 (1934), 445-492; 
8. Bochner and J. v. Neumann, ‘‘Almost periodic functions in groups,” Trans. Amer. Math. 
Soc. 37 (1935), 21-50. 
_'H. Weyl, “Theorie der Darstellung kontinuierlicher halbeinfacher Gruppen durch 
waa Transformationen, I, II, III,’”’ Math. Annalen 23 (1925), 271-309, 29 (1926), 328-395. 
These papers will be quoted as “Ww”, I, II, III. See also E. Cartan, “Le géometrie des 
Moupes simples,” Annali di Math., 4 series, 4 (1926-27), 209-257, 5 (1928), 254-260, further 
La théorie des groupes finis et continus et Analysis situs, Memorial Sciences Math., Fasci- 
cule XLIT, 1930, 37-93; B. L. van der Waerden, ‘‘Die Klassification der einfachen Lieschen 
Gruppen,” Math. Zeitschrift, 37 (1933), 446-462. 
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to all functions (not only class functions) and to all compact Lie groups. But 
we shall omit this extension; its formulation is rather more involved and does 
not require any new argument. 


Part I 


1. If x = (x, --- , 2x) is a point of the k-dimensional Euclidean space then 
|x | denotes the number [x? + --- + 2j]'. Similarly |¢|? = t] +... + #2, 
je—t)? = (a — hh)? +--+ + (te — te), |n P= ni +--+ + nj, ete. 


2. Weshall say that f(z) = f(a, --- , 2%) has a zero at the point z if 
(1) lim ier f \f(a +h,--- ,»t% +t) | dt --- dk = 0, 
Et 


|t|—0 


where E, denotes the k-dimensional sphere of radius |¢| around the origin. 
If g is a non-negative integer we shall say that f(x) has a q-fold zero at the point z, 
if the function 


_f@+t) _ flath,---,% +t) 





has a zero at the point t = (0, --- , 0), that is, if 
(3) lim iti fife + ol |tbedh..- dee = 0. 
|t|—0 Et 


If f.(t), 0 < t < ©, is, apart from a numerical factor, the mean value of 
f(x + t) over the (k — 1)-dimensional boundary of E; then, apart from a numeri- 


|¢| 
cal factor, the function of |¢| in (3) has the value | ¢ |-* / | fa(t) | t#-*9 dt. 
0 
Hence f(x) has a q-fold zero at the point x if and only if 


(4) t-* [ | f(t) | #--*dt -0 ast 0. 


3. Given f(x) and a point x let there exist a polynomial P(x) in 1, --- , 7% 
such that the function f(x) — P(x) has a q-fold zero at x. Then there also exists 
an exponential polynomial 7(x) for which f(z) — x(x) has a q-fold zero at z. 
Since all reasonable convergence statements are trivially true for Fourier series of 
exponential polynomials the following theorems I, II, III could be easily gen- 
eralized in a trivial way. 


4. Let Dan) = Dn, --- , nx) be any homogeneous polynomial of order 4 
in the variables n, --- , nz. The partial differential operators 


0 0 0 fe) 
5 De| ——,.--, —— DB ee. ge 
(5) (2 ‘ i) ; (% ‘ : *) 


will be briefly denoted by D%, D%. 
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5. The class ¥ (k, g) shall consist of all functions g(u), 0 < u < ©, having the 


following properties: 
(i) y(u) is absolutely continuous in every finite interval, and 


r | g(u) | ulttdu < « 


where 


(ii) The function 
H,(c) = : | (*) ull J(u) du 
C Jo Cc 


satisfies the following estimates for every operator D{ whose order o is S q: 


(6) pe [zAleD | 3 ay as |t| 30 
(7) L [tt J (O(t|-*) as |t| > , 





where p is some positive number independent of t;, --- , tx. 
6. Since 
(8) cH ,(c) = 2 gr (1 + 3/2)-(1 +) 44 if g(u) = e, 
(9) cH (c) = 2--1.e-#4 if g(u) = e, 
(10) cH (c) = 2°(6 + 1)-e8" Jayui(c) if g(u) = Ki(u), 
where 
(1 — w?)é 0Osu<l 
K;(u) = 
Lisa, 


it follows immediately that e~“, e-“ belong to all classes W (k, q), and it is not 
hard to see that K;(w) belongs to  (k, q) for 


eo 3 ee 
Po ee Te 


We observe that e~“ and e~“ are very special functions in ¥ (k, q) ; the latter class 
contains all functions which have k + q + 2 derivatives in 0 S u < © each 
vanishing of order u-*-¢-? at infinity. 


(11) 5> 





7. ff (x) is a periodic function of class L or, more generally, an almost periodic 
function of Stepanoff class, then there exists a constant M such that 


[900 | das ++ doe sat 
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for all k-dimensional spheres E of radius 1 (boundedness in mean). Conse- 
quently, for all z, 


(12) [~ | f(t) |dt $C, M : 


IV 
_ 


(13) [ito eae s cna, 


where C;, is an absolute constant depending only on k. To every « > 0 there 
exists a 6 > Osuch that for | z — y | <6: 


(14) / si I fet) — f,(t) | dt S « 
(15) [\10 - 10 |era se 


(uniform continuity in mean). To every f(x) there corresponds a sequence of 
exponential polynomials f(x), f?(x), --- , such that 


(16) lim | | f(x) — fr(x) | dx, --- dx, = 0 


pro E 


uniformly in all unit spheres, and hence 


(17) lim | | f.(t) — f2(t) | at = 0 
(18) lim | |f.(0) — 2(t) | 1 at = 0 


po J0 
uniformly in r 2 1 and all x (uniform approximation in mean by exponential 
polynomials). 


8. Lemma 1. If a function g(u) of class V (k, q) and an operator D’, o € 4, 
satisfy relations (6), (7) then there exists a number A = A (g, D’) such that 


7 | \te +o; za) 
<A | Ri : ; | fe(t) | 1 dt + R-e | sol Slt) La 


Ro 


dt; --- dt, 





(19) 





for all f(x) and all R > 0. 
Proor. We split the range of integration in (19) into the sphere 


tit --- +t SR? 
and the exterior of the sphere and apply the estimates (6) and (7) respectively. 


9. The Fourier series of an almost periodic function will be written in the form 


Dd a(n) fA) , 


n 
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A (n, 2) denotes the linear form myx; + --- + mete, and a(n), or more explicitly, 
a(m, «++ , x) the corresponding Fourier coefficients. 
TueorEM I. If f(x) is an almost periodic function of Stepanoff class 


(20) f(z) ~ ¥ a(n) ef) 


p(u) a summation function from the class ¥ (k, q), and D9(ny, --- , nx) a polynomial 


of order q, then: 
(i) The operator Df applies to the almost periodic function! 








(21) S£(x) ~ > 7) (La -s ) a(n) ei A(n, 2) F 
and the resulting function is again almost periodic. 
(i) Di Si(z) ~ D>) (‘4 !) a(n) Dg ef) , 
that is 
n tA(n,z 
(22) D! S£(x) ~ 2 v7) (‘s!) a(n) Da(n) e§ A , 
(ili) for every point x at which f(x) has a q-fold zero 
(23) lim D? Sz(x) = 0 
R-o 
holds. 
Proor. We shall use the formula 
] . 
(24) S£(z) ~R i f(t) H,(tR) dt 
; t|R 
(25) =uk |”. [ero ee ) at, -. - dt, 
t|R 
(28 =nk |”. fy 24 Hells ALP) ay... at 
where y; is an absolute constant. Let R > 0 be fixed. It follows from lemma 1 
in connection with (12) and (13) that the expression 
” t|R 
mae foo fe 0 Dy HAD a. 


defines a function in zx for every operator D? whose order ¢ is S$ g. Replacing 
It + t) by fw + t) — fly + 2) and applying lemma 1 in connection with (14) 

m and (15) we find that this function is uniformly continuous (in the entire space). 
SG 


‘See “B”’, theorems IV and V. 
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Since 


[- | 50 + t)D{ ao ibe. dt, --- dt 


—t| 
"+ f stop: Hel Helle — t\|- = dt, Po dt, , 





this function is nothing else but pony Therefore all operators D{ apply to 
S£(z) and the resulting functions are uniformly continuous. If the derivative of 
an almost periodic function is uniformly continuous, it is again almost periodic.5 
Hence D!S£(x) exists and is almost periodic. 

Assertion (ii) states that the Fourier series of D2.S?(x) may be obtained from 
the Fourier series of f(z) by formal differentiation. This is trivially true for an 
exponential polynomial. We uniformly approximate to f(x) be a sequence of 
exponential polynomials f(z), p = 1, 2,---,and denote the partial sums 
S£(x) by S£(x;f), S£(x;f?) respectively. Replacing f(x + #) in (27) by f(z + t) 
— f?(x + #) we follow from lemma 1 in connection with (17) and (18) that 
D!S£(a; f) is the uniform limit of D2S$(x; f?). Therefore the Fourier series of 
D‘£8£(zx;f) is the formal limit of the Fourier series of D2S2(x; f”); therefore the 
Fourier series of D2S$(x;f) is also the formal derivative of the Fourier series of 
J(z). 

Assertion (iii) forms the main part of the theorem. Using lemma 1 it is 
sufficient to show that the relations 


(28) . [ | f.(t) | -!-a dt = o(t*) ast 0 

(29) / [fe | dt <M ‘= 
imply 

(30) tim Re [ "|| dt = 0 

(31) lim R- [ | f(t) | i-1-9-° dt = 0, p>0 


(30) is a trivial consequence of (28). As for (31), we put for e > 0, 


R~ | =R> |" +R [ 
Ro R71 € 


The second term on the right tends to 0 as R — © on account of (29). The 
first term may be written 


R- I t-*- dF(t), 
Ro 





5’ See A. S. Besicovitch, Almost periodic functions, Cambridge 1932, p. 6. 
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where 


F(t) = [ | f(t) | 9 dt = o(t*) ast 0. 


The relation 
lim R-? [ t-*-e dF(t) = 0 
R72 Ro 
follows now by a familiar argument. 
TuroreM II. Theorem I remains true if the quantity 
(32) |n| = Int +--+ + nj} 


occurring on the right side of relations (21) and (22) is replaced by the more general 
expression 


k 4 
(33) ( >. g(ny — ry) (My a ro) 
A,~=1 
where 
k 
(34) * Penn, = Q(n, n) 
su=l1 
is any fixed real positive definite symmetric form, and r = (ri, +--+, 1%) 18 any 
fixed point. 


In other words, in forming the partial sums S$(x), instead of using concentric 
spheres around the origin, we may use concentric similar ellipsoids around an 
arbitrary center. 

Proor. We go over from the given function f(x) to the function 


(35) filtr, +++ , ax) = eo” f(a, +++ , x), 
whose Fourier series is 
(36) > a(n)eA—" 2) . 
Any affine transformation 
k 
(37) t= D> ayYu A}=1,---,k 
u=l 
carries the function fi(ay, --- , 2.) into another function g(y:, --- , yx) which is 
again an almost periodic function of Stepanoff class and whose Fourier series is 
(38) >, a(n) efA@-7 
where 


k 


Yu (ry — Fy) A, = My — Ty. 
A=1 
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But the transformation (37) may be so chosen that (33) have the value 


(39) [(m1 — 71)? + +++ + (me — 73)*)}. 
Hence, the ellipsoidal partial sums for the function fi(71, --- , 7%) are identical 
with the spherical partial sums for the function g(y:, --- , yx), and this reduces 


theorem II to theorem I. 
Part II 


1. We shall now consider a closed semi-simple Lie group © which is unitary 
in the sense of H. Weyl. An element of © is described by a number of angular 
variables which specify the class to which the element belongs and by a number 
of other parameters which fix the position of the element within its class. All 
these parameters are real. We shall denote the angular variables by x, --- , z;. 
It will not be necessary to introduce the other parameters explicitly; but we have 
to note that their number is even, and it will be denoted by 2g, see “W” II, 
p. 375. Thusk + 2q is the total dimension of ©. Every function on the group is 
periodic in the angular variables, every class function is a periodic function of 
these variables alone. 


2. We shall have to consider linear forms 


(40) A (c, 2) = cyt, +--+ + cere. 
Of special importance are the “weights” 
(41) A (n, x) = may +--+ + eee, 


and the “roots.” There are 2q roots altogether. We shall need only the 
(lexicographically) “positive”? roots which we shall write 


(42) a(x) = (afz) =aja+--- + afr, k=1,2,---,q@° 


The sum 2 >>? a,(z)? is a positive definite symmetric form 


k 
(43) G(z, x) = J > Jr, XY Ly. 
»b=l 
The inverse form will be denoted by 
k 
(44) Q(n,n) = YS gan. 
A, w=1 


We shall also consider the corresponding bilinear forms G(z, x’), Q (n, n’). 

3. The form (43) induces a metric in the Euclidean z-space. The reflections 
with respect to the hypersurfaces 
(45) a(x) = 0, eee » q(x) = 0 


leave this metric invariant and they generate a finite group of transformations, 
see “W” II, p. 367. We shall be interested not so much in this group itself as in 





(48 
ext 


_ the 


oce 
con 
exp 








le 


ns 





SUMMATION OF DERIVED FOURIER SERIES 353 


the group formed by the transposed transformations. The latter group will be 
denoted by ©, and its general element by 8. The transposed of the transforma- 
tion 8 will be written 8’. If a vector c = (ci, --- , cx) will be transformed by 8, 
the resulting vector will be dnoted by c8. The main property of © is that it 
leaves Q (n, n’) invariant, 


(46) Q(n8, n'8) _ Q (n, n’) ’ 


and that G’ leaves every class function invariant, 
f(x8') = f(z). 
4, We shall need the function 


(47) A(z) = I] sin = ' 


xc=1 





It is not a class function, but A (a 8’) is either A (x) or — A (x) depending 
on whether 8’ is a product of an even or odd number of reflections with respect 
to the hypersurfaces (45); see “W” III, p. 382-385. We define the symbol 
(-1)* by the relation 


A(x8’) = (—1)® A(2). 


5. Every primitive character on @ if properly normed is a sum 


(48) x(x) = >> ef Mim *) 
extending over a finite number of weights A(n, x). With every weight A(n, 2) 


there also occur all weights A(n8, x). The (lexicographically) highest weight 


occurring in (48) is its (representative) highest vectorweight. The character 
corresponding to the highest weight A(n, x) will be denoted by x(n; x) or, more 
explicitly, x(n; 21, +++ , 2x). 
6. Corresponding to an arbitrary form A(N, x) we introduce the function 
(49) ¢(N, z) = > (—1)® ei A(ns, 2) . 
eS 


There exists a fixed vector r = (r, --- , rx) such that A(x) = &(r, x), and that, 
for every character, 





50 _ &(N, 2) _ &(N, 2) 
“i xn, 2) = Tey = AG)” 
where 
(51) N 
Putting 


ntr=(m+rny--+, me +r). 


/ ae / at , 
1 = 1; Xo, Le = To MH, ++ » Xe = LEM, 
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where 


then, for any vector N, 


ev, 2) = T[ sin (2 wv, 09), 


c=1 


see ““W” III, p. 388. Hence, 


(52) m &™ 2) #) $e Q(N, a*) 


~ &(r, @) Q(r, a*) 


The expression on the right side is a homogeneous polynomial of degree q in 
Ni, --- , Nx; it will be denoted by D¢(N). It is evident from (49) that 


(53) D(N8) = (—1)* DN). 
For the vector (51) we obtain 
(54) DN) = x(n; 0), 


hence D2(n + r) is an integer giving the number of terms that form the character 
x(n, x). 


7. Let f(x) be a class function belonging to the Lebesgue class Z,. It has an 
expansion into any fixed system of essentially different characters, 


(55) f(x) ~ D a(n) x(n, 2) . 


The volume element in the class space is given by A*(x) dx --- dx, (see “W” 
III, p. 381). Hence, by Parseval’s equality. 


(56) lim oes / | f(x) — B,(x) |? A%(x) dz, --- dx, = 0 


pe 


where B,(x) denotes the pt" partial sum of the Fourier expansion (55) of f(z). 
Reading (56) in the form 


(57) lim i aire / | f(z) A(z) — B,(z) A(a) |* dx, «++ day = 0 


pn 
and considering the fact that 
(58) x(n, 2x) A(x) = t(N, x) = > {...g9* ei Mrs, 2) 
eS 


is an exponential polynomial, we easily deduce the relation 


(59) f(x) A(z) ~ »» (—1)* a(n) eA" *) , 


U 





an 


i 


). 
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which is to be understood in the sense that the trigonometric series on the right 
is the Fourier series of the almost periodic function f(x) A(x) in the Euclidean 
rspace, the latter being an almost periodic function of the Stepanoff-class S». 
Introducing the notation 


(60) b(N8) = (—1)* a(n) 
we can write (59) in the more symmetric form 
(61) f(x)A(z) ~ p> b(N 8) ef A(¥8 =) | 


The factor A(x) is bounded and has a q-fold zero at the point zx = 0 = (0, --- , 0). 
Hence, by theorem II, if f(x) has a zero for x = 0, then, for every summation 


function y(u) belonging to ¥(k, q), 





(62) lim T2(0) = 0, 
where 

; iA(NS, =z 
63) T8(2) ~ > 4 (‘ox e é)] ) D*(N8) b(N8) e882) 


Using (46), (53), (54) we find 


T(x) ~ pS - (19a, WE) D*(N) a(n) > ei h(né, 2) 


N 


and therefore 
20) ~7 >) (SAM) pew) a(n), 


where y is the order of the group G. Using (54), relation (62) may there- 
fore be written 


(64) lim bP v7) (eae) a(n) x(n, 0) = 0. 


Since relation (55) is invariant under a right or left hand translation of the 
group © by a fixed element, we may formulate the following theorem 
TuEoreM III. Let 
f(z) ~ X a(n) x(n, z) 
be a class function of integrable square on @,® and let it have a zero at a point zx. 
Then, for every summation function g(u) belonging to ¥(k, q), 
SSS 


‘It would be desirable to remove the restriction that f(z) be of integrable square. 
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lim Zz (ie a head me a(n) x(n, x) = 0. 





R-o R 


In particular 





tim Dy (1 — SFE FY a(n) x(n, 2) = 0 


for 


53 22! 
2 
8. Remark. The quadratic form Q (n, n) need not be the one that was 
introduced in 2. It may be any real positive-definite symmetric form satis- 
fying (46). ti 


9. We finally observe that the quantity Q (N, N) appearing in the argument 
of the summation function g (wu) may be interpreted as a certain proper value T 
attaching to the character, and thus as its scalar weight. 

In fact, let U, denote the operator 





then th 
y f( 

i > Ng,atZa | 

ab {wile It 
, : 


k t N8,a%a T 
= — >, (~i) 2 g"*Ne None * . . 
8 


A,n=1 


U.,&(N, x) 


| Me 


But 


k 
>) 9*No.No, = Q(N8, N8) = QIN, N). r 


A ,w=1 
Hence 
U.t(N, 2) = —Q(N, N)&(N, 2), , 
or 
G U.lx(n, x) A(x)] = —Q(N, N)x(n, 2). po 
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A POSTULATIONAL TREATMENT OF THE POISSON LAW* 
By ArtHur H. CopELAND AND FRANcIS REGAN 


(Received October 10, 1935) 


1. We shall present a set of postulates determining the probability distribution 
for time series. The distribution thus obtained is a generalization of the Poisson 
law. A time series is a sequence of occurrences distributed independently in 
such a manner that there is a definite probability of an occurrence in any given 
interval of time. A time series may be represented by a sequence of points on 
the positive time axis. If EH is any (Lebesque-measurable) set of points on this 
axis, then there is a definite probability f(a, Z) that there will be a points of the 
time series in the set Z. 

We shall assume that if the set H has a positive Lebesgue measure, then there 
isa chance of getting any given number of points of the time series in this set. 
That is, f(a, #) is greater than zero whenever m(£) is finite and positive. If E 
is any set of points, then it is certain that there will be either no points of the 
series in EF or at least one point. Hence > f(a, E) = 1. Since this series 
converges, we can let F(a, Z) = >-%_,f(i, E). Then F(a, E) is the probability 
that there will be at least a points of the series in the set EZ. We have stated 
that the points of a time series are distributed independently. By this we mean 
that the occurrence of a, points in a set E; and az points in a set EF, are inde- 
pendent events. Thus the probability of the conjunction of these events is 
f(a, E:)-f(az. Ee). It follows that f(a; E; + Ex) = )oF-of(a — i, Fi) -f(i, Es). 
It is reasonable to expect that the probability of obtaining one or more points 
ina set £ is an infinitesimal with respect to the measure of E and that the 
probability of obtaining two or more points is an infinitesimal of higher order. 
Thus we shall assume that 


. F(2, E) 
lim F(1, #) =0 d ] Mi. ee 
a - wit, FC, B) 


‘The properties of time series which we have described are expressed in abbre- 
viated form by the following postulates. 


1. 0 < f(a, E) if 0 < m(E) < «11 


2. Lila E) = |, 





* Presented to the American Mathematical Society, Sept. 14, 1935. 

' Postulate 1 could be replaced by the somewhat weaker postulate 0 < f(a, Z), provided 
postulate 5 were interpreted to imply that F(1, Z) > 0 for a set of sufficiently small measure. 
= be proved from this weaker postulational system that f(0, Z) is positive if m(E) is 

nite, 
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3. fla, Ei + E:) = y > fla —_ 1, E;) -f(i, E:) if E,-E, = Q. 


t=0 


4. lim F(1, EZ) =0. 


m(E)—0 
: F(2, E) 
5. 1 =a ws © 
aise FU, &) 


2. We shall prove that if f(a, H) satisfies assumptions 1 to 5, then there 
exists an absolutely additive, absolutely continuous function K(£) such that 


(1 fia ye 


From assumption 4 it follows that F(1, Z) = 0 whenever m(EZ) = 0. Hence 
by assumption 2 we see that f(0, Z) = 1 whenever m(E) = 0. Thus 0 < f(0, EF) 
< 1 whenever m(E£) is finite. Let 


(2) K(E) = — log f(0, E). 


Then K(E£) is defined for all measurable sets. The additivity of this function 
follows from assumption 3 since 


K(E, + E2) = — log f(0, Hi + Ex) = — log f(0, F:)-f(0, Ez) 
K(E;) + K(E:). 


Assumptions 2 and 4 imply that 
lim K(E) = lim — log [1 — F(1, B)] = 0. 


m(E)>0 m(E)—0 


Thus K(£) is absolutely continuous and hence absolutely additive. 

In order to treat the case a > 0, we shall first confine our attention to intervals 
and then extend the discussion to arbitrary measurable sets. Let J, be the 
interval 0 < y S$ x andt = K(Iz). Thus we have defined a transformation 
T such that t = T(x). This transformation is continuous, 7(0) = 0, and 
T(x) < T(x’) if and only if z < xz’. Hence the transformation has a unique 
inverse x = T-*(t). Let us define a function g(a, 7, t) as follows. Let x = T(t) 
and x + & = T—(t + 7) and let g(a, 7, t) = f(a, Ing — Iz). We know that 
t+7=T7T(x+&) andt=T7(z). Therefore r = T(x + £) — T(x) = K(Is1:) - 
K(Iz) = K(Iz42 — Iz). Hence ¢(0, 7, t) = e7. 

Let (a, 7, t) = ban g(i,7,t). Then by assumption 2, 6(1,7,¢) = 1 —¢”. 
By assumption 5 


lim #(2, Ty t) ee 


_ (2, 7, t) 
70 #(1, T) t) ade piso ’ 


—0 fl 


1s 
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Hence a fortiori 








7-70 T tT—0 T 
From assumption 3 we obtain the equation 
g(a, t+ h, t) = dX gla _ a; Ty t) -o(7, h, t+ tT). 

- Hence 

g(a, 7 +h, t) = g(a, T; t) - o(a, r, t). ¢(0, h,t+ r) —1 

h h 
g(t, h,t + 1) 

nce - . e+ 6 Se = 
E) i=1 

As h approaches zero, each term on the right approaches a definite limit and 

hence the expression on the left approaches a limit. Thus we obtain the 

equation 
ion ¢’ (a, Ty t) =o e(a, T; t) + g(a — 1,1, t) 

where the differentiation is with respect to 7. The solution of this differential 

equation is 

g(a, r,t) =e | | e*o(a — 1, 2, t) dx + |. 
0 
We can obtain by induction the value of g(a, 7, ¢). Let us assume that 
ele 
gla — 1, 7, t) - (@— 1)!" 

ide We have seen that this is true for the casea — 1=0. Then 
he a 
on o(a, Ty t) = (5 + c) did 
nd ; : 
“a We can evaluate the constant c by setting r = 0. Since" 9(0, 0, t) = 1, it 

lollows from assumption 2 that g(a, 0, t) = 0if0 <a. Hencec = Oand 
(t) ’ 
at r%e77 


= g(a, Ty t) ger? le 
a: 





a 


From the relation existing between ¢(a, r, t) and f(a, E), it follows that 


a@(J,).e-*Up) 
fle, 1) = See | 





<a EEtaseeesnenientsemeenscemnianses 
* (0,0, t) is defined as lim,» ¢(0, 7, t). 
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where J; is an interval of length ~, which is open on the left and closed on the 
right. Let E, and £2 be intervals of the same nature as J; and E£,.E, = 9 
Then 


K--i(B,)e-K(@0 
(a — 2)! 





f(a — 1, B;) = 
and 


fli, E:) = 








Ki(E2)e~* 
i! : 


Multiplying and summing from 7 equals 0 to a, we have 


(3) > fla — 1, Ey f(i, E.) = p> Ke (2) K*(E2)e- [K(#1)+K(£2)] . 


(a — 1)!2! 





By means of the additive property of K(#) and by assumption 3, a (3) 
becomes 


Ke(E; + - aeneatacall 


a! 


fla, Ey + E2) = 





It is easily seen that this equation holds for sets E consisting of a finite sumof 
intervals. 

In order to treat the case of arbitrary Lebesgue measurable sets, we shall 
make use of the following 

Lemma: If e, = (EH — E-E,) + (E, — E-E,) and lim,_... m(en) = 0, then 
lim, f(a, E,) = fla, E). 

Proor. Let e¢, = E — E-E, ande, = E, — E-E,. Thenen =e, +€,, 
E.E, +e, = E,E-E,+¢, = E,. It follows from postulate 3 that 


f(a, E) = 04-5 fla — i, E- Ef (i, e,). 
We see by postulate 1 that 


0 < fla, E) — fla, E-E,)-f(0,e.) = >» fla — i, E-E,)f(, e!) 


< >> FG, e,) < oF (I, e,). 








im1 
Hence 
fla, E) ss aF (1, e,) f(a, E) 
; E-E, 
ac ee 


Thus it follows from postulates 4 and 2 that 
lim f(a, H-E,) = f(a, EB). 
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Again using postulate 3 we get 


fla, Ex) — fle, B-E.f, &”) = > fla — i, E-E,f(i, e”). 


i=1 


Therefore 
lim fla, E,) = lim fla, E-E,) aaa fla, E) . 


Let us suppose that equation 1 holds for sets Z; where i = 1, 2, 3, --- and 
E;-E; = 0 whenever 7 ¥ j. It follows from the above lemma and from the 
absolute additivity of K(#) that equation 1 holds for denumerable sums of 
sets E,. That is, this equation holds for all Borel-measurable sets. Finally if 
is any Lebesgue-measurable set then there exist two Borel-measurable sets 
F' and E”’ such that E’ < FE < E” and m(E’) = m(E) = m(E"’)2 Hence it 
follows from the above lemma that equation 1 holds for the set E. 


3. We shall show how equation 1 is related to the classical form of the Poisson 
lav. Since K(£) is absolutely additive and absolutely continuous, there exists a 
summable function k(a) such that* 


(4) K(E) = [rw dz. 


The function k(x) is essentially unique. That is, if there are two functions 
i(z) and k(x) satisfying equation 4, then these functions differ in at most a set 
of points of measure zero. 

If in particular the function k(x) is continuous and the set £ is an interval, 
we obtain as a special case the form of the Poisson law given by Fry.* 

It frequently happens that a time series possesses a periodicity which is 
defined in the following manner. Let 7;(x) = x + h. The transformation 
T(z) translates a point z into a point x’ = x +h. Similarly a set of points £ is 
transformed into. a set E’. This operation will be denoted by the equation 
E’= T(E). A time series is said to possess a period h provided 


fla, T.(E)] = f(a, E) 


for all sets Z and for all non-negative integers a. Hence 


K [T,(£)] — K(B£) = [ [k(a + h) — k(x)] dx = 0 





*See Hobson, The theory of functions of a real variable, Vol. 1, p. 179. 

* See Lebesgue, “Sur l’intégration des fonctions discontinues,’’ Annales de l’ Ecole Nor- 
nale Supérieure, 3 serie 27, 1910, p. 399. Also see Radon, ‘Theorie und Anwendungen der 
ny additiv Mengenfunktionen,” Wiener Sitzungsber., Math.-Phys. Klasse, Vol. 122 
W9l9), p. 1320. 


m Fry, Probability and its Engineering Uses (published by Van Nostrand) pp. 216-227 and 
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if the time series is periodic. Thus 
(5) k(x + h) = k(z) 


for almost all points x. Hence the function k(x) can be so chosen that the 
periodicity relation (5) holds for all points z. 

A time series is said to possess a constant probability provided all numbers 
are periods. For this case the function k(x) may be chosen to be a constant k. 
Therefore K(Z) = k-m(E). It follows that if a time series possesses a constant 
probability and if # is an interval of length ¢t, then equation (1) has the form 


(k.t)@ —kt 
fl, E) =. 


This is the classical form of the Poisson law. 
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NOTE ON PROBABILITY 
By J. L. Doos* 


(Received September 16, 1935) 


To deal with repeated trials of an experiment, each trial resulting in a real 
number, the classical theory of probability sets up a measure (probability) 
function defined on point sets of n-dimensional Cartesian space 2,, where n is 
the number of trials considered. It is supposed that there is a monotone 
non-decreasing function F(x) which gives the probability that the result of a 
trial will be less than x, and which satisfies the conditions 


(1) lim F(z) = 0, lim F(x) = 1, F(x — 0) = F(z). 

If (11, +++ ,%n) is the general point of Q,, the (n-dimensional) measure of the 
n-dimensional rectangle 

(2) a; S x; < b,, j=l1,---,n 


is defined as [[*_, [F(b;) — F(a,)]. This number is the probability that the 
results 41, +++ , 2, Of the v trials satisfy the inequalities (2). 

Since the m-dimensional measure of any set of points in Q,, for m < nis the 
same as the n-dimensional measure of the set of points (a1, --+ , Lm, Em4ty +++ » En) 
inQ, where (11, --- , 2m) isin Sand ém4i, --+ , &, range through all real numbers,} 
the mathematical set-up for n-dimensions can be used for m-dimensions. In 
physical terms, the probability of any sort of result in a succession of m trials 
is the same as the probability of that sort of result in a succession of m trials 
followed by any results whatever in further trials. 

It has been found convenient to define a measure in Q,,, the Cartesian space 
of infinitely many dimensions whose general point is a sequence (11, Z2, --- ).? 





*The following paper was started while the author was a recipient of a National Re- 
search Fellowship and finished under a grant-in-aid from the Carnegie Corporation. 
' Thus the m-dimensional measure of the m-rectangle 


, , . . 
a,S4,<b,; j=1, ,m 


in 2, is the same as the n-dimensional measure of the n-rectangle 
a, Sa, <b; J=l,ers ym, 
—ex<a;< © j=umti,-r-,n 
in Q,. 


*See for example 


= Hopf, Journal of Mathematics and Physics of Massachusetts Institute of Technology, 
Vol. 13 (1934), pp. 53-63; 
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Measure (probability) in Q,, is determined by defining the measure of an infinite- 
dimensional rectangle 


(3) a; S 2; < 5b; iL. 
as [[*_, [F(b,) — F(a]. This set-up can be used in place of 2,, where n can be 


} =1 
any natural number. Thus the probability that the result of the first trial will 
be less than b is, in terms of ©, the measure of the set of all points (a, --- , x,) 
of Q, such that 2; < b, or, in terms of Q,, is the measure of the set of all points 
(1, 22, --- ) of 2, such that 2; < b. No matter how obtained, the answer is 
always F(b). 

It is the purpose of this paper to show that the statement that a successful 
system is impossible in a game of chance corresponds to a mathematical theorem in 
Q,,. By a game of chance we shall mean a sequence of trials of an experiment 
(to which the classical probability theory is applicable). Each trial results in 
the exhibition of a definite real number, and a player bets on the outcome of the 
trials. By a system we shall mean one of a restricted type of rules selecting a 
subsequence of the trials on which the player is to bet. The rules will be 
supposed of such a character that the decision whether or not to bet on the result 
of the n‘* trial is founded solely (as it must be in practice) on the results of the 
preceding trials. Thus the player might decide to bet only on the odd-numbered 
trials, or on some less regular succession determined say by the prime numbers. 
If the experiment is coin tossing, the player may decide only to bet on a toss 
preceded by 100 tosses each resulting in heads. (The usual player would then 
bet that the next toss would be tails.) The player might decide to make his 
first bet just after the first head had been tossed, his second bet just after two 
heads in a row had been tossed and in general his n** bet just after n heads in a 
row had been tossed. He would thus bet more and more rarely. 

In mathematical form this concept of a rule supposes that there is a sequence 
of functions 7, r2(21), 73(21, 22), --- Where 7; is a constant, either 1 or 0, and 7, 
(depending only on 2, --- , 2n-1) can only take on the values 1 or 0, such that if 
1, +++ , 1 are the results of the first n — 1 trials, the player will bet on the 
result of the nt if r,(a1, --- , Zn-1) = 1 and not otherwise. In order to be able 
to treat the problem we make the new assumption that 7n(%1, «++ , Zn-1) 18 
measurable function, i.e. the probability that the player will bet on the result of 
the n** trial is defined. The system will be supposed not to stop after a finite 
number of bets.’ The probability that the player will make an infinite number 
of bets will therefore be supposed to be 1. This probability is the measure of 








J. L. Doob, Transactions of the American Mathematical Society, Vol. 36 (1934), pp- 759 
766; 

Z. Lomnicki and 8. Ulam, Fundamenta Mathematica Vol. 23 (1934), pp. 240-263; 

B. Jessen, Acta Mathematica Vol. 63 (1934), pp. 249-323. As can be seen in these papers, 
it is sometimes convenient to introduce the space whose points are sequences running I 
both directions: (--+ 21, 2%, 21, -+-). 

* This restriction is not essential, but simplifies the exposition. 
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the set of points (a1, Z2, --- ) of Q,, for which 


lim sup 7, = 1. 

The examples of systems given above fulfill all these requirements. The 
statement that a successful system is impossible means that betting in accord- 
ance with it leaves the player in the same position as if he had bet on the result 
ofeach trial. Mathematically this can be expressed as follows. Let w:(21, x2, - - -) 
beapointof 2,. Let @(n, w) be the n™ value of j for which 7,(1, --- , 2;1) = 1, 
and let z, = a. The sequence (x1, ro, -++) is the sequence of results of trials 
on which the player bets. Each x; is a (measurable) function of the point 
w:(z}, 42, ---). There is therefore a definite probability p that a < x; < b.4 
It will be shown that this probability is precisely F(b) — F(a), i.e. that the 
probability relations holding for i are exactly the same as those for x;. More 
generally it will be shown that the probability relations holding for the space 
of the points (a1, a3, +++) are the same as those for the space of the points 
(1, 22, ia ). 

The mathematical expression of this fact, in the usual language of measure 
theory, is the following theorem. 

THEoREM. Let 7(w), 72(w),--- be a sequence of measurable functions of 
w(t), 22, +++ )on Q, with the following properties: 

(i) tn(w) only takes on the values 0 and 1; 


(ii) lim sup tna(w) = 1 


no 


almost everywhere on Q,,; 

(ili) n(@) = 0 or m(w) = 1; if n > 1, ta(w) depends only on x, +--+ , nr. 
Let 6(n, w) be the n** value of j for which 7;(w) = 1 and let x;,(w) = xo(w)5 for all 
n= 1, 2,--- and every w at which (ii) is true. The transformation T taking 
w(t, 2, +++) into w':(x1(w), 2, (w), ++) is then measure-preserving in the sense 
that if A’ is a measurable set in Q.,,, and if A is the set of all points of Q,, taken by T 
into points of A’, A is measurable and has the same measure as A’.® 

In considering the scope of this theorem, it should be noted that in certain 
cases the hypothesis that the functions {7,,(w)} be measurable need not be stated 
explicitly. In fact, if the experiment to which the mathematical analysis is 
being applied has only a finite number of possible outcomes (as for roulette or 
‘on tossing), i.e. if the function F(x) above is a monotone function with a 
fnite number of jumps but with no continuously rising part, non-measurable 
lunctions 7,(w) do not exist. 


Proor. Let E Eve , E, be any sets of real numbers which are Borel meas- 
Net 


‘This probability is evaluated in the proof of the theorem below. 


an function x;(w) is the function defined on Q,, which assumes the value 2; at the point 
a 4, La, sk -). 


"A particular case of this theorem was proved by E. Hopf, ibid. pp. 97-98, 102. 
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urable. It is sufficient to prove the theorem for A’ determined by z;« E’, 
j = 1, --- n, since measure on @,, is determined by the measure of such sets,’ 
The functions x;(w), z3(w), --- are evidently measurable. The set A is the 
intersection of the n sets determined by x; (w) eE ; forj = 1,---,n. Since these 
sets are measurable, their product is. The set A is therefore measurable and we 
must prove that 


(4) P{weA} = P{x}(w) €Ej,j = 1,---,n}= P{x;eE;,j= 1,---,n}8 
Let Ao be the w-set determined by x;(w) « E},j =1,---,n —l,ifn> 1, 
and let Ao be all 2, ifn = 1. Then 


(5) P{weA} = P{w Ao; 2,(w) € E,} = > fee Ao; (n, «) = j;zeE,}. 


j=n 


Now the set of elements w:(x1, 22, --- ) at which @(n, w) = j has the property 
that if &:(&, &, ---) belongs to it, the elements obtained from & by changing 
§;, 41, --- arbitrarily, also belong to it. Then from the way measure is defined 
on Q,, (corresponding to the fact that the trials are independent), 


(6) P{0(n, w) = j;2,¢E,} = P{0(n, w) = j}-P{x;eE,}. 
Moreover P{z; € E,} is independent of j7. Then when n = 1, (5) simplifies to 


(7) PlweA} = PlneEi}- P(A, «) = 5}. 


The sum is the measure of the set of points at which (ii) is true and at which at 
least one 7;(w) is 1. This set has measure 1, so (7) reduces to (4) when n = 1. 
The proof of (4) will now be given by induction. The equation has already been 
shown true for n = 1. Suppose that (4) is true for less than N sets Z a w > 1. 
To simplify (5) for n = N, we note that the set determined by 


(8) wedo; On,w)=j; 2,€E, 
can be separated into sets determined by conditions of the form 


(9) O(v, w) = a,, ta, ¢ E, v=1,---,N—-1; O(N, w) = J; x; ¢ By 


where a; <--- < a, < j. Then repeating the reasoning used for the case 
n = 1, (5) becomes 
(10) P{weA} = P{rye Ey}. >, P{we Ay; O(N, w) = j}- 

7=N 


The sum measures the intersection of Ao with the set of points on @,, where (ii) 





7 Cf. for instance E. Hopf, loc. cit., pp. 53-63. 
* The measure of a point set on ,, determined by a set of conditions C will be denoted 
by P{C}. 
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is true and where at least N 7;’s are 1. This set has measure 1. Then (10) 
becomes 


(il) P{weA} = P{aye Ey} -P{x; (w) eH;,j =1,---,N —1}. 


Since we have supposed that (4) is true for n < N, and since 


n-1 
(12) P{zjeB;,j=1,---,N—1) = [] Pla F}}, 

is 
(11) reduces to (4). The proof of the theorem is now complete. 

The theorem can be extended somewhat. We have supposed that measure 
(probability) on is determined by a completely additive set function. If 
only additivity is assumed, a corresponding theorem can be proved. 

The theory of probability of A. H. Copeland® introduces certain canonical 
sequences of numbers 2, 22, --- relative to a given probability distribution. 
Each such sequence can be considered as a point of Q,. The class of all such 
sequences (called admissible numbers by Copeland) then corresponds to a 
point set of Q,. It can easily be shown, with the help of the theorem of this 
paper that the point set has measure 1. This fact would have been a natural 
requirement to set on the specifications determining admissible numbers, and 
shows, incidentally, that their aggregate has the power of the continuum. 


Tue UNIVERSITY OF ILLINOIS. 





* American Journal of Mathematics, Vol. 53 (1931), pp. 153-162. 
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DISTRIBUTIVITY OF ASSOCIATIVE POLYNOMIAL COMPOSITIONS 
By E. T. BELL 
(Received November 20, 1935) 
1. Polynomial compositions. If S(u, v), P(u, v) be interpreted as the sum 


u + vand product wo of the elements u, v of a ring, and if 2, y, z be any triple 
in the ring, the functional equations 


(1.1) P(x, Ply, z)) = P(P(, y); 2), 
(1.2) S(x, S(y, z)) = S(S@, y), 2); 
(1.3) P(x, Sy, z)) = S(P(@, y), P(@, 2)), 
(1.4) P(S(y, z), x) = S(P(y, x), P(@, x)), 


express the associativity of multiplication, addition, and the left, right distrib- 
utivity of multiplication over addition. Any polynomials P(u, v), S(u, ») 
satisfying one of the simultaneous sets 


(I) (1.1), (1.2), (1.3), 
(II) (1.1), (1.2), (1.4), 
(II) (1.1), (1.2), (1.3), (1.4), 


will be called a polynomial composition for the ring, with a similar definition for 
a field, or other domain, instead of a ring. The polynomial compositions 
S(u, v) = u+o, P(u, v) = w, satisfy (III). We shall determine all polynomial 
compositions when the variables are real or complex numbers (the necessary 
modifications when the variables belong to any domain of integrity will be 
obvious). This problem is of importance in the theory of numerical functions. 
All fields having polynomial composition are determined in §5. 

If P(u, v) = P(v, u), either of (1.3), (1.4) implies the other. As we are not 
postulating commutativity for either P or S, we consider polynomial com- 
positions with respect to the hypotheses 


(1.5) P(u, v) _ P(v, u), 
(1.6) S(u, v) = S(v, wu), 


1 See the papers in the Transactions of the American Mathematical Society, vol. 33, 1931, 
by R. Vaidyanasthwamy, 579-662, E. T. Bell, 897-933, and D. H. Lehmer, 945-957. Ra- 
tional, non-polynomial compositions exist; see L. E. Dickson, Bulletin of the American 
Mathematical Society, vol. 23, 1916, 109-111. Further, non-analytic compositions exist; 
examples of such are given in Lehmer’s paper. Compositions also exist in Boolean and 
other algebras of what A. N. Whitehead (Universal Algebra, 1897) calls the ‘non-numerical’ 
genus. 
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assumed to hold for all u,v. A composition satisfying (1.5) will be said to have 
the character P (with respect to multzplication); a composition not satisfying 
(1.5) has the character P’. Similarly for (1.6) and S, S’ for addition. A com- 
position satisfying (1.3) but not (1.4) will be said to have the character L, R’ 
(with respect to distributivity), and similarly for L’, R, indicating a solution 
of (1.4) but not of (1.3). The character L, R belongs to a composition satisfying 
both (1.3) and (1.4). The total character of a composition is a symbol such as 
(p, s, 1, r), where p is one of P, P’, --- ,risoneof R, R’. Associativity holding 
for all polynomial compositions, as defined, it need not be indicated in the 
character. 


2. Possible polynomial compositions. The only polynomial solutions f(u, v) 
of the functional equation al 


F(x, FY, 2)) = FF, y), 2) 
are the unsymmetric solutions 
flu, ») = 4, f(u, v) = 2, 
and the symmetric solution 
flu, v) = A + Blu + v) + Cw, 


where A, B, C are any constants such that B®? — B— AC =0.? Leta,b,c, p,q, r 
be any constants such that 


(2.1) b —b—ac=0, g@—q-—pr=0. 


Then, by the theorem quoted, the only possible polynomial compositions are 
those (if any) obtainable by combining one of 


(2.2) P(u, v) = u, P(u, v) =», 
P(u,v) =a+ b(u+ v) + cw, 


with one of 
(23) S(u, v) = u, S(u, v) = », 


S(u,v) =p + qu + v) + rw. 

Of the nine possibilities only that in which the third forms of P, S are taken 
‘quires more than inspection. Since P is here commutative it suffices to 
consider (1.3) with 

Plu,v) =a+bu+v)+cw, Suv) =p+q(u+v) + rw, 


attending to the conditions (2.1). On substituting these P, S into (1.3) we 
find the two following alternative sets of necessary and sufficient conditions 
ceases 


) ° 
Proved in a paper to appear in the Transactions. 
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that (1.3) be satisfied for all triples z, y, z, 


(2.4) (b, C, r) = (b’, e’, 0), 
2b’q = b’' + c’p, p+ 2a’g=a’'+b>p 
where the constants are such that 
b’?? — b’ —a’c’ = 0, g?—q=)0; 
(2.5) (b, c, r) = (0, 0, 7’), p’ + 2aq’ + r’a? = a, 
where a is an arbitrary constant and p’, q’, r’ are constants such that g’” — q — 
p'r’ = 0. 

The equations in (2.4) are homogeneous in p, 2q — 1 with vanishing deter- 
minant b’? — b’ — a’c’. Hence p = tb’, 2g — 1 = tc’, and we have q = Oor1. ( 
Hence, if c’ # 0, thent = +1/c’. Ifc’ = 0,theng = 4andg —q+0. Thus 
c’ ¥ 0 is the only case to be considered, and a’ = b’(b’ — 1)/c’. Finally then ( 


(dropping accents on the constants, which are now determined), we have from 
(2.4) the solutions 


P scans 
P(u, v) = =" + b(u + v) + cw, (3 
(3 
@ b 

S(u, 0) =~, or +u+y, i 
in which c ¥ 0 and b are arbitrary constants. 
The equations in (2.5) are readily solved for p’, q’, and we find two solutions, “ 
in both of which P(u, v) = a, with the alternatives for S, fon 
S(u, v) = —a(l — ar) + (1 — ar)(u + v) + rw, 7 
4, 

S(u, v) = a(1 + ar) — ar(u + v) + rw, ( 
If q 
in which a, r are arbitrary constants. These results are summarized with the ue 
rest in the next section. for 
T 


3. All polynomial compositions. Proceeding as in §1 we find all polynomial 
compositions, and separate them into sets according to the characters defined 
in §1. for ¢ 
THEOREM 1. All polynomial compositions are (3.1)—(3.12). 
Character (S’, P’, L, R): 


(3.1) S(u, v) = u, P(u, v) = u; and 
(3.2) S(u, v) = u, P(u, v) = 0; 
(3.3) S(u, v) = », P(u, v) = u; 


(3.4) S(u, v) = », P(u, v) = v. 
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Character (S’, P, L, R): 
(3.5) S(u, v) =u 
(3.6) S(u, v) = 2, 

Character (S, P’, L’, R): 


P(u, v) = a+ b(u + v) + cw; 
P(u, v) = a+ b(u + v) + cw. 


(3.7) S(u, v) = p + qu + v) + rw, P(u, v) = u. 
Character (S, P’, L, R’): 
(3.8) S(u,v) = p+ qu + v) + rw, P(u, v) = v. 


The constants in the above are arbitrary beyond the conditions (2.1). 
Character (S, P, L, R): 


b? — 


(3.9) S(u, ») = _- , P(u, v) = ——* + b(u + v) + cw; 


Pie 
(3.10) S(u, v) = +u+o, Plu, 0) ===? 4 bu + 0) + cw, 


in which c ¥ 0 and b are arbitrary constants; 
(3.11) S(u, v) = —a(l — ar) + (1 — ar)(u + v) + rw, 
(3.12) S(u, v) = a(1 + ar) — ar(u + v) + rw, 


in which a, r are arbitrary constants. 


4. Identities and inverses. Let ¢(u, v) be any polynomial composition. 


P(u, v) = a; 
P(u, v) =a, 
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constant ¢ is called a left or right ¢ identity according as ¢(¢, u) = wor ¢(u, e) = u 


foreach u in the field. Neither of the compositions ¢(u, v) = u, ¢(u, v) = v has 


an identity; so we need consider only the symmetrical case 


(41) $(u, ») =f + g(u + v) + hw, g —g—fh=0. 


If ¢(u, v) = ¢ has a unique solution »v for all but a finite number of w’s in the field, 
we write v = ¢-!(u) and call ¢—“(u) the ¢ inverse of u, indicating also the wu’s 


for which ¢-!(u) does not exist. 
To determine ¢ for (4.1) we have 


f+gut 6 + hue = 
for every w in the field; 


f+ge=0, 
and the following are exhaustive: 
gh #0: € = —f/g = (1 —g)/h; 
h#0: f=0, ¢€=1/h; 
h=0: g=1, e= —f; 


g+he =1, 


g = 0, 
g ~ 0, 
g = h = 0: impossible. 
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that (1.3) be satisfied for all triples 2, y, z, 


(2.4) (b, c, r) = (b’, c’, 0), 
2b’q = b’ + c’p, p+2a’¢=a'+bp 
where the constants are such that 
b’? — b’ — a’c’ = 0, g?—q=0; 
(2.5) (b, c, r) = (0, 0, 7’), p’ + 2aq’ + r’a? = a, 
where a is an arbitrary constant and p’, q’, r’ are constants such that q’ — q — 
p’r’ = 0. 


The equations in (2.4) are homogeneous in p, 2g — 1 with vanishing deter- 
minant b’2 — b’ — a’c’.. Hence p = tb’, 2g — 1 = tc’, and we have q = Oor1. 
Hence, if c’ ~ 0, thent = +1/c’. Ifc’ = 0,theng = Zandg—q+0. Thus 
c’ ¥ 0 is the only case to be considered, and a’ = b’(b’ — 1)/c’. Finally then 
(dropping accents on the constants, which are now determined), we have from 


(2.4) the solutions 


_ vb 
P(u, v) = —— + b(u + v) + cuv, 


S(u, 0) =2, or puto, 


in which c ¥ 0 and b are arbitrary constants. 
The equations in (2.5) are readily solved for p’, q’, and we find two solutions, 
in both of which P(u, v) = a, with the alternatives for S, 


S(u, v) = —a(1 — ar) + (1 — ar)(u + v) + rw, 
S(u, v) = a(1 + ar) — ar(u + v) + rw, 


in which a, r are arbitrary constants. These results are summarized with the 
rest in the next section. 


3. All polynomial compositions. Proceeding as in §1 we find all polynomial 
compositions, and separate them into sets according to the characters defined 
in §1. 

THEOREM 1. All polynomial compositions are (3.1)—(3.12). 

Character (S’, P’, L, R): 


(3.1) S(u, v) = u, P(u, v) = u; 
(3.2) S(u, v) = u, P(u, v) = 0; 
(3.3) S(u, v) = », P(u, v) = u; 


(3.4) S(u, v) = », P(u, v) = ». 
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Character (S’, P, L, R): 
(3.5) S(u, v) =u P(u, v) = a + b(u + v) + cw; 


(3.6) S(u, v) = 2, P(u, v) = a+ btu + v) + cw. 
Character (S, P’, L’, R): 

(3.7) S(u,v) = p+ qu + v) + rw, P(u, v) = u. 
Character (S, P’, L, R’): 

(3.8) S(u,v) =pt+ q(u + v) + rw, P(u, v) =v. 


The constants in the above are arbitrary beyond the conditions (2.1). 
Character (S, P, L, R): 
b? — 


(3.9) S(u, v) = - ’ P(u, v) = === + b(u + v) + cu; 
b b? — b 
(3.10) S(u, v) =~ +u+u, P(u, v) = a tal + b(u + v) + cu, 


in which c ¥ 0 and 6 are arbitrary constants; 


(3.11) S(u,v) = —a(l — ar) + (1 — ar)(u+v) + rw, Plu,v) =a; 
(3.12) S(u, 0) = a(1 + ar) — ar(u + v) + rw, P(u, v) =a, 


in which a, r are arbitrary constants. 
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4, Identities and inverses. Let ¢(u, v) be any polynomial composition. A 


constant ¢ is called a left or right ¢ identity according as $(e, uw) = wor o(u, €) = u 
for each win the field. Neither of the compositions ¢(u, v) = u, ¢(u, v) = v has 


an identity; so we need consider only the symmetrical case 


(41) g(u,») =f + gu + v) + hw, g —g—fh=0. 


If (u,v) = e has a unique solution »v for all but a finite number of w’s in the field, 
we write v = ¢"(u) and call ¢—(u) the ¢ inverse of u, indicating also the u’s 


for which ¢-"(u) does not exist. 
To determine ¢ for (4.1) we have 


ftgut+eo+hue=u 
for every wu in the field; 
f+ge=0, neh 
and the following are exhaustive: 
gh #0: € = —f/g = (1 — Q)/h; 
g=0, h¥0: f=0, €=1/h; 
g9#0, h=0: g=1, ¢€=-f; 
g = h = 0: impossible. 
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To these correspond the following compositions, in which the identity ¢ of ¢ 
has been incorporated into the coefficients. 





i 

(4.2) gh # 0: o(u, v) = —ge + glu + v) + hw; ( 
t 

uy) — Gt Le — gu g 

go (u) = > : uw —_., 

= 1 ° <i = ( 

(4.3) ¢(u, v) = = wv ; ou) = 4 uO. : 
(4.4) o(u,v) =u+tv—e; @(u) = Ze — u. ( 


5. Fields and quasi-fields. A system of double composition which satis- - 
fies all the postulates of a field with the exception that exactly one of S(addition), 
P(multiplication) has no identity, and hence no inverse, will be called a quasi- 
field. Applying (4.2)—(4.4) to (3.9)—(8.12) we find the following, in which z, 

P-(u) are the P identity and inverse, o, S~!(u) the S identity and inverse. 

THEOREM 2. The only fields having polynomial composition are defined by 











Pe Pee ae td emacs, 
c c 
P(u,0) = "PY 4 ou + 0) + eur, vote’, 
Su) = 20 — u, P-\(u) = (b + 1)* — wool uFxoa, 


b+ cu 


in which c ¥ 0 and 6 are arbitrary constants. 
THEOREM 3. The only quasi-fields having polynomial composition and no o 


are defined by S(u, v) = — = with x, P as in Theorem 2, in which c # 0 and b 


are arbitrary constants. 
THEOREM 4. The only quasi-fields having polynomial composition and no r 
are defined by 


S(u, v) = a(ar — 1) + (1 — ar)(u 4+ v) + rw, P(u, v) = 4, 








| S-(y) = 2 — are + (ar — Iu i atiinnd = 
1—ar+ru r 
S(u,v) =u+v-a, P(u, v) =a, 
¢=4, S(u) = 20 — a; 
S(u, v) = a(1 + ar) — ar(u + v) + rw, P(u, v) = 4, 
gaan, Sy) = t= De — aru aes 
r r(a — u) 


in which r ¥ 0 and a are arbitrary constants. 
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Dickson (loc. cit.) has shown how the theory of numbers can be extended 
immediately by a correspondence between fields, R, R’: to u in a given field R 
corresponds in R’ the unique element F(u) of R; under suitably defined mT 
the F(u) generate R’. From Dickson’s discussion of the special case when F(u) 
is a linear fractional function of u, it is readily seen that the only R’ having 
polynomial composition for such F(u) are as in Theorem 2, and that F (u) is 
(u — )/e,e #0. For Schrutka’s theory of polygonal residues,? which Dickson 
obtains as an immediate consequence of the principle of correspondence, b = 
(2 — s)/4,c = s/2, where s > 0 is an integer. 


CALIFORNIA INSTITUTE OF TECHNOLOGY. 





‘L. Schrutka, Monatshefte fiir Mathematik, vol. 16, 1905, 167-192. 
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ON THE THEORY OF UNIVALENT FUNCTIONS 
By Matcou I. 8S. RoBEerTson 


(Received June 12, 1934) 


1. INTRODUCTION 


In this paper we shall be concerned with various classes of analytic functions 
of the following types: 
a. Let U denote the class of functions 


f(z) =z2+ 9 On2” 


analytic and univalent in the unit circle, i.e., for every pair of values z; and z, 
in the unit circle 


fla) - f(z) <0. 


21 — 22 


b. Let C denote the class of analytic functions 


f(@) =z2+ > Anz” 


convex and univalent in the unit circle, i.e., every circle | z | = r < 1 is mapped 
into a region which has the property that no straight line can cut the contour 
enclosing the region in more than two points. 

c. Let S denote the class of analytic functions 


f(z =z2+ 3 Anz” 


which are univalent and star-like in the unit circle, i.e., every circle | z| =r <1 
is mapped into a region which has the property that every straight line through 
the origin cuts the contour enclosing the region in not more than two points. 

d. Let F denote the class of analytic functions 


f(z) =2+ )» Anz" 


univalent and convex in the direction of the imaginary axis for |z| < 1, ie, 
every straight line parallel to the imaginary axis cuts the image of the circle 
| z | = r, for every r in the open interval (0, 1), in not more than two points. 

e. Let I denote the class of functions 


f(z) = @ + Lae 
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analytic in the unit circle and such that the image of the circle | z | = r, for every 
in the open interval (0, 1), is cut by the real axis in not more than two points. 
In other words, for every r in (0, 1) there exist two positive numbers 6,(r) and 
#.(r) so that 


0 < A(r) < 27, 0 < 62(r) — &(r) < 27, 
and 
Sf(re®) > 0 
for 
0,(r) <O0< 62(7r) 
Sf(re®”) < 0 
for 


62(r) <60< 6,(r) + 2r. 


The functions of Class I need not be univalent. 
{. Let T denote the class of those functions 


fons Loe 


with real coefficients, which are also members of Class I. These functions we 
shall call typically-real. For functions of Class T, @(r) = 0, @:(r) = 7. We 
may remark here that if f(z) has f’(0) ¥ 0 and is either star-like or convex for 
\2| = 1, it is also for | z | < r, and will be necessarily univalent for |z| S r. 
Further let us note that every function f(z) which is analytic about the origin 
and has f’(0) ¥ 0 will be univalent in some circle about the origin sufficiently 
small. The largest radius in which f(z) is univalent and analytic we call the 
“radius of univalency” for f(z). We have taken the radius to be unity in our 
discussion since by a trivial transformation of the variable we can reduce the 
situation to this case. 

let us also remark that Class T is contained in Class I; those members of 
class U which are real on the real axis form a sub class of T; Class S is contained 
in class U; Class C is contained in both the classes F and S. 

In Section Two we show that functions of Class U can be approximated to 
uniformly by means of polygonal functions and by means of this we obtain a 
representation by means of an integral, involving an arbitrary, real function 
of bounded variation, of the members of Class U. We wish to stress the im- 
portance of this representation for the sub-classes S and C of Class U, for by its 
means we may easily obtain most of the well-known properties of these functions 
of Classes S and C, 

In Section Three the notion of the degree or order of convexity is developed. 
The properties of convex functions are found corresponding to their various 
orders of convexity. 
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Section Four contains a development of the theory of subordinating functions 
with applications to Classes C and S. 

Section Five contains a generalization of the notion of convex functions and 
deals with functions of Class F, i.e., the class of functions convex only in the 
direction of the imaginary axis. Nearly all the properties of convex functions 
relating to the rate of growth of the function, et cetera, are found to hold for the 
Class F in the case where the functions are real on the real axis. A method of 
generating these functions is given. 

In Section Six we discuss the coefficient problem for univalent functions. 
Among other things we show that 


che. 








Section Seven contains a proof that the properties of convexity, of being star- 
like, typically-real, et cetera, are carried over to the n* partial sum of the func- 


tion in a radius 
R, 21 — 2 log n/n. 


2. APPROXIMATION BY POLYGONAL FUNCTIONS AND THE INTEGRAL 
REPRESENTATION 


THEorEM 2.1. Hyporuesis: a. f(z) is holomorphic for |z| < 1, f(0) = 0, 
f'(0) = 1. 
b. f(z) ts univalent for |z| < 1. 
c. Ane > 0 arbitrarily small is given. 
Conc.usion: A sequence of polygonal functions of the form 


fle) = Tl (1 a ya 


where |z,| = 1 — 3e, -1 <a, <1, )0"-, a, = 2, can be found so that f,(2) 
converges uniformly to f(z) for |z| S1—e. 

Proor: Given e > 0 arbitrarily small, the circle | z | = 1 — eis mapped by 
w = f(z) into a bounded simply connected region R in the w-plane whose contour 
Cisaclosed Jordan curve. We may select n points on C and join adjacent points 
by straight line segments so that we obtain a simple closed polygon C, of n 
sides approximating to the closed curve C. We can approximate to C uniformly 
by the polygons C, as closely as we please by taking n sufficiently large.' 

There exists a unique function ¢,(z) which maps the circle |z| = 1 — 2¢ 
into the polygon C,, so that the origin z = 0 goes into w = 0 and so that $, (0) >0. 
In fact, ¢,(z) is the polygonal function 


jl) » Ae Il (1 . sy dt 
0 s=1 Zs 


1 See for example Jordan’s ‘‘Cours D’Analyse’’ Tome 1, page 97. 
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where A, is some suitable positive constant; z, is a point on the circle | z | = 
1 — }e and corresponds to one of the vertices of the polygon; a, measures as a 
fraction of + radians the exterior angle which two adjacent sides of the polygon 
make (angles measured in the anti-clockwise direction being taken to be positive) 
and is such that 


—-l<a, <1, di a = 2. 

Let R, denote the closed domain of which C, is the boundary. Since the 
domain R is bounded, and the sequence of domains R,, converges to R then the 
frontier points of R, are all less than a fixed distance d from w = 0. The 
domains R, are simply connected. Therefore the functions ¢,(z) converge 
uniformly in and on 


lz] =l—e<1— he 
toa limit function ¢(z) and this limit function maps | z| = 1 — 4 on C2 
Since ¢’(0) = lim,.~. An > 0, (0) = 0, f’(0) = 1, f(0) = 0, we must have 
(2) = f(z), as there is only one function which does the mapping. 
Since limn.«. n(z) = f(z) and f’(0) = 1 we must have 








lim A, =1. 
Letting 
fale) = Oo 
we have 
lim fu(e) = lim #2) = 42) 
uniformly in and on | z | = 1 — eas was required to prove. 


Corotiary: If the functions f(z) have the form 


i 2] 
f(z) =2+ 2D) apnyrz?™', 
n=1 


where p is a positive integer, we may replace the approximating polygonal functions 
of the above theorem by functions f,(z) of the form 


: —l<a,<1, jz|=1-35.- 


where now 





* See “Conformal Representation’ by Carathéodory, pages 73 to 76. 
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On account of the symmetry of the contour C in this case for every point 2, 
there are also the points 
Z=e 7 +s, k=1,2,---,p—1, 


and the corresponding angles a, = as. 

Let us remark that in case f(z) is not only univalent but convex in the unit 
circle, then the approximating polygons C, in the theorem above are convex 
also. In this case the numbers a, will be positive. 

The following theorem is due to E. Study but we give here a new proof for it. 

THEOREM 2.2: The necessary and sufficient condition that the univalent function 
f(z) represent the circle | z | S r on a convex domain is that 


Te es 
2 E * ya" 
for every point z of modulus S r. 

Proor: We may assume without restricting the problem that f(z) is univalent 
and convex in the unit circle and that f(0) = 0, f’(0) = 1. We then approxi- 
mate to f(z) by polygonal functions f,(z) as in Theorem 2.1 with the numbers a, 
positive. Thus we obtain 


1 2fn() _ yw? +4Da=} ¥ a (2+). 


f.(z) 7 s=1%, — @ s=1 Z2.—2Z 











If 
Je) Slal/=1-5, n (2+) 20. 


LL —« 
Since a, > 0 we have 

zf (2) 
fi (z) 





bes |z0 for |[z|S1l-—e. 


Letting n > ©, we obtain 


zf | 
Pe Sg oe 
at + FG) 20 for |z|/S1-e, 
and e may be taken as small as we please. Hence the condition is necessary. 
To show also that the condition is sufficient, we assume only that f(z) is uni- 
valent and that 





# [1 +279)] 20 for |z|<1. 


Then given 6 > 0 we can find an N(6) independent of z so that 


R E Ate >—2 
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tz, forn => N(8) and for|z| <1—e. Hence, if we take z = pz,,9 <p < 1, for 
any s of the range s = 1, 2, --- n, we have 
ek + pes 1 
init We assume the points z; distinct so that z; ¥ z, and, in letting p > 1, we obtain 
vex >0. Thus f(z) is the limit of convex functions and is therefore also convex 
or 1 z| $1-—eforeverye. This then completes the proof of this theorem. 
r it. Let us suppose that 
tion 


F(z) = 2+ be Apn4i 2?" , 
n=1 
p a positive integer, is univalent and convex in the unit circle. Then 


F,(z) = lim “Wa-2)~ dt 





lent no J0 ss zt 
Oxi- n 2 4 
S Qs 2 u= 5: 0<a,<1, lz~|=1-— 5, 
7 ae 2s eP - 
ei (1 - ey dt - | ? 1 § log (1-2) ants, *) ae, 
s=1 rd 0 


where a, (8, R) is a monotone increasing function of @ in (0, 27) and 


1 $ dal, R) =1, R=1-5. 
2r p 


bo 


Since 





z Fe] 
mn E + Fe | 2° 


we may write 





2F(z)_ p gites dal?) 


Qn J 1 — 2 er 


1 = 
* Fi(z) 9 2m 


where a(9) is monotone increasing and 


La a¢ da(6) = 


Consequently we have the following: 
TakorEM 2.3: The necessary and sufficient condition that 


uni- 


iss 





F,(z) =2 +. y Opn+i gers 


n=1 
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p a positive integer, be regular, univalent and convex in the unit circle is that F,,(z) 
can be written in the form 


z 1 Pep ” 
F,(z) ak J a (i—s 0) d  s. 


0 


1 1 
7 $ dal) = p’ 


and a(0) is a monatone increasing function of 6 in (0, 27). 

Coro.uary: Since F(z) = z f’(z) is star-like whenever f(z) is convex, an 
analogous theorem holds for star functions. 

We emphasize the importance of this representation for from it we can obtain 
very easily the following results, the proof of which is left for the reader. We 
suppose that F’,(z) satisfies the hypotheses of the preceding theorem. Then 


where 


slong i | Fy(re'’) | sf —+.. 
2 , 2 
(1 + r?)?” (1 — r*)” 


(1419)? S| Fi(re#) | < (1 — 1°) 





The equality signs are attained by the convex function 


z 2 
| (1 — 2?) pdz. 
0 


i> 2] 
Sr(z) =z+ > Apn4i 2P"t1 
n=1 


If, instead of being convex, 





is univalent and star-like in the unit circle, we obtain 


i r 


z = |fr(re*)| S 3 


(1 + rv)? (1 +r)? 


i ww 2 
“2. 2\ 
| Gynt | = al L (« + *) 


k= 


Less easy to prove is the following result that if 


i 2) 
fro(z) =2+ >» ApnyizPntt 
n=1 








, an 
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is univalent the star-like in the unit circle, then 
Z a 3 
For the sake of simplicity in the proof, we may take p = 1. An analogous 


proof will hold for p any positive integer. It will be sufficient to prove that 


{F'(2)j}-#-1| 31 


F(z) = fe dz 


is convex, f(z) being star-like. 
We approximate to F(z) by means of the polygonal functions f,,(z) of Theorem 
2.1. It will be sufficient then to show that 


l{fA@j4-1/s1 


where 


for all n. 
We need first the following lemma: 
Lema: If (t) has o’’(t) < 0 in an interval and a, a2, ---, an are positive 


numbers, then 





oct) a Bee 


In particular if ¢(t) = log cos t, ’’(t) = — sec? t < 0. 


“~~. Qs ‘, “.a, t, 
: ~i = ‘ ~ 
2 5 log (cos *) < log {cos (> ; “)} 


where pita, = 2,a,>0,—7<t, <7. 
ud t, =e . as ts 
. s\e< ean 
II (cos £) s cos(3 :) 
II @+e)2} =2]] cos © 2 < 2cos $$-3) 
s=1 s=1 2 1 2 2 


. te) _ F as ts 
us| Tate? |= > 4 = 


A point whose polar coérdinates are (p, ) will lie in the circle |z — 1| S 1if 
P$2cos¢. Hence we have this situation here and 











IIa +e“)2 ~1/ <1 for —z 


IA 


t, 57, > a, = 2, a, > 0. 
1 





. 
ee 





I (1-2)? -1)s1 for |z| < |z| =1— 


s=1 Zs 


bol 


” | {fi(2)}-? — 1| <1 as required. 
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THEOREM 2.4: If 
f@ =z+ dX Anz” 


ts holomorphic, univalent and convex in the unit circle, then f(z) is wnivalent and 
convex in every circle lying within the wnit circle and having as centre any point 
within the unit circle. 

Proor: Take any point 2 inside the unit circle. 


f@) — f@) 
ff) 
This function will be convex and univalent in the circle of radius R < 1 —| | | 
about the point z) as centre provided 


(z — 2) f"’(z) 
xf 7@) 


= 2 — 2 + dele — a)? + 





+1] z0 for |z — 2| £1 — | 2). 


We may write 


147%) af"(2) _ 1 pits da(6) 








2 1 — ze® 
where a(6) is monotone increasing and 
1 
(2 — z)e* 
14. 
(2 — a0) _ 8 f 1 — ae* 
” E ” f'(2) Or . .. (2 — ae nnn es 
1 — xae* 
provided 


| (@ — zoje*| S |1 — aei*| 


or if |z — z.| S$ 1 — | # |, which completes the proof. 
From this theorem it follows that 


S(2) — feo) = f'(zo) (2 — a) + --- +o (2 — 2)" + 


is convex and univalent about z for a distance 1 — |z| = 1— 1. Conse- 
quently the coefficients satisfy the inequalities 

f£ (Zo) 1 | z | ae 

ni fi@)| = =A iit 








But since | f’(zo) | S (1 — r)- we then have 


| f™ (rei#) | <n! (1 ect r)-7-1, 
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3. THE ORDER OF CONVEXITY 
We have seen that the necessary and sufficient condition for f(z) to be convex 
in the unit circle is that 
vt 
ut and # [FO +1] >0 for |z| <1. 
point f@) 
DeriniTion: We shall say that f(z) is a convex function of order p in the unit 
circle if f(0) = 0, f’(0) = 1, f(z) is regular and is such that 





n[ TO 41] >pZ=0 for|z|<1, 0<p<1, 


f') 
| 20 | and if for every « > 0 sufficiently small there is a z = 2, | z | S 1, for which 
zof ”" (zo) | 
= +1]/< : 
| Fag ti ]<e+- 


From Theorem 2.3 we have 


“| To + 1] is a f {t+ da(6) 


f""(@) i—* d[a(9) — pé] 
© wae oe P| o § 
E @) = (1 — r)? + 4r sin? (ts t) 








where 

' 1 

z= ree, Hf da(o) = 1. 
21 
If dla(#) — pé] = 0, then 
(2) 
2 | *F@ 1] z for |z| <1. 
77 + p | z| 

If d[a(#) — (p + €)6] < 0 (e > O arbitrarily small) for some value of 8 = 6 then 
for @ = 27 — 6 and a value of r near 1 we shall have for z) = r e@*~)é 


k f (zo) 
f' (20) 

Hence a sufficient condition that f(z) be convex of order p is that in the represen- 
hai tation of f(z) in Theorem 2.3, 


d[a(@) — pé] = O for 0 S 6 S 2z, and 
d[a(6) — (p + «€)6] < 0 for some value of @ in 


the interval (0, 27). 
The condition is also necessary, for if 


d[ja(6) — p 0] <0 for 6=2r—¢@ 


+1] <pte. 
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(@ being arbitrary), then for values of r near one, the integral (1) would have a 
negative value. 

The geometrical interpretation of the notion of convexity of order p is that 
the ratio of the angle between two adjacent tangents to the unit circle to the 
angle between the two corresponding tangents to the image of the unit circle js 
less than 1/p and comes arbitrarily close to 1/p for some point of the unit circle. 
The nearer to the value one that p is the more circular becomes the image of the 
unit circle. 

If f(z) is a convex function of order p and g(z) is a convex function of order p’, 
it can be easily seen from the representation of these functions as in Theorem 2.3 
that 


lA 


F() = I “(aye Qie)Mtdze, OStS1, 


is a convex function of order a 2 tp + (1 — t)p’. In particular J (f’(z))¢ dz is 
0 


a convex function of order tp + 1 — t. 
Let f(z) be a convex function of order a in the unit circle. Then if 





Rh(z)>O for |z| <1, O0O<a<l. 


























2 La < § A(re) gite. r<il, 
1 l-—r 
— 2r(l — a) zf'(z) ~ 2r(1 — a) 
< <= =r. 
l+r Sua = l-r ’ be ad 
But 
gy 2S") _@2? log f’(z)  . log | f’(z) | 
f'(2) a log z ar ‘ 
= 2(1 — a) < d log | f’(re*) | < 2(1 — a) 
l+r se ar ~ i 
(1 + r)0-«) < | f’(rei”) | S$ (1 — 1). 
(1 + ret — 1 1 — (1 — r= 
< MIi<s 
ST serie ee 
The lim; : . 1 — (1 — 2)" 
e limits are attained by the convex function 5 ; . We may 
a—_— 
note that all convex functions of order a > 3 are uniformly bounded for we have 
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If, however, f(z) is an odd convex function of order a, similar reasoning yields 
the inequalities: 
(1 + r2)—-@) < | f’(re’®) | < (1 = p2)—(-a) 


, ip S 3 dr 
|) asta £00091 5 fy: 


P dz 


The limits here are attained by the function J a.ar In particular 
0 oe, 


for odd convex functions of order 0 we have 





tan-'r < | f(re®) | < 


and the limits are attained by the function log ~/(1 + z)/(1 — 2). 
DeFInITION: We shall say that f(z) is a star function of order p in the unit 
circle if f(0) = 0, f’(0) = 0, f(z) is regular and is such that 


it p 0 or zZ | 0 ry) <= 
and if for every € >0 sufficiently small there is azZ = %, | Z0 | s a, for which 


zo f’ (Zo) 
f(z) 


If F(z) is a convex function of order p, then zF’(z) is a star function of order 
p since 





R <pte. 





2 F'’(z) _ 2- (2 F’(z))’ 
Fa) +’ 3Fe) 


Consequently if f(z) is a star function of order a we have 


r , r 
(ne a 


The limits are attained by the function 2(1 — z)24-. 
If f(z) is an odd star function of order a, then 


r ‘ r 
Cy re $018 


We have seen that if 
f(z) = Z + Do dn 2” 


Sa star function of order 0 for |z| < 1, then |a,| < n for all n. For star 
lunctions of order a > 0 a better inequality can be obtained. 
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Let 
f(z) =2+ Di an2 


be star-like of order a for |z2| <1. If we define 


1 faf’(z) 
—< ate 7 ob 


we shall have %h(z) > 0 for|z| <1. Hence, if 
h(z) = 1+ bz + bez? + --- + Dnz™ 4 «e- 
then |b, | S 2 for all n. 


1 + 2aoz + 3a327 + --- + nanz™'1+ .--- 
1 + az + as +--+ +a,2"'+ -::- 





=1l+az+ e224... 


where 
Cn = (1 “= a)bn, | Cn | < 2 (1 —_ a). 
The coefficients a, are polynomials with positive coefficients in the numbers 


c, and hence | a, | will be less than the result obtained by replacing | c, | by 
2(1 — a). Thus 


1 + (1 — 2a)z 
1—z 





af’ (2) 
f() 


is a majorant for and 





z 


(I — pre = 7% + 2 soa 
is a majorant for f(z). 


(2 — 2a)(3 — 2a) --- (n — 2a) 


 |dn| Sd, = (n — 1)! 





For a = 0 we obtain | a, | < n for star functions of order 0. If 
f(a) =24+ > Anz” 
is a convex function of order a, then 
f(z) =z2+ } NOn2” 
is a star function of order a, from which we deduce 


1 n 
|an| < 5° I & - 22). 
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f. Strohhicker has shown* that if f(z) is a convex function (of order zero) for 
z| <1 then 
zf'(z) _ 1 
R = a ¢ 
f(z) ~2 
In other words every convex function of order 0 in the unit circle is also a star 
function of order not less than 3 in the unit circle. 


If f(z) is an odd convex function of order 0 then F(z) = f*(z!) is a convex func- 
tion of order greater or equal to } in the unit circle. For we have 


m4 mo} a x 2) 4 1 eee . i} 





a LON Mae Se (CORE BC) 
=>43-3 =2 for |z| <1. 
It can be shown easily that every convex function of order a for |z| < 1 is 
1-8 . 
pee Bevel. PLE 
Sip a’ and that every function 
f(z), f’) = 1, univalent in the unit circle is convex of order = a for 


12) $22 VB +o 


™ l+a 
4. SUBORDINATING FUNCTIONS 


Suppose f(z) and F(z) are analytic for |z| < 1. f(z) < F(z), or f(z) is 
subordinate to F(z) with respect to the circle |z| = 1, if f(0) = F(O) and if 
f(z) = F{w(z)} where w(z) is regular, and | w(z) | < |z| in the unit circle.‘ 
If F(z) is univalent in the unit circle, this means merely that f(z) does not take 
on any value which F(z) does not for | z| < 1. 

If f(z) < F(z) and f(z) ¥ F(z) then | f’(0) | < | F’(0) |.4 It follows from this 
fact that if 


also convex of order = 8 > a for | z | 





fie) =24+ > Qn2", F(z) =z+ : baz", 


are univalent in the unit circle and regular there, then the two contours which 
'z| = r < 1 is mapped into by the two functions respectively must intersect 
each other. From this simple fact it can easily be shown that every function 
j(2), regular and convex in the unit circle with f(0) = 0, f’(0) = 1, maps the unit 
circle on a region which must contain the circle of radius } and centre at the 
origin within it. For if f(z) is convex in the unit circle it cannot be subordinate 
to 2/(1 — ez) for any a. Similarly, by comparing any univalent function 
jeniibnistieiapieadtaaias 

3 See E. Strohhacker, ‘‘Beitriige zur theorie der schlichten funktionen,’’ Math. Zeit., 37 
band, 3 heft, S. 362, 1933. 

‘See J. E. Littlewood, Proceedings of the London Math. Society, 2 ser., v. 23, 1925, page 
482, “On Inequalities in the Theory of Functions.” 
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f(z), {) = 0, f’(0) = 1, with z(1 — e*«z)~* we deduce that every such function el 
univalent in the unit circle maps this circle on a region containing a circle of Wi 
radius } within it. 

Reis TueoreM 4.1: If 


W = f@) =2+ Liana”, | is 


a, real, is regular and univalent in the unit circle, and tf C is the image of the unit 

circle, then each of the four closed quadrants contained within C contains an ordinate th 
of C =i. In particular if f(z) is convex and the a, are real, C contains within it 

the interval (—42, +47) of the imaginary axis in the w-plane. 


a eS 


: 

: Proor: Let 

. 0 

| f(z) =z+ ¥ An2", 

: 2 

: 

a, real, be regular and univalent for |z| < 1. Then f(z) maps |z| =r <1 

into a bounded Jordan contour C, having a tangent at every point of it. Let a 

us restrict ourselves to the second quadrant contained within C,. Suppose the 01 
theorem is false and that every ordinate in the second quadrant is less than }rr. fo 


From the point (0, }7r) we can then draw a tangent to C,, which will intersect the 

real axis at the point P whose coérdinates are (—2z,0),z >0. Let zx = r/2a. 

From the point P construct the sector of aperture a 7 having the positive real 

axis as bisector. The side of this sector will intersect the imaginary axis in the . 
point Q whose ordinate is (r/2a) tan 4ar > jar. It is thus seen that C, lies is 
wholly within this sector. However, the convex function 


W = F(z) =o (4 - Lp = 2 + bas? + sre 
a 





r—Z 


maps the unit circle on the sector constructed above. We should then have st 
f(z) subordinate to F(z) which contradicts the fact that f’(0) = F’(0) = 1. 
There must then be at least one ordinate in the second quadrant greater than jrr. 
Similar reasoning applies for each of the other three quadrants and C, is sym- 
metric about the real axis as the coefficients a, are real. 

In case f(z) is convex, the two ordinates in the first and second quadrants may 
be taken to coincide on the imaginary axis and the second part of the theorem 
follows immediately. 

TuroreM 4.2: In order that f(z) = >>? a,2" be convex when holomorphic and m 
univalent in the unit circle it is necessary and sufficient that 





fo(z) = >> an cos n0-2" 
1 


be subordinate to f(z) for all 0. 
Proor: f(z) will map the unit circle upon a convex contour C if and only if 8. 
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every chord of this contour lies wholly within the region bounded by C. This 
yill be true if and only if 





i6 —i8 . 
f(ze**) —— ) - > dyn COS NO-2” 
1 


fo(z) = 


isa point within C for all @ and all|z| <1. 
CorOLLARY: >, Gn cos? n8-2" is also subordinate to f(z). 
TazoreM 4.3: If f(z) = 2 + DF anz” is regular and convex in the unit circle, 


then for all real » 
1 Qn p [2 
if | f(re®) dé s | |1 + re®|— da. 
Proor: If f(z) is subordinate to F(z) then 
£ [ \atee) pao st” (cron p ao Az0 
2r Jo ~ Qr Jo , elit 


a result due to J. E. Littlewood.4 But A. Marx® has shown that z/f(z) is sub- 
ordinated to 1 + z, and f(z)/z is subordinate to (1 +z)“. The theorem there- 
fore follows even when A < 0. 

TuroreM 4.4: If 


fi) =z+ 2 An2” 


isa star function, and regular, in the unit circle then for all d 
1 2r , yd Qn : 
= | f(re*) |\ do = — 11 + rei |-2 da 
2r Jo 2r Jo 


Proor: The theorem follows as above since we have shown that f(z)/z is 


bi 
subordinate to (1 + z)-*, which is to say ® {fe} = 4. In particular we have 
Z 
the inequality 


1 27 f r 
on |, | f(re*) | dd = =—,» 


aresult which we shall later show to be true also for typically-real functions. 
| TurorEM 4.5: Let f(z) be subordinate to F(z) in the unit circle. If F~‘(w) is the 
inverse function to w = F(z), then 








1 — | F {f(z)} |? 1 
| ¢ LLU F 
1—|2| | 
dw |w= f(z) 
LS 
; fe Marx, “Untersuchungen iiber schlichte abbildungen,’’ Math. Annalen, 107 (1932), 
- 40-67. 
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Remark: This is a generalization of a well-known theorem for functions fe) 
satisfying Schwarz’s Lemma. In the latter case F(z) = z and we obtain 


1 — |f@) P 


I@|s T— leh 


Proor: Let z be any point inside the unit circle. r(-*) maps the 
unit circle onto the same contour as F(z) does. 


F- {f(z)} — F— {f(z0)} 
1 — F+ {f(a} - FO {f@} 


is a point inside the unit circle. Hence if 2 — z = u, G(u) is subordinate to 
H(u) where 








_ pl FAO} — F> {ya} \ 
G(s) =F) 
— oe {F(0)} - F* {F@)} 


Po! z— 2 
H(u) = F(3 — *) ‘ 
Since G(u) < H(u) we have | G’(0) | S$ | H’(0) |. In other words 


1 — | F> {f@)} 2 1 
1 — | 2? _ ©) 
dw 





| f’(z0) | 4 





w = f(z) 


5. Functions CoNVEX IN THE DIRECTION OF THE IMAGINARY AXIS 


In this section we shall consider functions 


f(z) ait Dae 


regular and univalent in the unit circle and star-like with respect to the point at 
infinity in the direction of the imaginary axis. Each function f(z) of this class 
maps the circle | z | = r, for every rin the open interval (0, 1) into a region whose 
bounding contour is cut by every straight line parallel to the imaginary axis in 
not more than two points. The functions of this class, which we have called 
class F, are univalent and the class F contains within it all convex univalent 
f(z), {0) = 0, f’() = 1, defined for the unit circle, as a sub-class. We shall 
show that the functions of class F are related to the functions of class I in the 
same way as convex functions are related to the star-like functions (if f(z) 1s 
convex zf’(z) is star-like). We shall see that in the case where the functions of 
class F have real coefficients these functions convex in only one direction have 
many of the properties which functions convex in every direction have. 

It is readily seen that a necessary and sufficient condition for f(z), regular in 
the unit circle and having f(0) = 0, f’(0) = 1, to belong to the class F is that for 
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every rin the open interval (0, 1) there should exist two real numbers @,(r) and 
a(r),0 $ A(r) < 62(r), so that R f(r e®) is a monotone decreasing function 
of @in the interval (61, 82) and a monotone increasing function of @ in the comple- 
mentary interval (62, 6: + 27). We shall state this result somewhat differently 
as a theorem as follows: 











Let 
f(z) = u(r, 0) + cv(r, 6), z= re, 
. df _ au(r, @) . 0 v(r, @) 
"a ° ae gina gall 
° y Pa 8 u(r, 8) 
~ ¥{zf'@} = —- ._ 
Hence, 
¥{zf'(2} >O0 for A(r) < 6 < 62(r) 
and 


¥ {zf'(2)} <0 for (rr) <0 < A(r) + 27. 


Functions zf’(z) which have this property form what we have called Class I. 
Hence we have. 

TueorEM 5.01: A necessary and sufficient condition that f(z) belong to Class F 
is that 2f’(z) belong to Class I. If in particular f(z) has real coefficients we have 
4(r) = 0, 02(r) =a. Functions of Class I, which are real on the real axis, having 
these values for 6:(r) and 62(r), we have called typically-real, a term introduced 
by W. Rogosinski.6 Hence we may state as a corollary 

CoroLtLary: A necessary and sufficient condition that f(z) belong to class F and 
have real coefficients is that zf’(z) be typically-real. 

Thus we see that functions of Class I are associated with functions of Class F 
in the same way as the functions of class S are associated with functions of 
Class C. 

It follows immediately that if g(z) = >°7 a, 2” is a function of Class I, then 


{@ =e = [Ga 


1 


is not only univalent but is convex in the direction of the imaginary axis. In 
particular, if g(z) is univalent and has real coefficients, then 


se) = [9 ae 


is likewise univalent. 
intelli 


> * See W. Rogosinski, ‘‘Uber positive harmonische Entwicklungen und typisch-reelle 
otenzreihen.” Math. Zeit. Band 35, 1932, pages 93-121. 
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The functions g(z) of Class I are not in general univalent and the unit circle is 
mapped into a contour which may have loops in it. But from the above, we 
observe that by dividing each coefficient of the power series representing g(2) 
by its subscript » the loops will be removed, giving a univalent function which 
maps the circle on a non-overlapping region. 

We now proceed to establish several properties possessed by functions of 
Class F. 

THEOREM 5.02: If 


fj =2+ Xo an 2, 
an real, is regular and convex in the direction of the imaginary axis for |z| <1, 
then R {f(z)/z} > 3 for |z| < 1 and f(z)/z is subordinate to (1 + z)-. 


Proor: Since f(z) belongs to class F and is real on the real axis g(z) = af (2) 
is therefore typically-real for |z| <1. Let 


g(z) =z+ >) bn 2" = up, 8) + iv(p, 8) , 0<p-l. 
2 
2 . , 
b, = 2 | v(p, 0) sin n 6 dé 
Tp” J0 


. g(z) = 2! v(p, 0) sin @- Fy () dé 
T Jo p 


where 


z < sin 6 
F(z = = gn ani - ; 
” 1 — 2z cos 6 + 2 p> sin 6 at 0<|z|=r<p<l 








F,(z) is a star function for |z| <1. Consequently 


fue) = [ dz ~ 1 ie ss) 
o L—2zcosd+2 sing rr 


is convex for |z| <1. Hence, by the theorem of A. Marx? we have 


fo(re'*) 1 
ae} re? } = l+r 


$60 x [aca ? [vim sino.f(2) a 


ip “i Je :) 
* 2 {ee o 2 f v(p, ) sing - RK {—Y“\ do 


re? 








4 
p 





7 See A. Marx, ‘Untersuchungen iiber schlichte Abbildungen,”’ Math. Annalen, Band. 
107, 1932, pages 40-67. 
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2 : 2 f v(p, 6) sin 6 dé@ 
r 0 
“eS ea 
+5 
a. 
kas 
p 
j(2) 1 i . z) 
letting p > 1 we have R — 27 zy > 3. It follows immediately that fe 


is subordinate to (1 + z)~. 
TueorEM 5.03: If 


foes Pac, 


a, real, is regular and convex in the direction of the imaginary axis, then 


1 + |ae|r <9 See) g Lt lor 
1+ 2/ajr+r? ~ rey” 1 





Proor: If 
F(z) =1+ >5 daz” 
1 
is regular in the unit circle and has a positive real part for | z | < 1 then® 


l1-?r o <ltlbhlr+?r 
if [bran = RM") = 1-—r . 








But by the preceding theorem we can write 


if f(z) satisfies the hypothesis of this theorem. 





_ Atlee cg f@ c1tlalr 
“14+2lal[r+ere"-" 2 1-f 


for|z| =r <1. 
THrorEM 5.04: With the same hypotheses as in Theorem 5.03, we have 


r 


l+r 


r 


< |s(re®)| 5 7. 











* See R. Nevanlinna, ‘“‘Uber beschrinkte Funktionen die in gegebenen Punkten vorge- 
schriebene Werte annehmen,”’ Annales Academiae Scientiarum Fennicae, Ser. A, 13, 1920, 
page 51, 
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Proor: g(z) = zf’(z) is typically-real for |z| <1. We may write® 
g(z) = ——, - F(z) 
where ® F(z) = 0 for |z| < 1, F) = 
l—r mia ltr 
Tye = | Pere) | 5 
r—r ¥ 





10 
* Ten — naw] = lore! S Gp 


sre) |= [orem | 


sf ats 
a 0 (1 — r)? 
= r/(1 — 1). 


Since R{ f(z)/z} = 1/1 + r we have a fortiori | f(re®) | => r/(1 + iA 

For convex functions which are odd it is known that ® { f(z)/z} 242. How- 
ever, for odd functions of Class F, the number $ cannot be improved upon as 
the example z/(1 — 2?) shows. However, we have the following: 

THEOREM 5.05: If 


oe 
fl) =z2+ » Oony1 22th 
1 


is an odd function regular and convex in the direction of the imaginary axis, and real 
on the real axis, then 





1-—r a aa 
(i+ ry $s | f’(re®) | s a — ry 
is | f(re®) | S 


Proor: zf’(z) = g(z) and g(z) is an odd typically-real function 


 g(z) = 





where now we have 
, = 


l4+r 1—"" <|F(re)| < ets 


— fr 


r+r 
pap S lotre)| s gt ye 


The limits are attained here for g(z) = (z + 2*)/(1 — z*)? and f(z) = 2/(1- 2’) 
since g(z) = 2f’(z). The theorem follows immediately on integrating. 


We 
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TuroreM 5.06: Let f(z) be real on the real axis, regular and convex in the direction 
of the imaginary axis for|z| <1. If f(z) maps |z| =r onto acontour C, whose 
length is L(r) then 

L(r) S 2rr/(1 — r’). 


The equality sign is attained for f(z) = z/(1 — 2). 
Proor: Since ® {f(z)/z} = 4 we may write 


f(z) = eS § Pe. 


ze? 


where z = re and a(@) is monotone increasing such that # da(@) = 2r. 


L(r) = rf | f'(re®) | dp S = on i is {1 a F 


= 5 : dec(6) i pee — 2 
<; =. + ag da(6) 


= 2ar/(1 — 1’). 


CoroLuary: If 











g(z) =z+ > Gn2” 


is typtcally-real in the unit circle we have 


1 [* : r 
x | | g(re*) | dé > 4 re. 


This corollary follows since zf’(z) = g(z). In particular, it is true when g(z) 
isa univalent function with real coefficients since then g(z) is also typically-real. 
The corollary is a slight improvement and generalisation of J. E. Littlewood’s 
inequality for all univalent functions f(z): 


1 2Qr 
i I 


The equality sign in the corollary is attained for 
g(z) = 2/(1 +2)’. 





Since 


= zda(6) 


a(2) = 2f'@) = 5-9 Gam 


We can prove similarly the following: 
THeorEM 5.07: I if 


g(z) =2+ X A,2" 
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is typically-real and regular in the unit circle and | z | = r is mapped into a contour 
C, whose length is L(r), then 


Qn 10 
0 


|1 — re#|?  * 


OT HE MET 


We have seen that for convex functions the coefficients of the corresponding 
4 power series satisfy the inequalities | a, | < 1. We shall show that this is also 
true for functions of Class F with real coefficients. 

THEOREM 5.08: If 


: fie) =z24+ > an2” 


has real coefficients and is regular and convex in the direction of the imaginary aris 
for |z| <1, then|a,| <1. 
Proor: zf’(z) = z + oF nanz", dn real. 
S{zf'(z)} > 0 whenever Sz > 0 for |z| < 1. 
If z = re®, zf’(z) = u(r, 0) + iv(r, 6) then v(7, 0) > Ofor0 < 6 <-z. 





= coer eae es 


Nan = z. i v(r, 6) sin nédé. 
ar” te 





prt 


.n|dn| S a. f v(r, 6) sin 6d@ = 
id 0 


Letting r — 1, we have |a,| < 1. 
TuHEoREM 5.09: Let 





fle) = 24 > Anz", 


a, real, be regular and convex in the direction of the imaginary axis for |z| < 1. 
Let 


gz) =z2+ > baz”, 
b, real, be regular and typically-real in the unit circle. Then 


J)| « 
z 


arg are sin | z| 





| arg f’(z) | S 2are sin |z| 


arg 92)| S 2arc sin |z|. 





Proor: With the hypotheses of the theorem we have 
g(z) = zf'(z). 
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Since R { f(z)/z} 2 4 we have, as in Theorem 5.06, 


f(z) _ “f da(@) 





: tei tune’ 
f'(2) = g(z) _ _ dal6) — 
Z = 5 (1 — zei#)?° 
Since the maximum arg (1 — ze®) = are sinr, |z| =r, and a(@) is monotone 


increasing, the theorem follows immediately. 
CorotLary: If 


F(z) =z2+ > az", 
2 
a, real, is regular and typically-real, or even univalent, in the unit circle, then 


Ri (f(z)/z)#} > Ofor|z| <1. 


We shall now proceed to describe a method of generating more functions of 
Class F when given a particular function of this class which is real on the real 
axis, 

THeorEM 5.10: If 


f(z) =et+ Lae, 


a, real, is regular and convex in the direction of the imaginary axis for |z| < 1, 
then so also is the function 


F() = rf flte) d6() = 24 D> wn ane 


where @(t) is any real function monotone increasing in the interval (0, 1) and where 
the movement sequence {un} is given by 


1 
m= f nde), m=. 
0 
Proor: 


z F'(z) = [ {tz - f’(tz)} do(t) . 


‘f'(2) is typically-real. Hence $ {tz - f’(tz)} > 0 whenever ¥z > 0. Since ¢(t) 
is monotone i increasing, we have ¥z F’(z) > 0 whenever $ z > 0. Hence zF’(z) 
is typically-real and F(z) belongs to class F as required. 

In particular for the moment sequence un = n~*, a > 0, we observe that 
ei >? (a,/n®) 2" is a member of Class F whenever F(z) is. 


g(z) = z+ Di baz” 
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has real coefficients and is univalent in the unit circle, we have seen that 


fe) = [ae 


belongs to Class F and is also univalent. Combining this with the last theorem, 
we have the following: 

TueroreM 5.11: If g(z) is univalent and regular in the unit circle and real on the 
real axis, and if $(t) is any real monotone increasing function in the interval (0, 1), 


then 
fe) = I 3 I WH) ay dg 


SGT ES Rt: 


a 





Z 





; is univalent and maps each circle | z | = r < 1 into a contour such that every straight 
line parallel to the imaginary axis cuts it in not more than two points. 

: | We may remark that the necessary and sufficient condition that f(z) be convex 
is that f(e* z)/e* belong to Class F for every ¢. Similarly, the necessary and 
sufficient condition that f(z) be star-like is that f(e’* z)/e’* belong to Class I for 
every 9. 


6. THe CorEFFICIENT PROBLEM FOR UNIVALENT FUNCTIONS 
If 


ee eee Te 


f(z) = 2+ Doane 





is regular and univalent in the unit circle, it has been conjectured that | a, | <n 
for alln. This has been proven true for the case where the coefficients are real. 
In the general case, Littlewood has shown that | a, | < en while Landau showed 


that 
kvg 
-— = .. tees 
s(5+z)¢ 


Bieberbach obtained | a2 | < 2 and Léwner followed with | a3 | < 3. 
In this section, we shall suppose that our functions 


an 








lim 


no 


fi) =z2+ Yaz } 


are regular and univalent in the unit circle. In most of the work we shall assume 
that the radius of univalence is equal to the radius of convergence. For if the 





radius of univalence is one and the radius of convergence greater than one, the y 
coefficients a, — 0 with 1/n. V 
TueEorEM 6.01: If I 


fle) = 2+ Dane 
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is univalent in the unit circle and tf its radius of convergence also has the value one, 
then f(z) cannot have a pole on the circle of convergence of multiplicity greater than 
two. If «1 = eis a pole of f(z), the coefficient As of the term (1 — ez)~? of the 
principal part of f(z) satisfies the inequality | A2| <1. For an odd function the 
poles on the unit circle are simple and the residue A, satisfies | A, | < }. 

Proor: Let e** = € be a pole of multiplicity m. Then at the point e‘, f(z) 
has for its principal part an expression of the form 


ue A 

———, An #0, 
>> (1 _ €z)” 
Am = lim (1 — ez)™. f(z). 


But since f(z) is univalent for | z | < 1, we have 


| z | 
If) 1S Gap bi 
. 4 m ~ 
“ |AalS lim |1—-e| ‘@- 2) 


[An| <1,  ifm=2. 
|An| = 0, m>2. 


A similar proof verifies the result quoted in the theorem for an odd function. 
THeorEM 6.02: If 


fi =z2+ Ya, 2 


is univalent in, and meromorphic on, its circle of convergence of radius one, it cannot 
have a pole on this circle of multiplicity greater than two. Moreover, a constant A 
exists so that 
a. if there is a pole of multiplicity two on the circle of convergence, then | a, | S An. 
b. If there is not pole of multiplicity greater than one on the circle of convergence, 
then|a,| SA. 
¢. If the circle of convergence has a radius greater than the radius of univalence (of 
the value one), then lim, | Gn | = 0. 
Proor: Since f(z) is meromorphic on its circle of convergence, we can suppose 
it has p poles at the points e, = e*%,» = 1,2,---, p. 


P (vy) (vr) 
fe) = 2 tc = et e >) + he) 


v=1 





where f,(z) has no singularities in or on |z| = 1. Hence the radius of con- 
vergence R of f,(z) = >°% bz" satisfies the inequality R > 1. Choose p so that 
1<p<R. Then a number M exists independent of k so that 


[bls for all k . 
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Thus 
6, M 
b = —> 
p 
where | @,| $1. Iff(z) = DY axz* the coefficient a; of z* has the value 
£ (k+DAay’~eAl) an 
a= yet <3 : aes 
v=1 €y p 
If there is a pole of multiplicity 2 on | z | = 1, then not all of A’ are zero. If 


there is no pole of multiplicity greater than one, then all of the numbers A$”) = 0, 
In the former case | AS’? | < 1. In the latter case | A§’? | < 3. 


Part cae wF oe see 


k? 
v=1 p 


. |a, | < Ak, for a suitable constant A. If, however, all AY = 0, we have 


- M 
la|s >d AP | +5 
v=1 p 
<?,_M 
SA. 


If the function is an odd univalent function 
F(z) = 2 + bgz? +--+ + Dong 22"ti 4... 


it has been shown by Paley and Littlewood? that | b, | < A, where A is a uni- 
versal constant. We cannot say that |b, | < 1, n > 3, as Fekete and Szegi 
have constructed an example where | b; | = e-? + 3 > 1. We shall prove the 
following theorem: 

THeEorREM 6.03: Let 


F(z) =2+ ,» beng 22°41 
I 


be an odd function regular and univalent in the unit circle. If 
lbs| S |bs| S |br| S--- S | dena| S | dongi| S --- 
then | ben+| < +/2 for all n. 


Proor: Every odd univalent function F(z) can be represented as 


F(z) = { f(z?) }3 =z+ E bong ze"tt 





® See Paley and Littlewood, ‘“‘A proof that an odd schlicht function has bounded coeffi 
cients,’”’ London Math. Soc. Journal No. 7 (1932), pages 167-169. 
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where 
f@ =z+ py Qn2" 
2 
is univalent and regular for |z| < 1. Consequently 


Fe [| tere) | do = ¥ [day ltret < 

for? <r <1. Thus we obtain 
(|bs |? — 1)r + ([bs |? — Dr? + (/b7 |? —)r+.--- <1/(1— 7), 
(| bs |? — 1)r + (| bs |? — | bs |*)r> + (| br |? — [bs |*)r5 + --- <1. 


By hypothesis all the coefficients are non-negative with the exception of the 
first one (| bs |? — 1). Hence the partial sums 


(|bs |? — Lr + (| bs |? — [bs ?)r> +--+ + (| Dongs |? — | dana [*)r2e-? < 1. 
Letting r — 1, we have 
| bons |? —1slor | Don+s | ~ V2. 
THEorEM 6.04: Let 








F(z) = 2 + Do Dongi2+t 
1 


be regular and univalent in the unit circle. Then 





1 eee | 
+ |bs| + | bs Pa + | Ban | < —/(2e) for all n. 


Proor: With the notation of the previous theorem we have 








7 . 2 é r 
bop, [2 724-1 < 10 
Simro sd [ isvenian< 
. i 
sre DY |bxal? S Do | daaltrs < i 
k=1 k=1 S un Oe 
“ 1 
on ie << —————-- 
2 sa < FI — 9p) 





1 
lorp = 1 — 1/(2n — 1) we obtain 
DT | bexa |? < (2n — Le 


. be as < (2 a ry < +/ (2e). 
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We shall now proceed to define some new universal constants for the Class U 
of all functions 


f(z) =z+ Ya 


univalent in the unit circle. 
For a fixed n, let L, denote the least upper bound of | a,/n | for all functions 
f(z) of Class U. Let 
L =limL,, L = lim L,. 
L and L are universal constants for the Class U. Similarly we can define two 
more such constants by taking the limiting processes in the opposite order. For 
a given function f(z) of Class U we determine 














| 
7 —" - 1e 
a tnt an To 
R; lim n ’ Ry —— | 
and define 
R = l.u.b. R; 
Gv 
R = l.u.b R; 
jou 
The example z(1 — z)-? = >? nz” shows that the four constants R, R, L, L are 


all greater or equal to unity. E. Landau introduced the constant L and showed 
that! 


lA 
IA 


isk (F+2)e= 220... 
2 7 


Since for a given f(z), | a,/n | < L, we have 
R, < = L, R; S 4) R = L. 


Obviously R < R, L 


AS 
= | 
> 


lA 
MI 


There remains some doubt as to which is the larger of R and L to complete the 
series of inequalities above. 
We need the following lemma; 
Lemma: If limn. 8n/n = 8, 8, real, and if >>? s,2" is regular in the unit circle, 
then 


lim, (1 aid r)? . pr; &,7r" P Ss. 





10 See E. Landau, ‘‘Uber schlichte Funktionen,”’ Math. Zeit. Bd. 30, 1929, pp. 635-638. 
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ass U Proor: Let s, = ns + ne, 


2 > Sn?" 4 Lnenr® ne,r” 


> nr aie, ng nr” 


oo (1 —r)?. : snr” = s + lim De Men?” a ll 


‘ rere n 
tions . ened Lar 


Given an « > 0 arbitrarily small there is an m so that «, > —eforn > m. If 
A(r) denotes a quantity bounded in the interval 0 < r < 1, we have 


e two lim (1 — r)?. > Snr” > s — lim Sa p> _ 4 in A(r) 


For rl r—l ne nr” ri > nr’ nr” 


THEoREM 6.05: Jf 


=S&-—€é. 


f(z) = 2+ Dae 


is regular and univalent for | z| < 1, then 


lim 


no 
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a, = p De box1 be(n—Ky-41 


< > 3 | bora |2 S2n—1 
n 


n 








, Say. 


Let 


27 ) 
te the M,(r) = - J i f(re#) | dd ba | Den—1 |? pen-l 
2r Jo I 








ino) 
° i M,\(r) 
circle, .. > Son) 72"! = i : 


— 2 


By our Lemma 
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_ tim 1 — pe. AMG) 
rs | l-—r 
= 2 lim (1 — r) M,(r). 
r—1 
lim 4 < lim *- 
no | no MN 
stim CH. [| sree) | aos 23 +4 
i r—1 20 0 ) 2 Tv 
ores, Se tet 
Tv TT 


Coro.iary: If | a,/n | tends to a limit as n tends to infinity, the limit cannot be 


greater than 1 + : ; 
TT 


7. THe UNIVALENCY OF THE PARTIAL Sums OF A Power SERIES 


G. Szegé has shown that the partial sums"! of a function regular and univalent 
in the unit circle are univalent in a circle of radius } about the origin. Von 
Victor Levin then showed” that the constant } could be replaced by a function 
of n for the n* partial sum, namely 1 — 6 log n/n, n 2 17. In this section we 
shall do the same for the partial sums of functions f(z) which have one of the 
following properties: 

a. f(z) is star-like in the unit circle, 

b. f(z) has a positive real part in the unit circle, 

ce. f(z) is convex in the unit circle, 

d. f(z) is typically-real in the unit circle, 

e. f(z) is convex in the direction of the imaginary axis and is real on the real 

axis. 
In each of these five cases we find that the n** partial sum has the corresponding 
property in a radius: 


R, 21 — 2log n/n. 


TueoreM 7.1: If f(z) = 1+ >>? a, 2" is holomorphic and has a positive real 
part in the unit circle, then the partial sum 


fle) = 1 ay eee} he 
has a positive real part in a circle of radius 


R, 21—2logn/n for n 22. 





11 See G. Szegé, ‘Zur Theorie der schlichten Abbildungen,’’ Math. Annalen, Bd. 100, 8. 
188-211. 

12 See Von Victor Levin, ““Bemerkung zu den schlichten Abbildungen des Einheit- 
kreises,’”’ Jahresbericht der Deutschen Math. Vereinigung Bd. 42, 1932, S. 68-70. 
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ProoF: Let 
S(re®) = u(r, 0) + iv(r, 0) 
=1+ > Taz", jzj|=r. 


1—r 


aa 


< u(r) S te and |a,| <2. 


R f(z) = R f(z) —R » An a, 2* 


l—r 2r™ 








_ 
% 


> 








"Ee Pury 
—_ (l—r)? — 2r™"(1 4-1) 
7 l1-r ; 


Letl-r=a/n. Then®f,(z) = 0 provided 


F(a) = (2) = 2(1 i =) (2 is *) >0. 
na> (GJ -200- 30-3) 
reefore a(t) E-D 


Fora = 2 log n, F(2 log n) > Oforn = 2. 
THEOREM 7.2: If 


f(z) = e+ Dawe 


isholomorphic and star-like in the unit circle then the n“ partial sum is star-like in a 


radius R, = 1 — 2log n/n for n > 12, and the constant 2 is the best possible one. 
Proor: Let 


f(z) =frlz) + paz), 2 = re®. 
gp Sal) _ gp 2) 5 gp 21F'@ - onl) — pale) SO) 





fz)  f() $2) - (f(@) — pnlz)} 
Since f(z) is star-like for |z | < 1 we have 
3 zf(z) ,l—r 





f@) ~1l+r° 


f'(z) Pes 
+ 9 ZAnl2) eter [i - | pa(z) | + | pn (2) 
fr(z) at +r | f(z) | ae | pn(2) 
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provided | f(z) | > | p»(z) | for |z| Sr. But 


IIA 


pntl 


4) | — |onl@) | 2 qa — G@aoap ll + ed - 9) 





_ rl =r $n) fl 4 nl — 9} 
= (1 — r?)? 





>0 
provided 
(l—r)? — rl +r)? {1+ n(1 —71r)} >0, 


which will be true for r S 1 — 2 log n/n, n 2 2. 
We have further the inequalities: 














fi@| -1fltr 
fo | Se(ics) lel sr 
ais nina nr}, as |an| <n, 


[n(@)| S$ qa: intl = 1)? — Qn — 1)n $ 2n 41, 


[f@| 27/1 +r), 


; « pa s l-r mo ea Od awn) 


tn(Z) =izr l—r (1 — r)? — r*(1 + r)?(n + 1 — nr) 


provided 
(1 —r)*((1 — r)? — (1 +r)? {1 + n(1 — r)}] — red + 1)3[2(n? + n — 1) 


0 





IV 


(l—r)—n?+n+4+4] 20. 


Let r = 1—a/n. It is then sufficient to prove that 
a\?| /a\’ sad a\? 
(5) L(G) --2-sJa+9)] 
3 
-e~(2-2) | aint +n Nt—mtnga]z0 


or 


ee (2 = Va a e _ Nia +n—1) (nt—n- = > 
Qa a n 


n n n a 





Taking a = 2 log n it is sufficient to prove that 


1 1 1 1\? 
=~ alpa-2) (1 + 2 log n) 


n? log n 
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-( BS. 3) kz +n—-1) n?-n-4 
logn on n — logn 


” R, 21 — 2log n/n for n > 12. 


IV 


0. 
This is true for n > 12. 


That the number 2 in 1 — 2 log n/n cannot be improved upon can be shown as 
follows: 

For any polynomial z + aez* + --- + a,z2" univalent for |z| < R, the last 
coefficient a, satisfies the inequality | a, | < 1/nR*" since this expresses the 
fact that the function has no points inside | z | = R where its derivative vanishes. 


f(@) =21 —2)? = Do na 
isastarfunction. Let 

Sn(z) = 2 + 22274... 4 nz" 
be star-like for |z | < R,. Then by the inequality above, we have 


—2logn : 
ns oer ons Wt PEP 2g, 


. — 
(log? n 
en = O ( ne ) e 


Suppose now that in our theorem the number 2 in 1 — 2 log n/n could be 
replaced by a smaller number a. We should then have for the special star 
function above 


where 





1 — 2logn/n + e, 2 R, = 1 — alogn/n 
a 22 — 56, where 6, = O(log n/n). 


letting n + ©, we obtain a = 2. Hence a = 2 is the best result. We also 
see that the star radius of >> %_, ke* differs from 1 — 2 log n/n at most by a quan- 


tity of the order 
2 
O (= ") 
n 


fj@ =z2+4+ } Anz” 





THEoreM 7.3: If 


is holomorphic and convex in the unit circle, then the nt» partial sum is convex in a 
radius R, = 1 — 2log n/n for n > 12, and the number 2 is the best possible one. 


. The proof is immediate if we use the fact that zf’(z) is star-like whenever f(z) 
i$ convex, 


TaroreM 7.4: If 
f(z) =2+ Doane", 
2 





dh 
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a, real, is typically-real in the unit circle, then the partial sum is typically-real 
in a radius 


R, =1— 2log n/n for n > 12. 
Proor: W. Rogosinski has shown" that if 


Qe) 2+ Dee a oe 





is typically-real for all @ and for | z | < R, then so is 


f(z) =z2+ > Ann” 
provided f(z) = z + >>? anz" is also. In particular if 4, = 1 for2 <k < n, 
\; = Ofork > n, then 


Qhole) = 2 + Sat 
= nth partial sum of z(1 — 2z cos @ 4+ 2?)-', 
a star function. Thus Q,,¢(z) is star-like, and a fortiori typically-real for 
|z| $1 —2logn/nforn > 12. 


Therefore 


frlz) = filz) = 2+ >» az 
is typically-real for 
|z| $1 — 2log n/nforn > 12. 
THEOREM 7.5: If 


i] 


f(z) =2+)) anz*, 


a, real, is regular and convex in the direction of the imaginary axis, then its n* 
partial sum is also convex in the direction of the imaginary axis for 
|2| $1 —2logn/nforn > 12. 
The proof is immediate as zf’(z) is typically-real. 
The author wishes to express thanks to the Royal Society of Canada for finan- 
cial assistance rendered during the period of the preparation of this paper. 


PRINCETON UNIVERSITY. 





13 See W. Rogosinski, ‘‘Uber positive harmonische os ieeatinacidl Math. Zeit. Bd.35, 
S. 119. 
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POLYHEDRAL APPROXIMATIONS TO REGULAR LOCI 


By Stewart S. Cairns 
(Received August 15, 1935) 


The result established in the present paper may be roughly stated as follows: 

In Euclidean n-space, a locus made up of continuously differentiable r-manifolds 
has inscribed polyhedra which approximate it uniformly with respect to both dis- 
tances and direction cosines.2 The r-dimensional volumes of the polyhedra approxi- 
mate to that of the given locus. 

We thus obtain a direct generalization for the usual definition and formulation 
of arc length along a curve. Serret® attempted such a generalization for a 
differentiable surface, S, in 3-space, bounded by a differentiable curve, C. He 
defined the area of S as the limiting value of the areas of a sequence of inscribed 
polyhedra with triangular faces when the diameters of the separate faces ap- 
proach zero, the polyhedra being bounded by polygons which converge to C. 
Schwarz‘ showed, with an example, that, for any curved surface S, a sequence of 
polyhedra can be constructed satisfying Serret’s requirements and such that 
the areas of the polyhedra increase without limit. More recent works® use, 
instead of inscribed polyhedra, pieces of tangent planes which, by some parallel 
projection, are carried into the 2-cells of a triangulation of S. These pieces of 
tangent planes do not, in general, fit together to form a polyhedral surface. 

In Serret’s definition, it is possible to require, for some 3 > 0, that all the 
angles of every inscribed triangle exceed 3. The definition then becomes satis- 
factory and generalizes directly, as we shall show, to the case of an r-manifold 
in n-space. 

The work of the present paper is based on one of the writer’s triangulation 
theorems.® 


1, The case of a completely regular closed manifold. Let (y) = (y1, --- , Yn) 
be rectangular cartesian coérdinates in euclidean n-space. An m-cell om 





‘Presented in part to the American Mathematical Society, December 29, 1932, under 
the title “Polyhedral approximations to regular topological manifolds.”’ 

*See S. S. Cairns, “The direction cosines of a p-space in euclidean n-space,” American 
Mathematical Monthly 39, 1932, pp. 518-523. 

*J. A. Serret, Cours de calcul différentiel et intégral, 1867-8, p. 296. 

*H. A. Schwarz, Gesammelte Mathematische Abhandlugen, vol. 2, pp. 309-311. 

* For example E. Goursat, Cours d’analyse mathématique, vol. 1, 1902, p. 306; Ch.-J. de 
ls Vallée-Poussin, Cours d’analyse infinitésimale, vol. 1, 1923, p. 362: and R. Courant, 
Vorlesungen wiber Differential- und Integralrechnung, vol. 2, 1929, p. 203. 

*“On the triangulation of regular loci,’”’ these Annals, vol. 35, 1934, pp. 579-587. We 
refer to this paper hereafter as Triangulation. 
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(m = 1,---,n) will be called regular if it can be represented by a homeo- 
morphism 
(1.1) yi = filua, --- , Um) (¢ = 1, --.,n) 


with an m-cell in an auxiliary m-space, where the f’s are of class’? C’ and the 


matrix *) is of rank m for every point on om. Let 4;,... i, denote the determi- 
Uj 


af: | 








nant | — | (i =a, ---,%m3j = 1, --- , m), where the 7’s are a subset of (1, --- , n) 
Uj 
arranged in order of increasing magnitude. 
(A) Let 


(1.2) A= (> 8....,)'. 


The ratios (5;,... im/A) will be called direction cosines on om. IPf tm is the tangent 
m-plane to om at any point P, then? (6;,... im/A), figured at P, is, numerically, the 
inverse ratio of an m-dimensional volume on tm to its projection onto the coérdinate 
plane of (Yi +++ Yim). The signs of the direction cosines depend on the orienta- 
tion of om. 

(B) Let (c) be an r-dimensional complex made up of regular cells. A complex 
P, whose cells are simplexes will be called an ¢e-approximation to (c) if there 
exists a homeomorphism K between (c) and P, with the following properties, 
where om and 8 are an arbitrary pair of corresponding m-cells (m = 1, --- ,r) 
of (c) and P, respectively: (1) every tangent m-plane to o,, has direction cosines 
differing by less than ¢ from the corresponding direction cosines of s,, and (2) 
the distance between any two corresponding points of o» and sm is less than 
€8,, where s; is the shortest edge of sm. 

APPROXIMATION THEOREM. Let M,, in euclidean n-space, be a compact con- 
nected set® of points, each of which has a regular r-cell for one of its neighborhoods 
on M,. Then, for any « > 0, there exists an eapproximation® to M,. More 
specifically, M, can be so triangulated into regular cells (o) that (1) the vertices of 
each m-cell of (a) determine a non-degenerate m-simplex, (2) there exists a home- 
omorphism, K, between P, and (c), satisfying the requirements of (B) above, where 
corresponding m-cells have identical vertices. 

In §§2~4, we establish and extend this theorem. 


2. The triangulation (c). (A) Using §1(A) and the definition of M,, we can 
define direction cosines locally on M,. If M, is orientable, these direction cosines 
can be defined so as to be continuous on M,. In any case, their numerical values" 





’ That is, continuous together with all first partial derivatives. 

§ In the terminology of Triangulation, M, is a completely regular unbounded r-manifold. 

* By an e-approzimation to a point set, we mean an e-approximation to some triangula- 
tion thereof. 

10 To simplify the notation, we arrange the N = (”) sets (i;, «++ , t) in an arbitrary, 
but fixed, order and number them correspondingly (1, --- , N) 
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(y) = (y', --+ 7") are continuous on M,. The codrdinate r-plane corresponding 
to y' will sometimes be referred to as the y‘-plane. 
(B) Let n be a constant subject to the inequality 


1 
(2.1) 0<93< —— 


4VN- 
Let 5 > 0 be so small that none of the y’s varies by more than n on M, inside any 
sphere of radius 6. 

Let M, be covered by a finite set (a) = (a!, --- , a”) of regular r-cells, each 
of diameter less than 6, where, for each a‘, there exists a value" j of the set 
(1,---,N) such that (1) a* projects in one-to-one fashion onto a simplex a‘ 
on the y-plane and (2) at some point P on ai 


(2.2) yi =1/VN. 


This second restriction is possible because of the identity Z(y‘)? = 1. We will 
denote with H* the homeomorphism in which each point of a‘ corresponds to its 
projection on a‘. Occasionally, we will refer to the y/-plane of conditions (1) 
and (2) as the H‘-plane. 

(C) Let the a’s and H’s just defined play the réle of the a’s and H’s in Triangula- 
tion (§3) in constructing a subdivision (c) of M,. This subdivision can be made 
arbitrarily fine (Triangulation, §7). 


(D) For purposes of reference we note that the H‘-plane (i = 1, ---, v) is 
identical with the y’-plane where, at some point of a‘, 


(2.3) y 21/VN, 


and where, at all points of a‘, 


1 
ve Se 


(2.4) ivK 


. 1 
Y = — 
VN 


3. The correspondence K for an H,,'""''?-cell. The following description 
of an H,,'"" ‘?-cell is based on the definitions in §5 of Triangulation. The complex 
(c) is made up of Hi)" *?-cells. 


(A) An Hj-cell (¢ = 1, ----, v) is a 1-cell on a‘ whose projection on the 
H‘-plane is a line-segment. An Hi!""'‘?-cell, om, (41; cee, tp) C (1, +--+, »), 
(m= 2, --- , r), is an m-cell on a’? and consists of the Hj?-cells joining a vertex, 


P*, of om to the opposite bounding (m — 1)-cell, om—1. The cell om is either an 
Hy; '?--cell or an Hi*:;'*?-cell. 

(B) For some 38 > 0 we can (see Triangulation, §7) and will require that the 
vertices of any H}**’’‘»-cell of (a) correspond under Hé (i = ti, --- , tp) to a d-set.Y 

" If there are two or more such values, let j be arbitrarily selected from them. 

"A d-set is a set of (r + 1) points which determine an r-simplex with the property that 


every angle between an (r — 1)-dimensional face and an edge incident with the opposite 
vertex exceeds 0. 








ue 


ear ae. 8 
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Then the vertices of any m-cell, om, of (a) determine a non-degenerate m-simplex 
Sm. We will choose 3 so small that an arbitrary upper bound can be imposed on the 
diameters of the cells («) independently of 3. 

(C) We now define a homeomorphism, K(cm), between om and s,, [see (B) 
above]. In the case m = 1, we have an Hj-cell, o;, and a 1-simplex, s,, where 
o; and s; have the same projection on the H’-plane. Two points, on o, and s, 
respectively, will be said to correspond under K(o;) if their projections on the 
Hi-plane coincide. Now, suppose K(om-1) defined. In terms of (A) above, 
any point, P, on o» is on the Hj-cell, o1, joining P® to a point Q on om. Let 
Q’ be the image of Q under K(om 1) and let P* be the image of P under K(c}). 
Then P’ will be defined as the image of P under K(c,,) if P’ and P* divide 
P°Q’ and P°Q, respectively, in the same ratio. 








P 

(D) For 8 fixed, there exists a positive angle 3’ and a positive distance p, such 
that any set of (r + 1) points on ai of diameter less than p will be a 8’-set if its 
projection on the H'-plane is a d-set. 

The establishment of this result depends on §2(D) and the fact that the 
variation of the y’s inside a sphere of radius p can be arbitrarily restricted by 
making p sufficiently small. 

(E) If the triangulation (c) is sufficiently fine, then, for some 3’ bounded away 
from zero, the vertices of every r-cell of (c) will be a 8’-set. 

In Triangulation, §§5-7, (c) is so constructed that any H‘'***‘?-cell, o;, of (0) 
is on a (7 = t,---+,%,). By the requirement (B) above, the vertices of o, 
project into a J-set on the H’-plane. Our present result now follows from result 


(D). 


4. Establishment of the approximation theorem for M,. The case of a 
regular r-locus. 

Lemma 1. Let (P) = (P°,--., Pr) be a d-set, and let (I, l’) be two line- 
segments each joining one of the points (P) to a simplex determined by a subset of 
the remaining points (P). Then 


(4.1) lsin? ? Sl’ S lese? d. 
Proor. Suppose P° is an end-point of l. By definition of 3-set 
(4.2) Lshescd 
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where h is the altitude from P® to the (r — 1)-simplex (P'! --- P’). In case P® 
is an end-point of U’ also, we have h Sl’ and therefore 


(4.3) L<l’escdvorl’ 2lsin’ 


and, since (J, l’) are interchangeable, we obtain inequality (4.1), strengthened 
by the omission of the exponents. If P® is not an end-point of l’, suppose P" is. 
We then have 1 S$ P°P! ese # as in (4.3) and similarly P°P' < I’ ese 38. Hence 


(4.4) Lsles? 3 or I’ S Llese?d, 


and inequality (4.1) follows from the interchangeability of | and 1’. 

Lemma 2. For any e > 0,6 > 0 can be chosen so smali that if each of the cells 
(a) [ef §2] is of diameter less than 6, then K(om) (§3) satisfies parts (1) and (2) of 
§1(B) for any pair of corresponding cells (om, 8m). 

Proor. Our proof will be inductive. The case m = 1 presents no difficulties. 
We assume the lemma for the value (m — 1). Then, using the notation of 
§3 (C), we can impose the requirement 


(4.5) QQ’ < €s; 


where e’ is an arbitrary positive quantity and s; is the shortest edge of the 
(m — 1)-simplex, s,-1, determined by the vertices of om1. But then (see 
figure in §3) 


(4.6) Py < ét. 

By the present lemma for m = 1, we can require that 
(4.7) PP* < PQ. 

Hence, since 

(4.8) PQ < P°Q’ + QQ’ < PQ’ + €s; 


we find, provided we choose ¢’ < 1, 
(4.9) PP’ < PP* + P'P* < ¢' (PQ + 81) < € (28; + PQ’). 


Now, by §3(E), we can require, for some #’ bounded away from zero, that the 
vertices of om be part of a #’-set. Hence, by our lemma, 


, 
8; < 8, esc? 3’ 
P°Q’ < s, esc? 3’ 


where s; is the shortest edge of sm. We now impose on ¢’ the restriction 


(4.10) 


(4.11) e’ < jesin’ 0’. 
Then, by inequalities (4.9)-(4.11). 
(4.12) PP’ < «81. 


The correspondence K thus satisfies part (2) of §1(B). 





fi 
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Continuing with the notation of §3(C), we note that, as Q ranges over o,._;, 
the line-segment P°Q sweeps out a regular m-cell, o,. Let (Tm) Tm-1) denote 
the tangent planes to (¢,,, om-1) at (P*, Q) [see figure in §3] respectively. The 
m-planes (rm, 8m) are determined by the respective (m — 1)-planes (7,,_;, Sus) 
and the lines (P°Q, P°Q’). By inductive hypothesis, tm; and s_; are cor- 
responding (m — 1)-planes under a homeomorphism satisfying §1(B) for ¢ 
arbitrarily small. Hence it is easily shown, using the fact that the vertices of 
Sm are part of a #’-set, that the direction cosines of 7, and s,, can be made to 
differ by less than 4. The proof of our theorem will be complete when we show 
that we can also make the direction cosines of 7,, differ by less than 4¢ from those 
of the tangent m-plane, tn, to om at P. In the special case where P is at Q on 
Om—1, (tm, Tm) are determined by 7m; and the following lines, respectively: the 
tangent line to o; at Q and the line P°Q. These are a pair of corresponding 
lines under K(o;), which, by the lemma for m = 1, can be made to satisfy 
§1(B) for any «’ > 0. Hence we can make the direction cosines of +, and t, 
at Q differ by less than }e. It now remains to show that we can make the varia- 
tion in the direction cosines of tm ON om less than te. Now t» is the intersection 
of the tangent r-plane to M, at P with the (n — r + m)-plane, II,_,+m, deter- 
mined by 7,, and a normal (n — r)-plane to the H‘?-plane. Hence the direction 
cosines of t,, depend continuously on the ’s and the direction cosines of In, 
The direction cosines of ITn_-:m in turn depend continuously on those of rm. 
Now, as we have seen, the variation in the direction cosines of 7m, as well as in 
the y’s, can be arbitrarily restricted. Accordingly, the variation in the direction 
cosines of t,, can be arbitrarily restricted, and our result is completely established. 

The approximation theorem in §1 is a direct consequence of Lemma 2 above. 

With the aid of a triangulation theorem, we have obtained an approximation 
theorem for a completely regular unbounded r-manifold. We can similarly 
use the triangulation theorem® for the general regular r-locus, L,, to obtain a 
polyhedral approximation theorem for this case. L, is made up of completely 
regular bounded r-manifolds [see Triangulation §2] whose boundaries may have 
corners and edges of various dimensions. In the case of a surface in 3-space, 
there may be cusps on the boundary of the surface, so that we could no longer 
require, for # > 0, that the vertices of every triangle of the approximating 
polyhedra be a d-set. We can, however, state the following approximation 
theorem as a ready consequence of the above work. 

TueorEM. Let (c) be a triangulation® of a regular r-locus, L,, and let P, be 
the r-complex made up of the m-simplexes (m = 0, --- , 17) determined by the 
vertices of the m-cells of (c). By restrictions on (a), the requirements of the approi- 
mation theorem in §1 can be fulfilled for every completely regular r-manifold of L, 
excez-t on an arbitrarily small preassigned neighborhood of its boundary. 


5. The volume integral. , 
THEeoREM. Let II, be the r-dimensional volume of P, [§1, Approximation 
Theorem]. Then the value 
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(5.1) v(M,) = lim Il, 
erists and agrees with the usual integral for the volume of M,. 

Proor. Let M} be asubregion of M, which, for any « > 0, can be triangulated 
into Hi-cells (o’) ‘satisfying the approximation theorem as far as M! is con- 
cerned. Let (AU!,---,AU*) be the r-simplexes determined by the vertices 
of the various r-cells of (o’) [ef §1, Approximation Theorem]. We then have 


(5.2) v(M;) = lim m AU’. 


e—-0 k= 
uae 


Let y'(P*) (k = 1, «++ , u) be the value of +’ at a vertex, P*, of AU*, where 7 and 


j correspond as in §2(D). If yi (P*) + &(P*) is the direction cosine (numerical 
value) of the r-simplex AU*, with respect to the H ‘-plane, then 


™ inter © » ere ae 4” 


oe rea 





where AV* is the projection of AU*. By the approximation theorem, 


tim SY AVE _ | av 
woe fy PUP") yy’ 
where V is the projection of M; on the H‘-plane. Any r-cell, o,, of (c) either 


satisfies the restrictions above on M/; or else can be approximated by a region 
satisfying those restrictions. Hence, in the notation of §1(A), read for m = r, 


(5.5) v(o) = rf A- du, --+ du, 
by 


(5.4) v(M;) = 


where b, is the domain in (u)-space of the defining homeomorphism (1.1) of ¢;. 
The sum of a set of such integrals, one for each r-cell of (c), defines v(M,) in 
accordance with the above theorem. 

Using the theorem in §4, one can readily verify the present theorem with an 
arbitrary regular r-locus in place of M,. 


LenicH UNIVERSITY. 
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THE REPRESENTATION OF CONFORMAL SPACE ON A QUADRIC 
By H. S. M. Coxeter 
(Received September 1, 1934) 


The manner in which projeetive space can be derived from Euclidean by 
adjoining a hyperplane at infinity is familiar. Bdcher' has shown that con- 
formal space (i.e. ‘the space of the geometry of inversion’’)* can be derived by 
adjoining instead a cone at infinity. In the two-dimensional case, the cone is 
merely a pair of intersecting lines, and Bécher remarks that the complete space 
is perfectly representable on an ordinary quadric surface. In this representa- 
tion, generators of the quadric correspond to lines, and so do conic sections by 
planes through a definite point O of the quadric; the generators through 0 give 
the two lines at infinity. The object of the present paper is to work out the 
analogous representation of the conformal spaces of three and four dimensions 
on the quadric hypersurfaces in projective space of four and five dimensions, 
the cone at infinity corresponding in each case to the tangent section at a 
special point O of the hypersurface. 

When we have established this correspondence between conformal geometry 
and the geometry of a quadric, we find that each may be a help to our under- 
standing of the other. 

It is our habitual use of Cartesian coordinates that makes us regard a hyper- 
plane as the natural element with which to augment Euclidean space. If 
instead we use the coordinates that for n = 2 and 3 are called tetracyclic* and 
pentaspherical,* we are as unequivocally led to the ideal cone. 

The notion of undertaking this work, and the principal facts about conformal 
space, were given to me by Professor O. Veblen, to whom I would express my 
gratitude. 


I. INTRODUCTION 


In affine space, we can draw through any point a unique line parallel to any 
given line, but angle and distance are not defined. However, distances along 





1M. Bécher, ‘The infinite regions of various geometries,’ Bull. Amer. Math. Soc., 
20 (1914), 185-200. 

2 F. Morley, Inversive Geometry (London, 1933). 

3 J. L. Coolidge, The Circle and the Sphere (Oxford, 1916), 189. Veblen and Young, 
Projective Geometry, 2 (Boston, 1918), 253. 

4G. Darboux, ‘‘Sur les relations entre les groupes de points, de cercles et de sphéres,” 
Annales sci. del’ Ecole Norm. Sup. (2), 1 (1872), 390. Also Principes de géométrie analytique 
(Paris, 1917), Livre V. 

S. L. van Oss, “On pentaspheric geometry,’ K. Akad. van Wet. te Amsterdam, Proc. 
sect. of sci., 12 (1910), 19-25. 

Coolidge, op. cit., 283. 
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one line (or in parallel lines) can be compared by means of constructions de- 
pending on the theorem that the diagonals of a parallelogram bisect each other. 
Also quadrics can be defined, as in projective space. 

Complex Euclidean n-space can be derived from complex affine n-space by 
specializing a quadric cone. The generators of this cone, and all lines parallel 
to these, are called isotropic lines. Thus every point is the vertex of a cone 
generated by isotropic lines. This cone is called the isotropic cone at the 
point. Any quadric whose asymptotic cone is isotropic is by definition a sphere. 
This enables us to compare distances in non-parallel lines, and so to build up 
the ordinary Euclidean geometry. 

When Euclidean space is converted into projective space P, by adding, as 
ideal element, a “hyperplane at infinity,’’ every isotropic cone joins its own 
vertex to a special quadric, called the absolute, situated in that hyperplane. 
But this is by no means the only useful way of amplifying Euclidean space. 
When we adjoin an ideal cone (instead of the hyperplane at infinity), we obtain 
the space of the geometry of inversion, or, briefly, conformal space, C,. We 
call the new cone the cone at infinity, its vertex O the double point at infinity, 
and any other point of it a general point at infinity. 

In unmetricized affine space, all lines are of one type, and the “hyperplane at 
infinity” can be introduced by defining a point at infinity as the totality of 
lines that have a certain direction. In Euclidean space we have to distinguish 
between isotropic lines and ordinary lines, and the ‘“‘cone at infinity’? can be 
introduced by defining the double point at infinity as the totality of ordinary 
lines, and the general point at infinity as a certain bundle of parallel isotropic 
lines. 

A hyperplane is said to be isotropic’ if it touches an isotropic cone. Every 
point of such a hyperplane is equally the vertex of an isotropic cone that touches 
the hyperplane, and the generator of contact is called a special isotropic line 
of the hyperplane. The isotropic hyperplane contains *~ special isotropic 
lines, and it is these lines that constitute (or ‘‘pass through’’) the general point 
at infinity of C,. We can also say that they generate the ‘isotropic cone at”’ 
the general point at infinity. Thus every point of C, has a uniquely defined 
isotropic cone. (In this respect conformal space excels projective). 

These statements can be justified by examining the consistency of their 
consequences, but we shall find it easier to derive the conformal space C, from 
the more familiar projective space Pn41. 


2. THE QuaADRIC 


By projecting a quadric hypersurface in P,,,: from a point 0 of itself on toa P,, 
we establish a (1,1) correspondence between those points of the quadric which 
do not lie in the tangent hyperplane at O and those points of the P, which do 


not lie in a certain P,_;. Thus we obtain a geometry abstractly identical with 
NS 


‘E. H. Neville, Prolegomena to Analytical Geometry (Cambridge, 1922), 205, 224. 
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that of complex Euclidean n-space if we define an r-dimensional subspace as the 
section of the quadric by a P,+: through O, disregarding any part of the section 
that lies in the tangent hyperplane at O. E.g., the general line of the Euclidean 
space is a conic through O. If exceptionally the conic degenerates into two 
lines, one of these passes through O and so does not count, while the other is g 
special kind of line in the Euclidean space, namely an isotropic line. Thus the 
isotropic cones in the Euclidean space are the tangent sections of the quadric 
(other than that at O). 

We obtain conformal n-space by admitting the remaining points of the quadric, 
namely the special point O and its isotropic cone. (0 is the point at infinity 
in every non-isotropic line. Two coplanar lines generally meet at a “proper” 
point as well as at O, but if they are parallel they touch at O instead). 

We shall employ the following notation. ; 

















Symbol Meaning on the quadric in Pris: Meaning in C, 
Po Point® Proper point 
Ci Conic through O General line 
I, or P, Line® Isotropic line 
C, The section by a general General subspace 
(lsrsn-—1) (r + 1)-space through O 
< i (an) r-space® Projective subspace 
I Point-cone, the section by a " 
Aeree~B tangent (r + 1)-space Isotropic subspace 
through O 
Cos The section by a general hy- General hyperplane 
perplane through O 8) 
| = Tangent section through (but | Isotropic hyperplane ir 
not at) O te 
Just as the geometry of conformal space can be identified with that of a 0 
quadric having one point specialized, so also the geometry of isotropic space C 
can be identified with that of a cone having one point (other than the vertex) t 
specialized. Let Q denote the vertex of the cone, and O the special point. We a 
use the symbol P; for a projective subspace that passes through Q. 
In order to make a detailed study of all these spaces, we should have to dis- ' 


tinguish the cases 


n odd, 3n odd, 3n even. 


As this would be too laborious, we shall be content to consider C., and its 
subspaces C3, C2, I3, Is. 





6 Not lying in the tangent hyperplane at O. 
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Symbol Meaning on the cone in Pr, Meaning in I, 
Po Point® Proper point 
C; Conic through O General line 
P,(n > 2) Line® (not through Q) General isotropic line 
I, or P; Generator® Special isotropic line 
C, The section by a general General subspace 
(igrsn-1) (r + 1)-space through O 
Pr 7 r-space® (not through Q) |General projective subspace 
(0 £r°rs —- ) 
s “es 
P; ; 
f - r-space® through Q Special projective subspace 
448102 ) 
srsi7_ 
i, The section by a general Isotropic subspace 
(l<rsn-—1) (r + 1)-space through 
OQ 
C.~1 The section by a general General hyperplane 
hyperplane through O 
ee. (n — 1)-space (through Q)| Projective hyperplane 
(n = 2 or 3) 
Dont The section by a general Isotropic hyperplane 
hyperplane through OQ 











3. Two, THREE AND Four DIMENSIONS 


Since the quadric in Ps has two systems of * generating planes, C, has two 
systems of % projective planes Pz, Two P2’s of the same system always meet 
in a point; two P2’s of opposite systems do not meet at all unless they happen 
to lie in one I3, in which case they meet in an isotropic line ;. (This J; is a 
“special” isotropic line of J;.) ‘Through any point Py of C, there pass 'P.’s 
of each system; these join Py to the generators of any quadric surface that is a 
C;section of the isotropic cone at Po. Similarly at infinity there are two sys- 
tems of «©! planes through O; the lines of any one of these planes are the lines 
at infinity in «©? “parallel” P.’s belonging to the opposite system. 

Consider once more the quadric hypersurface in Ps. The tangent sections 
at 0 and at the general point P) meet in an ordinary quadric surface. Let Q, 
M, N be three points of this quadric surface, so arranged that QM and QN 
are the generators through Q. Then all the lines 


OQ, OM, ON, P.Q, PoM, PoN, QM, QN 


lie on the quadric hypersurface (but MN, OP» do not). 
In C;, Py is a proper point, while O, Q, M, N are all at infinity; PoQM, PoQN 


‘Ahinhitipaeek  ae 
*Not lying in the tangent hyperplane at 0. 
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are P2’s of opposite systems, meeting in the J, PoQ and lying in the J; P,QMN 
(which corresponds to the tangent section at Q of the quadric hypersurface), 
In the I3, PoQ is an I1; PoM, PoN are Pi’s; PoQM, P.QN are P’s, and P,MN 
isa Cz. In this C2, PoM and PoN are the isotropic lines through Py. In (, 
the general hyperplane through PoMN is a C3; and in J;, the general plane 
through P,Q is an Iz. (The P,’s of I; can be pictured as two perpendicular 
systems of parallel vertical planes in ordinary space. Other vertical planes 
are J,’s, and all vertical lines are [,’s.) 


oO 





G 


The following tables indicate the incidences of the various subspaces, in the 
manner commonly employed for configurations.’ The principal diagonal of 
each matrix gives the total numbers of subspaces. (E.g., 2 ©! means “two 
singly-infinite systems.’’) Each row gives, for a particular subspace, first the 
numbers of lower subspaces that it contains, and then the numbers of higher 
subspaces that pass through it. 

















Conformal ; , P Proper Lines at | , 
plone Points at infinity oelete infinite Proper lines 
C: 0 M, N Py OM, ON mane a 9 
O 1 2 002 
M,N 2001 1 1 
Po 00 2 2 oo! 
OM, ON 1 oo! 2 
I 1 1 [o.@) 1 2 fo @) 1 
C; 1 ol a? 

















7 Veblen and Young, Projective Geometry, 1 (Boston, 1910), 38. The rule 
AijAiy = Aji 4;; 
holds, except that a superfluous factor 2 may arise in considering the C.’s of Cs or Ci. 


E.g., the two systems of ~! J,’s of C, all belong to the one system of «# J,’s of C; (and to 
the one system of «° J,’s of C,). 
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a Proper Line at | 
tropic . . : aad ; 
ye Points at infinity | pars infinity | Proper lines 
= O Q Py 0Qs — C; 
’ (=P.Q) 
0 1 i ail 
4 1 : 
Py | 2 1 oot 
0Q 1 1 1 
IL | 1 al - 
C; | 1 oo! a0? 
| 
Conformal Points at infinity rp mid cimes wat Proper lines Planes 
space points | infinity 
I 
Cs 0 | M Po OM | (~P,M) | Ci I C2 
0 1 | oo 4 2 2 20 8 
M 00? 1 «! 1 - 
P, oo 3 ol oo 2 «ol 2 
OM 1 oot 20} o! adi 
I; 1 col 00 8 1 20} 
C, 1 oo 1 co 4 1 co 
I, 1 1 02 1 ao! a? 20? 
C, 1 2 w! oo 2 2 2 aw! oe 20 3 

















(Tables for the isotropic space and the conformal hyperspace on pp. 422-423) 


Tue ALGEBRAIC ASPECT 


When coordinates are employed in Euclidean space, the isotropic cone at the 
origin is usually taken to be 2 x? = 0. The isotropic cone at the point 


(41, @2, +++ , x) is then >> (x — a)? = 0, and the locus 


L@-ar=r, 
or (in a slightly different notation) 


M% Lei +2 Di aia; + oss = 0, 


is called a sphere. Since 
, a;/a = —a; 
and 


On41/% = >» a? — 7’, 


a Le 


* Other points on OQ lie on no proper lines, but on “circles.’ 
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we have 
2 
P= dai /ay — On41/ae- 
1 
Hence the condition for the sphere to degenerate into an isotropic cone is 


n 
. & 2 

a; = Ay An+1 - 
1 


The vertex of the cone is determined by the n + 2 a’s, which can be regarded 
as homogeneous coordinates satisfying this quadratic relation. In Cartesian 
coordinates, this point is (ai, ---, Gn). Let (&, &, --+, &n, En4i) be the 
a-coordinates for (a1, --+ , tn). 

In order to obtain the equation of the general isotropic cone in terms of the 
new coordinates, we substitute 


xr; = —&;/bo, a; = —a;/ay 


in >> (x — a)? = 0, obtaining 


n 
Dd (ak — ako)? = 0 
1 
n 2 n 
e 2 
or, since >, &7 = £41 and >) a; = anansy, 
1 1 


2 2. aii = cons + Any ho. 
1 


By. interpreting the new coordinates as ordinary homogeneous coordinates 
in Pry1, we obtain a representation of Euclidean space on the quadric 


> tf = fotnt- 


On comparing the last two equations, we see that the isotropic cone is repre- 
sented on the quadric by the general tangent section (which is itself a cone). 
Similarly, a sphere is represented by the section of the quadric by a general 
hyperplane of P,41. 

The only case in which the é’s do not correspond to finite x’s is when 


& = 0. 


This is the equation of the tangent hyperplane at the point (0, --- , 0, 1) of the 
quadric. Thus those points of the quadric which have no counterparts in the 
Euclidean space belong to a particular tangent section, i.e., to a cone. This 
can be identified with the cone at infinity of C,. Thus the general point at 
infinity has coordinates 


(0, Aiyrrsy Qn+1); 
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where )) a} = 0, and we may suppose an41 = 1. (0, --- 0, 1) is the “double 
1 


point” 0. 
Since the general hyperplane 


of the Euclidean or conformal n-space corresponds to the hyperplane 


c& + 2 bik = 0 


(not involving &,4:) of the projective (n + 1)-space, we see again that all the 
hyperplanes of C, arise as sections of the quadric by hyperplanes through 0. 

Let us now verify that the isotropic hyperplanes can properly be regarded 
as isotropic cones whose vertices are at infinity. In the écoordinates, the iso- 
tropic cone at (0, a1, +++ , @n41) is 

20 aki = ansito- 
1 

In the z-coordinates, this becomes 


n 
1 
) » GL = —FAnqi- 
1 


This is an isotropic hyperplane, since it is parallel to 
>» ax; = 0 ’ 
1 
which touches the isotropic cone >> 2; = 0 in virtue of the relation 
1 


ost we. 
1 


We have so far assumed the isotropic cones to be non-degenerate. Removing 
this restriction, let the isotropic cone at the origin be 


n—k 
; x = 0. 
1 
; n—k 
Identifying }* (2; — a;)? = 0 with 
1 


n—k n—k 
2 
ay >, 2? +20 ati + angi = 0, 
I I 
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we have 
a;/a = —A; (i = 1,2,--- nh), 
n—k 
2 
Ons1/A = > ai, 
1 
and 


n—k 
2 
A; = A Ani1- 
1 


If, as before, we represent the n-dimensional space on a certain locus in 
Pasi by means of the formulae 


Ei/f = —2; (¢ = 1,2,---,n), 


the locus is the (k times degenerate) quadric 
n—k . 
DoE = kobnis- 


By adjoining the ideal isotropic cone & = 0 to the n-dimensional space, we 
obtain ‘‘k times degenerate”’ conformal space. (For “isotropic” space, k = 1.) 
Most of our general remarks about conformal space continue to hold; but the 
point O has to be amplified into a k-space (“‘the double k-space at infinity”), 
which contains a very special (k — 1)-space, viz. the vertex of the cone 


TRINITY COLLEGE, CAMBRIDGE. 
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SUR UN PROBLEME DE M. PAUL ALEXANDROFF 


Par N. VEDENISOFF 


(Received March 22, 1935) 


Je me propose de construire dans cette note un espace de Hausdorff R,, (n 
un entier queleonque = 1) possédant les propriétés suivantes: 

1) R, est bicompact;' 

2) il vérifie le premier axiome de dénombrabilité de Hausdorff; 

3) il est dimensionellement homogéne (dim, R, = n pour tout xe R,); 
4) il est connexe; 

5) il est localement connexe par rapport 4 tout 7 < n;? 

6) il n’est pas métrisable. 

La question de l’existence d’un tel espace a été posée par M. Alexandroff 
dans son mémoire récent: ‘On local properties of closed sets” (Annals of Mathe- 
matics, v. 36 (1935), pp. 1-35). 

Considérons une n-sphére euclidienne S". Prenons sur S" une sphére S! 
(un cercle ordinaire). A tout point z ¢ S' faisons correspondre une n-sphére S®, 
ou les sphéres S?, S” sont mutuellement exclusives. Sur chaque S* choisissons 
un point y et identifions celui-ci avec le point x. Le point obtenu par cette 
identification sera désigné par (x, y) et appelé point double; tous les autres 
points de S" et des S? sont appelés points simples. L’espace R,, est composé 
de tous les points (doubles et simples) de S” et des S?. 

Par définition, un voisinage d’un point simple z(z eS? ou z¢S") est l’ensemble 
W. des points we S” (respectivement w«S”) tels que la distance p(z, w) soit infé- 
rieure 4 un nombre rationnel positif r; autrement dit c’est un voisinage sphérique 
de l’espace S® (respectivement S") dans le sens usuel du mot. Quant aux points 
doubles (x, y), leurs voisinages W?.,,) sont définis comme il suit: prenons sur S' 
une suite d’ares ouverts L?(p = 1, 2, --- ) contenants le point x et dont les 
extrémités convergent vers x; soit de plus W?(p = 1, 2,---) une suite de 
Voisinages dans S” tels que y¢ W”, St — y = pH W”; choisissons ensuite une 
suite W? (p = 1, 2, --- ) de voisinages dans S” de sorte que [7 W?2 = z et tels 
que les extrémités de l’arc L? soient sur la frontiére de W?. Posons 


ten = WE+ (E82) - 7. 


zeL? 


c 


Manifestement Vespace R,, qui est un espace de Hausdorff, vérifie le premier 
axiome de dénombrabilité. Il est aussi évident que les sphéres S? et S” con- 
sidérées comme espaces relatifs de l’espace R, conservent leur nature topolo- 
ee, 

i Voir par exemple P. Alexandroff et P. Urysonn. Math. Ann. Bd. 92 Heft 3/4, 1924, p. 

*Au sens de M. Alexandroff; voir son mémoire des Ann. of Math. v. 30, (1929), p. 181. 
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gique euclidienne; ces sphéres sont done des ensembles bicompacts de R,, ainsi 
que tous leurs sous-ensembles fermés. Done, si {W} est une infinité de vois. 
inages recouvrant R,, on en peut extraire un nombre fini de voisinages Whi.v0 
(i = 1, 2,--- , N) tels qu’ils recouvrent le cercle S'. Selon la définition des 
W?.,,)) On voit que ces mémes voisinages recouvrent tout l’espace R, sauf un 
nombre fini d’ensembles fermés, 4 savoir: Wi, S* — }°Y W2i. Or, chacun de 
ces derniers ensembles peut étre recouvert par un nombre fini de voisinages du 
systéme {W}; done de toute infinité de voisinages recouvrant R,, on peut 
extraire un nombre fini de voisinages jouissant de la méme propriété, d’ov jl 
s’ensuit que R, est bicompact. 

Le fait qu’en un point simple z on a dim, R, = n n’exige pas de démonstration. 
En un point double (z, y)p on a aussi dim, ») &, = n car la frontiére de W?, 
est la réunion des frontiéres de W? et de W2. 

Pour montrer que R, jouit des propriétés 4) et 5) il suffit de prouver que: 
a) deux points quelconques de FR, appartiennent 4 un sous-ensemble connexe 
de R,,; b) tout cycle c C W?,,,) est homologue 4 0 dans W?, ,). 

Or deux points situés respectivement dans S? et S, appartiennent 4 1’ensemble 
connexe S” + S*? + S%,ce qui prouve a). La propriété b) est une conséquence 
immédiate du fait que tout cycle situé dans W?,,) est situé sur une des sphéres 
S” ou Sk, (x € L?). 

Enfin, R, est non métrisable car il contient une infinité non dénombrable 
d’ensembles ouverts deux 4 deux disjoints: tels sont par exemple les voisinages 
{W*} situés sur les sphéres S?. 

Ainsi l’espace construit posséde toutes les propriétés signalées. 


Universit& pE Moscov, U. B.S. S. 
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WAVE EQUATIONS IN CONFORMAL SPACE 
By P. A. M. Dirac 
(Received May 18, 1935) 


1. Introduction. The equations of physics are usually expressed in a tensor 
form involving tensor indices which take on four values, corresponding to the 
four dimensions of space-time. In a recent paper! it was shown that, by making 
a generalization of the space, namely by passing from ordinary space-time to 
de-Sitter space, one can express the equations in a tensor form involving indices 
which take on five values. In this way a greater symmetry of the equations 
is brought into evidence. In the present paper it will be shown that, by making 
a further generalization of the space, namely by passing to a four-dimensional 
conformal space, some of the equations of physics become expressible in a 
tensor form involving tensor indices which take on six values. In this way 
a still greater symmetry of these equations is shown up, and their invariance 
under a wider group is demonstrated. 

Whereas all the equations of physics can be generalized to de-Sitter space, 
and are thus expressible in the five-index form, only a few of them can be 
generalized to conformal space and are expressible in the six-index form. These 
few are the ones which are invariant under conformal transformations of the 
ordinary space-time. It has been proved by Cunningham? and Bateman® that 
the Maxwell equations are invariant under conformal transformations in ordi- 
nary space-time. The work of §5 of the present paper, where it is shown that 
the Maxwell equations can be generalized to conformal space, provides an 
alternative proof of this result. 


2. Conformal Space. The space with which we deal is the four-dimensional 
surface of a hyperquadric in five-dimensional projective space. We shall work 
with homogeneous coordinates 2,(u = 1, 2, 3, 4, 5, 6) in the five-dimensional 
projective space. In the present paper we shall not be interested at all in 
questions of reality, and so we shall assume that the equation of the hyper- 
quadric is in the form of a sum of squares 


(1) Lypt, = 0. 


Any equation which is invariant in the conformal space must be invariant 
under all linear homogeneous transformations of the x, which leave equation (1) 


eee ee ee 


' Ann. of Maths. 36, p. 657 (1935). 
*E. Cunningham, Proc. Lond. Math. Soc. 8, p. 77 (1910). 
*H. Bateman, Proc. Lond. Math. Soc. 8, p. 223 (1910). 
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invariant, that is, all transformations of the type 


rt = byt, 


(2) 
where b,,b,, = ké,,. 

To pass from the conformal space to a Euclidean four-dimensional space, 
we must take a fixed point on the hyperquadric (1) and suppose that it corre- 
sponds to the point at infinity in the Euclidean space. The group of trans- 
formations (2) which leave this fixed point invariant is the same as the group 
of rotations and translations of the Euclidean space. To verify this result, 
let us take the fixed point on the hyperquadric to be 0, 0,0,0,1,7. The condi- 
tion that a transformation (2) shall leave this point invariant is equivalent to 
the condition that it shall leave invariant the polar hyperplane of this point in 
the hyperquadric, namely the hyperplane 


(3) v5 + 126 = 0. 

The general transformation which leaves equations (1) and (3) invariant can be 
compounded from a transformation of the form 

(4) re = KLy 


and a transformation which leaves the expression x,7, and the equation (3) 
invariant. The general transformation which leaves the expression 2,7, and 
the equation (3) invariant can be compounded from a transformation of the 
form4 


| x* = 2, 
(5) xe + iF = A(rs + 12) 
la — 1x$ = “(asp + 12) 


and a transformation which leaves the expressions x,2%, and 25 + 72¢ invariant. 
The general transformation which leaves the expressions z,¢, and 25 + 1 
invariant is of the form 


LE = ArsLe + A-(X5 + 126) 
6) rE + ix} = 25 + ix, 
xt — izt = 25 — 1% — WOreTe — AO, (Ty + 12) 
where GrsQri = Set. 


Thus the general transformation which leaves equations (1) and (3) invariant 
can be compounded from the three transformations (4), (5), (6). 
Now let us introduce the variables 





7 ll geet 
) y X5 + 126 


4 We make the general convention that Greek indices go from 1 to 6 and Latin indices 
from 1 to 4. 
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Under the transformation (4) the y, areinvariant. Under the transformation (5) 
they transform according to 


(8) yr = d-y, 
and under the transformation (6) they transform according to 


(9) Yr = reYs + Gr. 


If we count the y, as the coordinates of a Euclidean four-dimensional space, 
equation (8) represents a uniform expansion or contraction of the whole space 
and equation (9) an arbitrary rotation and translation. Thus we see that the 
group of transformations (2) which leave the point 0, 0, 0, 0, 1, ¢ invariant is 
just the group of rotations and translations of a Euclidean space, trivially 
enlarged by the inclusion of uniform expansions and contractions. The con- 
nection between the coordinates of the conformal space and those of the Eu- 
clidean space is provided by (7). 

Transformations of the type (2) which do not leave the point 0, 0, 0, 0, 1, 7 
invariant correspond to conformal transformations of the Euclidean space. 


3. Conformal Scalars and Vectors. We shall now consider functions of 
position that can represent physical entities, such as field quantities or wave 
functions. It is, of course, only the values of the functions on the hyper- 
quadric (1) that are of importance. We can add to these functions arbitrary 
multiples of z,2, without altering their values on the hyperquadric and thus 
without altering their physical significance. 

Let us examine the relations between functions of position in our conformal 
space x, and the corresponding functions of position in the Euclidean space y, 
connected with the conformal space by (7). It is sufficient for us to consider 
only homogeneous functions of the z,, non-homogeneous functions being decom- 
posable into homogeneous ones and being thus of a less elementary nature. 

Let us take first a conformal scalar, defined as a homogeneous function A (x) 
of the x, of some definite degree n, (so that under the transformation (4), 
A gets multiplied by «”) and having as its law of transformation under a trans- 
formation of the type (2) with k = 1, 


A*(z*) = A(z). 
Let us form 
(10) Ao = (a5 + tae)-"A. 


It is invariant under the transformation (4) and is thus a function only of the 
five ratios of the z’s. Of these five ratios, only four are independent, on account 
of equation (1) holding in the space that we are interested in. We may take 
the four y’s defined by (7) as our four independent ratios and express Ao as a 
function of them. In this way Ap gives us a scalar function of position in the 
Euclidean space, a function which is invariant under the rotations and transla- 
tions (9), although it is not invariant under the uniform expansions or con- 
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tractions (8), except when n = 0. Equation (10) gives us the connection 
between a scalar in the conformal space and the corresponding scalar in the 
Euclidean space. 

If we are given a scalar in the Euclidean space and we want to obtain a 
scalar corresponding to it in the conformal space, we may choose the n in (10) 
arbitrarily. Each value of n would be associated with one law of transforma- 
tion of the scalar in Euclidean space under conformal transformations in 
that space. 

Let us now take a conformal vector A,(x), of degree n, so that under the 
transformation (4) each component gets multiplied by x". The condition that 
it is a conformal vector requires that under a transformation of the type (2) 
with k = 1 it transforms according to 


(11) A*(x*) = by,A,(2). 


If we multiply the components by (x5 + 7x.)~", they become of degree zero 
and thus expressible in terms of the y’s, and then give us functions of position 
in the Euclidean space. Let us examine the tensor character of these func- 
tions in the Euclidean space. 

In the first place, from the conformal vector we can obtain a conformal scalar 
of degree n + 1, namely x,A,, or (eA), as we may write it, in scalar product 
notation. This conformal scalar gives us a scalar in the Euclidean space, 
namely 


(tA) = (x5 oa ta)~"—1(4A). 


We can get a second obvious scalar in the Euclidean space, namely 


(12) (a5 “+ ta4)-"(As5 + 1Ag) = 
Finally we can get a vector in the Euclidean space, namely 
(13) Ary = (25 + ixe)-"[Ar — yr(As + 7Ae)]. 


To prove that this A,, is a vector, we note that under the transformation (6) 
the A, transform according to 


At = QrsAz + ,(As + 7Ae) 
Af + 1A§ = As + iAe 
and so 
ro = (5 + tx)" [AF — yt (AZ + 149)] 
(ts + ix¢)-" [a,sAs + a-(As + 1Ac) — (Greys + Or)(As + iAs)] 


= GreA sy. 


Thus from the six quantities A, we can form two scalars and one vector in the 
Euclidean space. 





ha 


de 
we 


CO 


We 








WAVE EQUATIONS IN CONFORMAL SPACE 433 


ion 4. Differentiation. Let A be a conformal scalar of degree n. It is a 
the homogeneous function of the z’s, which is arbitrary to the extent that we may 
add to it any quantity of the form Bz,z,, B being a homogeneous function of 
da the z’s of degree n — 2, without changing its physical significance. Hence 
10) 0A/ae, is arbitrary to the extent | 
na- 
(14) e (Bz,2,) = 2Bx, + = Ly By « 
“ Thus on the hyperquadric, 0A /dz, is arbitrary to the extent of an arbitrary 
(2) multiple 2B of x,. Thus there are only five effective quantities among the six 
g4/da’s. Further, these six 0A/dz’s are connected by the Euler equation 
aA 
(15) no = nA. 
ero 
ion Thus the number of independent effective derivatives of A is four, as it must 
ne- be since the space we are dealing with is four dimensional. 
The arbitrary term Bz,x, which we can add on to A does not cause any arbi- 
lar trariness in the quantities 
” aA aA 
Wee, rae "olen: ee 
OX, OL, 


on the hyperquadric. Thus the differentiation operators 


rs) ] 
16 APS. 
(6) ie. ax, 


have a meaning in conformal space, free from arbitrariness. 
Let us obtain the connection between the conformal derivatives of A and the 
derivatives 0Ao/dy, of the corresponding scalar Ao in the Euclidean space that 
(6) we discussed above. Suppose we make an arbitrary small variation dy, in the 
point y, in the Euclidean space. To get the corresponding variation in the 
coordinates x, in the conformal space, we may for simplicity assume the x, to 
be normalized so that 25 + ix, does not vary, that is 


625 + 16x56 = 0. 


We then have from (7) 





{;)] OY = (x5 + 126) 62 ’ 
and further we have 


. the 0 = S(r,t,) = b[xrar + (25 + 1%6)(as — 126)] 


22,2, + (25 + i%5)(6x5 — i526) . 
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Hence 
6A = aA 62, 
OX, 
aA aA 0A 0A ; 
+ é2, + - 5 (24 +1 4) 0 — t6rs) +5 3 (4 m= AV Gn, + 1625) 
- (4 - (44:4) — ~ | se 
Ox, 0X5 0X6) 5 + 1%6 
aA aA 0A 
of fe og oe x 5Yyr. 
E - (34 ad 2A) selects 
Using (10) 
5Ao = (x5 + tx6)-"56A 
0A aA aA 
— —at1 incl 
= (25 + 1X6) | 24 Y, O25 +7 ax =] bY, 
and so 
aA, nt = | = io) 
(17) = = (ts + tae)" | = — Y, tee sb S 


An alternative way of writing this result is 


aAg _.[(. a4 _aA\..f ad ad 
Yr = (a5 + 1x6) | (= ar, — @, aA) +- 4 (x Oz, — Wr af) 


showing that only the differentiation operators (16) enter into the expression 
for 0Ao/dyr. 

The quantities 0A/dxr, are the components of a conformal vector. The 
corresponding vector in the Euclidean space is, according to (13), precisely the 
dA,/dy, given by (17). 

Let us now examine the Laplacian operator in conformal space. If we form 
0°A/dxr’, it will be a scalar containing the arbitrary term 








a a°B aB 
aq3 Bite) “> — 2% m+ 4 5 % + 128 


Be o, 


2 
- i +4(n+1)B, 
Ox, 
since B is of degree n — 2. Thus on the hyperquadric the arbitrary term in 
A/dxi is4(n + 1) B. It follows that if n differs from —1, 0?A/€z’, is a com- 
pletely arbitrary scalar, but if n equals —1, 6°A/dx? is quite definite and free 
from arbitrariness. In the latter case the equation 


(18) a’A/axt = 0 
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isa conformally invariant equation, which evidently corresponds to the equation 
8°Ao/dy? = 0 
in the corresponding Euclidean space. 
) 5. The Maxwell Equations. We introduce a vector potential A, to . 


describe an electromagnetic field in our conformal space. We assume A, to be 
of degree — 1, since we want the equation 


(19) A,/dx, = 0, 


which A, has to satisfy in the case of no electric charge or current, to be a definite 
equation in the conformal space. We assume further that A, satisfies the 


equations 
(20) z,A, =0 
(21) 0A,/dx, = 0. 


It is convenient to suppose that these equations hold generally, and not merely 
on the hyperquadric, so that we can differentiate them with respect to z,. This 
supposition is legitimate since, if these equations do not hold generally, we can 
make them hold generally by suitably modifying the values of the A, off the 
hyperquadric without changing their values on the hyperquadric. Thus, if 
equations (20) and (21) hold only on the hyperquadric we have equations of the 


form 
2,A, = Mz,2, 
ssion 0A ,/dx, = Nx,x, 
The holding generally. We can now replace the A, by 
y the Al =A,+XK,2,,, 
form where we choose the K, so as to make 
z,A' =0 


aAl/ax, = 0, 
the conditions for this being 
r,K, = —M 
0K ,/dx, = —N + 2M, 





ee Which can easily be satisfied. 

ya The arbitrariness which is left in the A , consists in the possibility of adding 
to them terms of the form B .x,x,, Where the B, are homogeneous of degree —3 
and satisfy 
(22) r,B, = 0 
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and 

a 

ny (B,2,2,) = 0 
or 
(23) 0B,/ax, = 0. 


We introduce the electromagnetic field quantities F’,, defined in the usual 
way by 
=. 24, _ aA, 
8%, O2, 





(24) Puy 


The antisymmetrical tensor F’,, has fifteen different components. Between 
these components there exist the relations 











aA, aA, 
ZF 4» = Ly =” : oh 
0A, 
(25) = —A,—-2, 7 





0 

= (x,A,) = 0. 

There are here five independent relations between the F,,, (only five since 
z,v,F,, vanishes on account of the antisymmetry) and so the number of inde- 
pendent components of F,, is ten. Now F,, contains an arbitrary term 

0B, 0B, 
OLy Ox, 








0 0 
(26) ro (B,22,) _ an, (B,2) = ( ) XL) + 2(B,a, _ B,2,), 
" v 


which has the value 
(27) 2(B,x, — B,t,) 


on the hyperquadric. Since the B, are restricted by the condition (22), there 
is a fourfold arbitrariness in expression (27) and thus a fourfold arbitrariness 
in the F,,. Hence the number of independent effective components of the Fy, 
is six, in agreement with the ordinary Maxwell theory. 

The field quantities F,, are unaltered by a gauge transformation of the type 


A,—A,z + dS/dr, 
where S is any scalar of degree zero satisfying 
(28) aS/art = 0. 
Since S is of degree zero, 


r,0S/dx, = 0, 
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and hence the new A, satisfies (20), while the condition (28) ensures that the 
new A, satisfies (21). Equation (28) is not a definite equation in the con- 
formal space, like (18), owing to S being of degree zero. This means that 
equation (28) depends on values of S off the hyperquadric. In fact, with S 
arbitrary on the hyperquadric, by suitably choosing its values off the hyper- 
quadric, equation (28) can be made to hold on the hyperquadric. All we have 
to do is, with an arbitrary choice S; of the values of S off the hyperquadric, 
to take a new S greater than S; by 


4 ax r 


The fact that values of S off the hyperquadric are important results in the 
gauge transformations of the present theory forming a larger group than the 
gauge transformations of the ordinary Maxwell theory. This is connected with 
the fact that there are five independent potentials in the present theory, namely 
the six A, satisfying the one condition (20), instead of the four of the usual 
theory. 

We have the usual Maxwell equations 


OF yy 4 OF 4 OF yy 


= 0, 
OX OX, Ox, 


(29) 











and, for the case of no charge and current, 


(30) OF, _ A, Ay _ 
Z dx? 2,0, oe 





from (19) and (21). In the general case, the charge-current density j, is 
defined by 


’ oF 
(31 = —" 
) Jy OXy 
The conservation theorem 
%» _ 9 
OX, 


obviously holds, and also the equation 
xn = pd (2,F, ») =. 
OLy . 


The arbitrary term in j, is 8/ax, of expression (26), which has the value on the 
hyperquadric 


éB, aB aB aB ) aB 
Sin on cee ? i J - . 12B,, 
( an, Be) ty +2 (2: zt, + 6B,  * B,) = 4 =” + 
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from (22) and (23), and this vanishes since B, is of degree —3. Thus there js 
no arbitrary term in j,, a result which must hold in order that equation (30) 
may be a definite equation in the conformal space. 


6. Introduction of Spinors. To introduce spinors into our conformal 
space, we factorize the fundamental quadratic form 2,7, that defines the 
space. Thus 


(32) LyX p = Bul, 


where the 6, and y, are non-commutative quantities satisfying 


(33) Buys + Boru = 26y, 

and commuting with the z,. Equation (33) shows that 
(34) 1 = B, 

and for u ¥ », 

(35) Biv = — Bru. 


Multiplying this last equation by y, on the left and 8, on the right, without 
doing any summing over v, we obtain with the help of (34) 


(36) Bu = —VuB>. 


This may be regarded as an alternative way of expressing the anticommutivity 
(35), and shows that there is symmetry between the §’s and y’s. 

A set of 6’s and y’s satisfying (33) may be represented by matrices with four 
rows and columns. One way of doing this is to take 


Bu = G1, He, &3, M4, 5, 1 
(37) 


Yu = G1, Ge, 3, M4, Hs, —1, 
the a’s being a pentad of anticommuting matrices whose squares are unity. 


From any set of 6’s and y’s satisfying (33) we can obviously obtain another set 
by applying any transformation of the type 


(38) s' = P,Q, vy, = Q-»,P-, 


P and Q being any non-degenerate matrices. The equations of the following 
section must all be invariant under such transformations, combined with corre- 
sponding transformations of the wave function y. 

It is easily seen that any set of four-row-and-column matrices satisfying (33) 
can be brought into the form (37) by a transformation of the type (38). To 
prove this, we note that in the first place we can always bring fs to equal 4 
by applying a transformation (38) with P = 76;', Q = 1. When fs = 4 
equation (34) shows that y, = —7. The equation 


Bus = —BeYu, (u # 6) 
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ere js which comes from (35), now shows that 
4 Bu = Ye. (u ¥ 6) 
From equations (33) we now see that the 8,, for u ¥ 6, all anticommute and 
ormal have their squares unity, and thus form a pentad of a’s. | 
s the 


7. The Spin Wave Equation. We shall here study the following wave 
equation in our conformal space,— 


0 re) 
(39) Buy (=, az, — LZ, 2) y= my, 


where the wave function y has four components, corresponding to the four 
rows and columns of the matrices 6 and y, and m is a numerical parameter. 
The equation need hold only on the hyperquadric. It seems to be the only 
simple conformally invariant wave equation involving the spin matrices. 

We can simplify the form of (39) a little in the following way. We have 


0 ) re) re) 0 
as (4C) Btu» az, + B, az, Vurp at Ly az, az, Lu — 6 + 22y ar,’ 
since the terms on the left-hand side for which » ~ vy cancel. Thus if y is homo- 
geneous of degree n 
tivit b,x. Seat Merk t,)y = (2n+ 6)y¥ 
tivity fn wl» a, ” oz, 0 = ° 


h four Adding this to (39), we get 


a a a 
| 28.2 az, + BuY> (2 — ty 2) y — (m + 2n + 6) Y, 


x 
oz, * 


which reduces to 





unity. a 1 
er set ButuVr az, y= (; m + n) y. 

We shall write this, in sealar product notation, 

0 

owing (41) (Bx) (; 2) y = my ; 
corre- ; 

m, being a new numerical parameter. 
x (33) The wave function y occurring in (39) or (41) is defined only on the hyper- 
. To quadric (xr) = 0. Thus y is undetermined by a term of the form (xz)x, 
yual i where x is any four-component function of degree n — 2. This results in 

; i ’ 
= 4, 1S ¥ being arbitrary by a term 
0 Ox 

#86) (. 2 \ az)x = 2(yx)x + (22)(7 x), 
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and (Bz) (1 2) y being arbitrary by 


(Bz) | 2tr2)x + (22)(y x) | = (rz) | 2x + (: x), 


which vanishes on the hyperquadric. Thus the arbitrariness in y does not 
give rise to any indefiniteness in our wave equation (41). This, of course, 
must be so, since there is no indefiniteness in (39), which involves only the 
differentiation operators (16), and (41) is equivalent to (39). 


The above work shows that the operator (8z)| y 2 , like the operators (16), 


has a meaning in conformal space, free from arbitrariness. Thus it is per- 
missible to apply this operator to both sides of equation (41) and obtain 


(60)(1 2 )oasr(y 2) y = milae)(y2) v = miv. 
Now from (40) with the @’s and y’s interchanged 


(42) (2)(6 2) 4 (. 2) cen tt a(x 2) 


Hence 
(Bx) [ + a(2 2) — (a)(a 2) (7 2) y = mi, 


which reduces, on the hyperquadric, to 


i) 
[6 + 2(n ~ 1662)(7 2) v = miv. 
With the help of (41), this gives 
showing that 
m, = 0 or 2n + 4. 


There are thus only two permissible values for the m; in (41), and these two 
values coincide when n = —2. 

We shall proceed to examine equation (41) more closely for the case m # 9, 
which means m = 2n + 4andn ¥ —2. Any solution of the equation is now 
of the form 


(43) y= (Bx)x , 


x being given by 
1 a 
| ma (1 2) y. 








» two 
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Further, any y of the form (43), with x arbitrary of degree n — 1, satisfies the 
wave equation (41), since, substituting such a y into the left-hand side of (41), 


(a2\(7 2)iae)x= 62)|6+2(22) —on(s2)], 


with the help of (42). This reduces, on the hyperquadric, to 
(Bz) [6 + 2(n — 1)] xX = m(6z)x, 


showing that (41) is satisfied. Thus the necessary and sufficient condition 
that y shall satisfy (41), in the case m ¥ 0, is that it shall be of the form (43). 

Thus the only case where (41) is of interest as a differential equation is 
when m, = 0 and it reduces to 


(44) (60)(y 2) y=0. 


Its interest now, however, is limited by its degeneracy, the factor (6x) being 
a matrix of rank two on the hyperquadric and vanishing when multiplied 
by (yz). This degeneracy shows itself more clearly if we obtain the correspond- 
ing equation in the Euclidean space that we introduced in §2. Putting 


Yo = (x5 + t26)-"Y, 


we obtain 


we obtain from (17) 


abo oe oY. ey 
= (as + tae)-"+! | # — Yr (# +1 |. 


This allows equation (44), after some calculation, to be put in the form 





(45) (a2) — yr(¥5 + t6)] 5 + (ys + ts) nh vo = 0. 


In order to get a Euclidean wave equation that does not involve the coordi- 
nates y, explicitly, we must handle (45) by a special method, which takes into 
account correctly the way the various factors in (44) transform under those 
transformations which correspond merely to a change of origin in the Euclidean 
space. It may be verified by straight-forward algebra, with the help of (34), 
(35) and (36), that 


2(B2) 
5 + 126 


and that 


las — yelvs + tye) ] + (Ys + tye)n 


= [1 + 4y,6-(vs + tv6)](@s — iBs)[1 — dys72(8s + 7Bs)] 


1 1 , 
a E +5 Yr¥r(Bs + iso |[ x + (¥5 + t6)(n + 2) |[1 = 5 yBilrs + ind ‘ 
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Thus, introducing a new wave function ¢, connected with y by 
@ = [1 — dybilvs + ve) ¥, 
which is equivalent to 
Y = [1 + dyBlvs + tv] 4, 
equation (45) reduces to 


re) 
OYs 





(46) (Bs — Bs) E + (ys + tye)(n + 2) = 0. 


If we take the #’s and y’s to have the values (37), this gives 
0 
(1 +a) [a2 +2042) ]6 = 0. 


This equation is equivalent to the usual wave equation for the electron, except 
for the factor (1 + as), which introduces a degeneracy. It thus seems that 
there is no simple way of getting a wave equation in conformal space corre- 
sponding to the ordinary wave equation for the electron. 

I am greatly indebted to Professor Veblen, whose general theory of conformal 
space suggested the present, more special, methods and who has assisted the 
present work with much friendly discussion. 
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1. Introduction and result. §S. Ulam has surmised the following property: 
Every closed (n — 1)-surface S"“ in an n-dimensional euclidean space R"(n > 2) 
whose intersection with any linear subspace R* is a closed S"-’, is convex. 
In a recent paper J. Schreier! has given a proof of this hypothesis for three- 
dimensional space. Of course there is much ambiguity in the interpretation 
of the hypothesis when R*~ is tangent to S"-!, but even barring these tangent 
(n — 1)-spaces as improper intersections, the hypothesis is not verified for 
n> 3. We give a simple example for n = 4 which will prove this explicitly. 
On the other hand, by a somewhat stronger condition which, to be precise, 
is actually not stronger in the case n = 3, we will get a general theorem charac- 
terising the compact convex point sets by means of the topological behavior 
of their intersections with linear subspaces. 

The following definitions are essential for the present paper. 

DeriniTIon 1. A point set Pin R*(n > 0) is called point-like if it is compact 
and Rk" — P is cell-like.? 

Somewhat weaker is 

DerFinition 2. A point set M in R” is called massive in R" if it is a bounded 
continuum and R" — M is connected. 

It is just because definitions 1 and 2 are equivalent for n = 1, 2 (point-like = 
massive in R" when n = 1, 2) but diverge for n > 2* that Ulam’s hypothesis 
is verified only for n = 3. However we shall prove the following 

THEOREM. A necessary and sufficient condition that a compact point set K in R” 
be convex is the existence of an integer q, 0 < q < n, such that the intersection 
R°K of K with every linear subspace Rt C R(R*K # 0) is point-like. 

To derive from this theorem Ulam’s hypothesis in the case n = 3 (here 
q = 2) we have to consider instead of an S' the point-like set which has S' 
as its boundary in the corresponding R®. 





‘J. Schreier, “Uber Schnitte konvexer Flichen,’”’ Bull. int. Ac. pol., Serie A (1933), 
p. 155-157. 

* R" is R" made compact by addition of a point at infinity. An open point set @ in 
an n-dimensional space is called cell-like if every p-cycle in G(p = 0, 1, --- , m — 1) bounds 
within G.—It is of some importance to remark that all the proofs and results in this paper 
are exactly the same whether the underlying integer system for combinatorial chains 
is the system of all integers or the system of all integers mod mo, mo a fixed integer 2 2. 
Therefore, to be explicit, we should say in all the following “‘cell-like mod mo,” etc.; but 
for brevity we omit “mod mo.”’ 

’ For instance, an anchor ring in R? plus its interior is massive but not point-like. 
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Thus, introducing a new wave function ¢, connected with y by 
o = [1 — dyBilvs + tye)] ¥, 
which is equivalent to 
v = [1 + dyBi(vs + ty] ¢, 
equation (45) reduces to 


0 
OYs 





(46) (65 — ib) E i meine 2 |¢ 0. 


If we take the 6’s and y’s to have the values (37), this gives 


0 
OYs 





(+a) | a +2n4+2)|¢=0. 
This equation is equivalent to the usual wave equation for the electron, except 
for the factor (1 + as), which introduces a degeneracy. It thus seems that 
there is no simple way of getting a wave equation in conformal space corre- 
sponding to the ordinary wave equation for the electron. 

I am greatly indebted to Professor Veblen, whose general theory of conformal 
space suggested the present, more special, methods and who has assisted the 
present work with much friendly discussion. 


PRINCETON, NEW JERSEY 
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POINT SETS 


By Georc AUMANN 
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1. Introduction and result. S. Ulam has surmised the following property: 
Every closed (n — 1)-surface S*~ in an n-dimensional euclidean space R"(n > 2) 
whose intersection with any linear subspace R"~' is a closed S"-?, is convex. 
In a recent paper J. Schreier' has given a proof of this hypothesis for three- 
dimensional space. Of course there is much ambiguity in the interpretation 
of the hypothesis when R*~ is tangent to S"~!, but even barring these tangent 
(n — 1)-spaces as improper intersections, the hypothesis is not verified for 
n> 3. We give a simple example for n = 4 which will prove this explicitly. 
On the other hand, by a somewhat stronger condition which, to be precise, 
is actually not stronger in the case n = 3, we will get a general theorem charac- 
terising the compact convex point sets by means of the topological behavior 
of their intersections with linear subspaces. 

The following definitions are essential for the present paper. 

DerFiniTIon 1. A point set Pin R"(n > 0) is called point-like if it is compact 
and Rn — P is cell-like.? 

Somewhat weaker is 

DeFINITION 2. A point set M in R” is called massive in R” if it is a bounded 
continuum and R" — M is connected. 

It is just because definitions 1 and 2 are equivalent for n = 1, 2 (point-like = 
massive in R" when n = 1, 2) but diverge for n > 2* that Ulam’s hypothesis 
is verified only for n = 3. However we shall prove the following 

THEoREM. A necessary and sufficient condition that a compact point set K in R" 
be convex is the existence of an integer gq, 0 < q < n, such that the intersection 
R°K of K with every linear subspace Rt C R(R*K # 0) is point-like. 

To derive from this theorem Ulam’s hypothesis in the case n = 3 (here 
q = 2) we have to consider instead of an S! the point-like set which has S' 
as its boundary in the corresponding R?. 





‘J. Schreier, ‘Uber Schnitte konvexer Flichen,”’ Bull. int. Ac. pol., Serie A (1933), 
p. 155-157. 

?R" is R" made compact by addition of a point at infinity. An open point set @ in 
an n-dimensional space is called cell-like if every p-cycle in G(p = 0, 1, --- , nm — 1) bounds 
within G.—It is of some importance to remark that all the proofs and results in this paper 
are exactly the same whether the underlying integer system for combinatorial chains 
is the system of all integers or the system of all integers mod mo, mo a fixed integer 2 2. 
Therefore, to be explicit, we should say in all the following ‘‘cell-like mod mo,” etc.; but 
for brevity we omit “mod mM.”” 

* For instance, an anchor ring in R? plus its interior is massive but not point-like. 
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We conclude our paper by showing that our theorem still holds for Hilbert 
space. 


2. The example. We demonstrate by an example in R‘ that the theorem 
stated in §1 becomes false if in it we replace the word “point-like” by “massive 
in R¢,” 

Consider in the 4-dimensional space (2, y, z, t) the massive point set defined 
by the following inequalities: 


(1) (2+y+2-3?+?s1, 220, 
and take any 3-space 
(2) ax+by+ee+dt+e=0. 
There are two possibilities. 
l.d=0. 


Then the point set M, defined by (1) and (2) has the following property: 
If the point (20, yo, 20, to) belongs to M, so does every point (2, Yo, 20, t) with 


—|to| St S |b. 

From this, and since M, is bounded, it follows at once that M, is massive in (2). 

2.d# 0. 

By means of an orthogonal transformation 

(x, y, 2, t) > (&, 0, §, f). 

(1) and (2) are carried over into 
(1’) (2+ 7r+eh-3?+Ps1, At+Bn+Cr 20, 
(2’) 5 t= DEt+E. 
Thus we have to show that the point set Mz defined by 
1") (d@+ P+ —3?+ (DE+ EP S11, AE+ Bn + Cy 20 


is massive in the (é, 7, ¢)-space. 
M2 does not contain the origin. Furthermore whenever (£0, 70, £0) is @ point 
of M, there are two positive numbers, say o1, a2, the roots of 


3 
(o— 3) + (D&o +2) = 1, po = [5 + 05 + S51, 


such that for every point ( a, “a, fo *) belonging to M2, we have 2 $ 1 $ 
Po Po 


Po 
o S o2 S 4, and conversely. 
Therefore every point not belonging to M2 can be joined either to the origin 
or to the point at infinity by an are which does not intersect Mz. But the last 
two points can be joined within the half space 


Até+ Bn+Ce <0, 
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which does not belong to Mz. Consequently M:2 is massive. But as a matter 
of fact the point set (1) is not convex since its intersection with x = 0 is a 
massive anchor ring in the (y, z, t)-space. 

Barring tangent 3-spaces the 3-dimensional intersections of (1) always are 
homeomorphic to the massive sphere or anchor ring in R?, as is easily verified. 


3. Consistency. For clarity and ease of exposition we introduce 

DeFINITION 3. A point set K in R” is called p-consistent in R" (0 < p S n) 
if the intersection R?K of K with every R? C R*(R°K # 0) is point-like. 

Since 1-consistency is exactly the same as convexity plus compactness and 
n-consistency is equivalent to being point-like, we might suspect that Defini- 
tion 3 gives rise to a classification of certain compact point sets of R" into 
different classes of consistency, 1-consistency, 2-consistency, --- , n-consistency. 
However there are only two classes; for our theorem affirms in fact that 1-con- 
sistency, --- , (x — 1)-consistency are equivalent to convexity. Now we may 
state our theorem in the following manner: 

THEOREM 1. If acompact point set K in R" is po-consistent in R* for a fixed po, 
0 < po < n, then it is convex, and therefore, p-consistent in R” for every p, 
0< psn. 


4. The inductive lemma. The notion of p-consistency suggests a proof 
of Theorem 1 by induction. For this purpose we have to use the following 
definitions : 

An R*"(n 2 1) is a supporting (n — 1)-space of the compact point set K in R® 
if kK ¥ 0 and one of the open half spaces in which R* is divided by R™™ 
contains no point of K. 

An Rn™(0 S m < n — 1) is a supporting m-space of the compact point set K 
in R" if there is a supporting R”+! of K in R* such that R™*+! D R” and Ris a 
supporting m-space of R™*1K in R™*, 

Then we have 

Lemma 1. If the compact point set K is m-consistent in R" (1 < m < n), 
then for every supporting R™ the intersection R™K is (m — 1)-consistent in R™. 

Proor. Take any supporting R7* of K in R*, then the point set Rt" K = Ko 
is m-consistent in R{*'. Hence it is sufficient to prove our lemma in the special 
caseem =n — 1, 

Let K be (n — 1)-consistent in R" and Rj be a supporting (n — 1)-space of 
Kink". If Ris any subspace of Rj~' with R"’K # 0, we may choose our 
coordinate system (2x1, 22, --- , tn) of R* in such a manner that Rj‘ has the 
equation 


x, = 0, 


and R"-? is represented by 





i$ 
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and K lies entirely in the half space x, 2 0. We denote the intersection 
of the (n — 1)-space R’~* represented by 


y= txe 


with K by K;; it is evident that K; lies in x, 2 0 fort > 0, in 2 S 0 fort <9, 
Now take any p-cycle C? C R”* — R°°*K,0O S pSn—3. SinceCrc 
R’,;~' — Ko, and Kj is point-like, we have 


C? = F(C?*), Cec Rk! — Ky. 


Let ’C?+! denote the subchain of C?+! contained in x2 > 0,4 and C?*", t’ > 0, 
be the projection of ‘C?+! into R77" orthogonal to Rj~*. For sufficiently 
small t’ > 0 


C?#1 Cc RT! — Ky. 


Let D?** denote the chain symmetric to C?** with respect to R*~*, then 
C?*! _ D®?*! is a cycle in R’' — Ky. Kv is point-like, hence 


Cet) _ pet! — F(E?t*), a Cae - Ry. 
‘E?** being the subchain of Z?*? contained in z2 > 0, we have 
PUES") «= Co" —~ Be, Bet < Re, 
Repeating the same construction for z2 < 0, t’’ < 0, we get 


F("Ets*) = Cr! — Bet}, = Bt CR. 





Now putting 
cz ~ Crt — (‘Ce + Cr+) es BP}? ra B?s} 
we have 


Ce = F(CR*'), = CR CR RK. 


Therefore R"°K is point-like; our lemma is established. 


5. Proof of Theorem 1. The keystone in the proof of Theorem 1 stated 
in §3 is the following lemma on convex continua which is proved without 
trouble.® 

Lemma 2. If M is a massive point set in R™*+ such that for every supporting 
Rk” of M in R™* the intersection R™M is convex, then M is convex. 

Now to apply our two lemmas to the proof of Theorem 1, let K C R” be 





* Without loss of generality we may assume that all chains we are considering are 
simplicial, and that a simplex either is contained in R™? or has no point in common 
with R™-?, 

5 Compare Th. G. D. Stoelinga, ‘‘Convexe Puntverzamelingen,’’ Dissertation Gronin- 
gen 1932, Theorem 1, p. 7. 
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p-consistent in Rk", 1 <p <n Take any two points of K and let R*+ be 
some subspace of R” containing these two points. As the point set R°+1K = K) 
is p-consistent in R?*', successive applications of Lemma 1 show that for every 
supporting R™ (m = p, p — 1,---, 2) of Ko in R?* the intersection R"Ky 
is (m — 1)-consistent. Therefore for every supporting R? the intersection 
R?K, is convex. Consider then a supporting R*; R*Ky is 2-consistent, and 
hence massive in R*.7 On the other hand, for every supporting R? of R?K 
in R® the intersection R?K» is convex, and therefore by Lemma 2 R*K,j is convex. 
Going on in this way to higher dimensions we finally show that Ko is convex. 
As the two initially given points are contained in Ky their joining segment 
belongs to Ko, therefore to K. K is convex and Theorem 1 is established. 


6. Extension to Hilbert space. We see at once that the proof given in §5 
for Theorem 1 holds also when the point set K lies in the Hilbert space H. 
Hence we have: 

THEOREM 2. A necessary and sufficient condition in order that a compact point 
set K in a Hilbert space H be convex, is the existence of a positive integer p such 
that the intersection R?K of K with every linear subspace R? C H of dimension p 
(R°K # 0) is point-like. 

Probably the last theorem is true without the hypothesis that K be compact. 
But the elementary method used in this paper does not seem suitable to de- 
cide this. 


PRINCETON, N. J. 





‘p = 1 is trivial since 1-consistency is identical with convexity. 
’ As is easily verified. 
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In the present paper I give theorems concerning the approximation to a 
given regular fraction by means of the fractional part of a certain function. 
A short communication concerning these theorems was published in one of 
my previous papers.! 


1. Notation. (uw) denotes the distance of a real number wu from the next 
integer; n is a constant integer = 18; c, co, c1, --- are positive numbers depend- 
ing only on n. In the following, the numbers ¢, cs are sufficiently small and 
Co, C2 are sufficiently great: 


AXB, BA, A=O(B), 
where B is positive, denote that | A | S< cB. 


p? 


yas; k = [2n log 4n] ; + ee o = (1 —»)*. 
f(z) = az®" +--+» + an; a, -++,a,real. 

wm Sy (@Qjgv=1; q2m; —-18081. 
q ¢ 


A= q? : M= gotten : r= [cocy* + 1] P= [q’l : Pos (r?"] 
P, =P; P, = [P}~’ »2-]; ... ; Py = [Piz] v2). 


Xa = [5 P%|; Kan [%P,];..- :Xm— [Soa]. 


The symbol z;, denotes the variable running over the integers of the interval 
Xi — Pi Stu S Xu + Pi’. 
The number of values of 2, we denote by H;,. Putting 
B= Hy -.-- Hy, --- Hm --> Hin 
we have 


B> (Py ++» Py) , 





1 Comptes Rendus de l’ Academie des Sciences de l’URSS, 1935, Juillet, No. 3. 
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For{ = 1,--- ,& — 1 we obtain 
PurK PO" K Pint; MM (Pigs +--+ Pi) < MPO” (r= 1,---,n) 
provided ¢) is sufficiently great. Further we have 
P,.-» Pp KX PK Pi... Py. | 


Finally we obtain 
2 
log « < (2n log 4n — 1) (- y= ‘) < — log 16n? 


and consequently 


p2 


o< 16 ° 
2. The fundamental estimations. Let us consider the sums 
Vie = Ma Zi, +--+ + Mn FZ, (r = 1,---,m) 
where my, +++ , Mi are positive integers not exceeding M. Evidently 


0 < Vi, < nMP?. 


Let us choose a certain series of intervals of lengths M, MP,, --- ,MP*?' 
and let us appraise the number N;, of the systems of values 2a, --+ , Tim for 
which the sums Vn, --+- , Vin will fall within the chosen intervals. Let 


fi, +++, &n5 G1 + S81, +++ En + Sn 


be two systems of values of 2, --- , tin Of the type mentioned. 
It is evident that 


ma{(é + 8)" — ET} + +++ + mun{ (En + 8x)" — EL} = OP) 


maf (é + 8)? — Ef} + +++ + min{ (En + Sn)? — Ee} = O(MP) 
mat (&: + 81) a £1} + iti + Min{ (En + Sn) — én} — O(M). 
This system may be easily reduced to the form 


nmukéy (1 + da)si + +++ + MMingR "(1 + An)Sn = O(MP’;") 


CPV CHH ESC CSEDSDSO SCH CE OSS Eeast cee see Te eRe aonseseveseeor rrr 


Qmnéi(1 + wr)si + +++ + 2minEn(1 + wn)8n = O(MP.) 





M81 +--+ + Mins, = O(M). 
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For co sufficiently great the determinant 
My ae Men 


2m 8 (1 + by)s ty7 ae 2min E,(1 + Mn) 


nm,€, (1 + Ay); ret ae nm, €, (1 + dn) 


is arbitrary near to 


eee 

n! Mia Min Xi) ’ Xin 
n-l n—l 

tl» ’ Xn 


and consequently is 


n(n—1) 
> My +++ M»pP, * 





On this ground, considering the system (1), we easily establish 
si<K M (¢ = 1, ---,n) 
and consequently 
Ni <M". 
Further we introduce certain intervals of length 
MP'~", MP?°-”),..., MP3®”) 


and estimate the number of systems of values of tu, --- , Zim for which 
Vu, --+, Ven fall within the newly introduced intervals. The ratios of the 
lengths of the new intervals to the lengths of the old are equal to 


1—y 1—2y l—nv 
P, ay poe oy ° 


Therefore 
a—1 
(2) N, K Pim) + 29) + + ne) gn P,? M*. 
Putting 
U, = Vn +s + Vy (r = 1, +++”) 


we estimate the number Q of solutions of the system 
U, = Wi; cee SU. = W,, 


where W,, --- , W, are given integers. The values of W,, for which this system 
may be solved, satisfy the condition 


0<W,< MP’. 
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Fort = 1,---,& — 1 we have 

05 Visur tees + Viv S mM(Pi4, +--+ + Pi) < MPT”, 
Therefore the numbers Vu, --- , Vin lie in definite intervals of length 
MP!~’, --- , MP{“-”. Further for every given system of values of 
Vu, «:+ » Vin, the numbers Vai, --- , Von lie in definite intervals of length 
MP!-’,---,MP3°-”. For every given system of values of Vu, --- , Vin; 


Vu, +++ , Van the numbers Va, --- , Van lie in definite intervals of length 
MP!~’,---,MP3°~”, ete.... Finally for every given system of values of 
Vu, <0+y Ving ++ 3 Veta, +++» Ven the numbers Vu, --- , Vin must be equal 
to the given numbers. But for simplicity we shall assume that Vix, --- , Vin 
fall into definite intervals of length MP;,~’, --- , MPr“-”?. 

Hence applying (2) we get 


n 


1 
Q<« (Pi --- Px) ? M™. 


The number FE of possible systems of numerical values of Wi, --- , W, is 


n(n+1) 


E<MP".MP"™"...MP=M"P ? 





3. The Estimation of the main sum. Let y run over the values 
y = i eee, y. 
We estimate the sum 


T = > | +? ert ilay"Untay™ WU nat: ++ +en-ayUrtnkan) 
= 0 
y 





where the summation denoted by }>, is extended over all systems of values of 
Dury °° » Zins °°* 5 Lary °° » Lin 


Evidently 
T « [Y pM - > ae ee ee 
y 





<<MpP" <<MP ileal 1/2 
«K YBQ >> . > er” ley tnt: +> +@n-1y21) 
zn>>—MP" 21>>—MP v 





« [QBQE[M“P-"9}""}";9 = > 








ye e2ria (y"—yf en ; 
Zn 


Q > mi MP’ —— . h n " 


ah Oh ah. & 
= — —|— = _* — < 1 . 
ah ; + ers + a 1<a< 
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Consequently for h 2 0 we get 
(ah) > 


where s denotes the modul of the absolutely least residue of the number ah 
modulo qg. Noticing that the Diophantine equation 


y*—yi =h 
has < Y solutions we obtain 
a«KY (ur +> 2) « YMP* 
and consequently 
T < [BQE}2 y?. 


At the same time, putting 1 instead of each term of the sum )°» entering 
into T’,, we get (after summing for y) the number YB. 
For cs sufficiently small we have 


n—-1 n(n+1) 1/2 
1/2 P;.--P,) *? MP ? 
ete y+] SI « rf tt | 





YB B (P,...P,)°"* 


n+1 n(n+1) OE 8 as 


<rages4 <P * hme 
which for c; sufficiently small is 


v v2? n+l 








K q § +? ; on _ tm —2n 
Hence we obtain 
TK BYqA**** 
where 
Bln 9 
naw of g% atte, 37 = 
.”s 4 16° 15n log 4n 
Therefore 


T KBYA*"**, 


4. A special periodic function. Let 8 be real. There exists a periodical 
function ¥(z) with a period equal to 1 and with the properties 


a) 0 S$ ¥(z) S lintheintervalB-~ASXz<5B+A 
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b) ¥(z) = Oin the intervalB +A Sz2S51+86-A 
c) ¥(z) may be developed in a Fourier series of the form 
aie viz) =A+¢e(z); lz) = DO (Ancos 2rmz + B,, sin 2rmz) 
er a m=1 
where 
Am KA; BnKA, if m < A 


1 1 
An Kai Ba K ap if m > a. 


5. Proof of main theorem. We consider the sum 


+» Vet fytin)} +++. +: Dol f(yru)}--- Yel f(yren)} |. 


Thy 7 kn 





ering Evidently 


ry > ee, ee 


ll 


-- >) D my, ** Diy, +++ Ding +++ Dry, T 


Mey kn 


where 7’ is the sum of the form considered in §3, only without the condition 
that ms, S M. Moreover 


Dn =A, if ms A 


1 


ar mr 5S a>sa~. 


D, = 


When all m,, do not exceed M, we apply the estimation of §3, 
T K BYA"**, 


Otherwise we apply the obvious estimation 


T<«< BY. 
Since 
ts) 1 ’ 
Dj Dn <1; >) Dn « ay <4" 
m=1 m>M 
we obtain 
() Z<« BYA 


provided cz satisfies the condition c. = kn + n. From (8) and (4) we deduce 


ical 
ica the existence of at least one system of values of y, t, s such that 


D vf flyau)} KH. A; p= j 


7 t9 











: 
; 
f 
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Therefore we get 
p i Vi f(y) } — AHisK Ht, A. 


71s 


Hence for co sufficiently great, we have 


> Viflyris)} > AX . 


713 


Consequently there is at least one system of integers z, y, u satisfying the 
conditions 


| f(y) -u—B| SA 
0<2z89q; 0<ysq. 
We have established the following theorem. 


zi— 


THEOREM 1. Let n be a constant integer = 18; v 


f(z) = az* + ayz™!=4+.--- +a, 


be a polynomial with real coefficients and besides 


a 6 
a=-+-; (a,q) =1; >0; oi & I... 
Then it is possible to determine a constant C, depending only on n, such that for 


every real B we can satisfy the system of inequalities 
p? 


_ — < rvs = 
0 < z — qr" 
with integral z and u. 


THEOREM 2. Let n be a constant integer = 18; v = S; Co, Ci, C2, Cs positive 


constants depending only on n; A = 1; Q and P integers; R — Q = C,A”. Let 
the function f(x) satisfy the conditions 


CA S f(x) SOA; [F(@)| 5 C.4> 


for every x in the intervalQ S x S R. 

Then it is possible to determine a constant C depending only on n such that for 
every real B we can satisfy the system of inequalities 
3 


To —3. ee eae 
lf) —u—6|SCA-; mt 


Q 


IIA 
IA 


R 


x 


with integral x and u. 








ig the 


ut for 


alive 


Let 


t for 


ON FRACTIONAL PARTS OF CERTAIN FUNCTIONS 455 


Proor. Putting z = Q + z we may develop f(z) in a Taylor series, having 
the form 


fiz) = Fe) + OA? 2); FQ) = a2z*4+--- +m; as {™(Q) 


ni ’ 


where the number a@ satisfies the conditions 





Ci C2, 
— Sas ; 
ntA~*=nlA 
Putting g = [a~'] we obtain 
1 0 
Qu -+ -; 6|/<1. 
eo | 6 | 


If A is sufficiently great we have 
qr" < A» 


and therefore according to theorem 1 we may assign a positive constant C’ 
such that for every real 8 we can satisfy the system of inequalities 


|F@) -u-B|<C¢ 
0<zs qr 
with integral wand z. Consequently taking into account 
A271 KA, D> 5 
we deduce theorem 2. 
V. STEKLOFF INSTITUTE OF MATHEMATICS 


OF THE ACADEMY OF SCIENCES 
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1. Introduction. Projective geometry is often called geometry of projec- 
tion and section (Geometrie des Verbindens und Schneidens). In this paper 
foundations of projective geometry are given in terms of these two operations. 
We start from a single class of undefined entities, corresponding to the linear 
parts of a space, and two undefined operations denoted by + and ., correspond- 
ing to the join and the intersection, respectively, of these linear parts. Thus 
if A, B are two undefined entities, A + B corresponds to the least dimensional 
part of which both A and B are parts, while A-B corresponds to the highest 
dimensional part which is part both of A and of B. In this way we obtain 
a far-reaching analogy with abstract algebra where, in defining a field, one 
also starts with a single class of undefined elements and two undefined opera- 
tions, addition and multiplication. Moreover, we obtain an analogy with the 
algebra of logics, in particular with the calculus of classes.!_ In fact, this paper 
presents what might be called an algebra of elementary geometry. 

It is to be observed that these investigations differ from the usual develop- 
ments of elementary geometry by the complete logical character (Liicken- 
losigkeit) of our treatment. All hypotheses which are needed in the deduction 
are explicitly stated at the start. Nothing that plays a rdéle in the development 
is considered so trivial or obvious as to escape being set down. Thus we state 
as an axiom that if A, B, C are three entities, the section of A with the section 
B.C is identical with the section of the section A-B with C. The not unusual 
habit of omitting such a statement in geometry corresponds from our point 
of view to developing algebra and neglecting to mention the associativity of 
multiplication. It must be admitted that our aspirations to complete rigor 
result sometimes in cumbersome proofs (the theorem of section 7 in which 
I develop the properties of parallelism in affine spaces is a case in point). On 





* We wish to express our thanks to Dr. L. M. Blumenthal for his help in the editing 
of this paper and suggestions concerning it. A remark concerning the different con- 
tributions to this paper is found in footnote 13. 

1A geometrical theory analogous to the algebra of classes has been given by Kempe, 
Proc. Lond. Math. Soc. 21, p. 147. This theory, however, starts from one undefined rela- 
tion between triples of points and does not present an analogy to abstract algebra. It is 
chiefly to obtain and carry through such an analogy that we assume two undefined opera- 
tions, though a single one might suffice. 
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the other hand, it is seen that great parts of projective and affine geometry 
may be developed upon the basis of “trivial” axioms such as, for example, the 
postulate asserting the associativity of our two operations. This could hardly 
have been foreseen.” 

Our theory differs from the ordinary axiomatic treatment of geometry in yet 
another aspect. These treatments either start from different classes of un- 
defined entities (Hilbert, for example, in his development of three dimensional 
Euclidean geometry starts from three classes, the class of points, the class of 
lines and the class of planes) or they start from one class (as in the Veblen 
and Young treatment), usually the class of points, and they define other 
entities as classes of points with certain properties. Our theory starts, as 
already stated, from a single class of entities (linear parts of space, among which 
there are points as well as lines, planes, etc.) for which “join” and “intersection” 
are, by means of postulates, defined. A classification of these entities according 
to their dimension is introduced later, but without introducing certain entities 
as classes of others. The classification is based entirely upon the mutual rela- 
tion of the entities with respect to our two operations. 

With this difference is connected another one. We develop at once geometry 
of spaces of an arbitrary finite number of dimensions without the necessity 
of introducing new axioms and new definitions in passing from one space to 
another of higher dimension. 

Finally it is perhaps remarkable that we develop projective and affine geome- 
try together. Ordinarily either projective geometry is first developed and 
affine geometry obtained by removing one hyperplane with its parts as infinite 
elements, or affine geometry is first developed and projective geometry obtained 
by adjoining to the space a hyperplane and its parts as infinite elements. We 
proceed in another way. We first develop in section 3 consequences of a 
system of axioms valid both in affine and in projective spaces. This system 
is not self-dual, for it contains one axiom whose dual is not in the system. 
From this system of axioms common to both geometries we pass to either 
of them. By adjoining the missing dual of one axiom we obtain a completely 
self-dual system from which all of projective geometry can be deduced. By 
adding the Euclidean parallel axiom we obtain the theory of affine spaces. 


2. Four projective axioms and some consequences. We assume defined in 


aclass of elements A, B, C, --- two operations, denoted by + and - such 


that corresponding to each two elements A, B the class contains an element 
4+ Band an element A-B. We assume the following properties of the two 
operations. 


Postutate I. The operations are associative, i.e. 
A+(B+C)=(A+4+8B)+4+0C, A-(B-C) = (A-B)-C. 
e_—__ 


: Also from the pedagogic point of view, the following development with its thorough- 
going use of the + and - symbolism seems to have advantages. 
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PostutaTE II. The class contains an element V and an element U such that 
if A is any element of the class, 


(a) V+A=A, (a’) U-A =A. 


PostuLaTe III. For each three elements A, B, C of the class the formulas 
are valid 


(a) A+ (A+ B)C=A+(A+4+C)-B, 
(a’) A-(A-B + C) = A-(A-C + B). 


PostutaTeE IV. Jf AG BCC the class contains at least one element B such 
that B-B =AandB+B=C. 

It may be observed that the element V and U (which we shall refer to as the 
null or vacuous and universal element, respectively) are somewhat analogous 
to the zero and unit elements, respectively, of a number field. Postulate III 
connecting the two operations may be called a weak distributive law. 

Each of the postulates I-IV is self-dual, i.e. if in each postulate the opera- 
tions + and - and the elements V and U are interchanged, the postulate is 
unchanged. 

If we put A = V in formula III(a) and apply Postulate II we obtain 
B-C =C-B. Similarly, letting A = U in III(a’) we see that B+ C=C+B. 
Hence 

(a) The two operations are commutative. 

We may now readily prove the uniqueness of the elements V and U, for 
suppose V’ is another element such that V’ + A = A for every element A. 
Then for A = V we get V’ + V = V and by Postulate II(a): V + V’ = V’. 
Hence V = V’, since addition has been shown to be commutative. 

Postulate IV permits under certain conditions the possibility of operations 
analogous to subtraction and division, though, of course, these operations need 
not be unique. 

(a) If A + B = B, then the class contains at least one element B such that 
A+ B= BandA-B = V. a 

(a’) If A-B = B, then the class contains at least one element B such that 
A-B=BandA+ B= U. 

According to Postulate II we have V + B = B for each element B. Hence, 
by Postulate IV (a), there exists an element B such that V + B = B and 
V-B=V. Since V + B = B, we have B = B and thus V-B = V-B=V. 
Combining this result with its dual (the element V being replaced by its dual 
element U when dualizing) we obtain A-V = V, A + U = U for each ele- 
ment A. 

Now put C = Vin Postulate III (a). We have, using the result just obtained, 
A=A+A-B. Putting C = U in Postulate III (a), yields A = A-(A + 3). 
Thus, for each two elements A, B we have A + A-B = A = A-(A + B). 
These relations shall be referred to as the Absorption Formulas. If, in particu- 











| that 


nulas 


such 


s the 
ZOus 
e II 


pera- 
ite is 


btain 
+B. 


’, for 
nt A. 
2 V’. 


tions 
need 


h that 
h that 


lence, 
3 and 
= J. 
; dual 
h ele- 


ined, 
+ B). 
| B). 
rticu- 





NEW FOUNDATIONS OF PROJECTIVE AND AFFINE GEOMETRY 459 


lar, A-B = B, then by the above formula, A + B = A. On the other hand, 
4+ B= Bimplies that A-B = A. We have thus the following 

(3) Absorption Law. For each two elements A, B, the relations A + B = B 
and A-B = A are equivalent. 

DeriniTion. An element A is part of an element B provided the elements A, 
B satisfy one of the equivalent relations A + B = B,A-B = A. We write 
ACBorBDA; 

Putting B = U we obtain by one Absorption Formula, A + A = A, while 
ifB= Vwehave A = A-A. Hence A + A = A = A-A and the operation 
4 and - are, so to say, totally linear, i.e., the formulas are free of powers or 
multiples of elements. 

The relation € defined in the above definition is reflexive, ie., A © A, since 
4+A=A. It is transitive, for if A € Band B € C we have A-B = A, 
B.C = B. Hence A-(B-C) = A and so (A-B)-C = A-C = A; that is, 
4¢C. Due to Postulate II, we have V € A € U for every element A. 
The relations A © Band B € A are consistent if and only if A = B. 

The following relations are easily proved: 

(r) If ACC, BEC, thnA+ BCC. 

(r’) IfADC,BDC, then A-BDC. 

(r’) If A CC, BCD, then A-B €C.-D. 

Applying these relations we find that A-(B + C) D A-B + A-C and 
A4+B-.C € (A + B)-(A + C). Either of the last formulas is a half, so to 
speak, of a distributive law. 

IfA € Band A ¥ B coexist, we write A C Band call A a proper part of B. 
Obviously the relation C is transitive and further either A C B, B © C or 
ACB,BC Cimplies A C C. 

Derinition.‘ We call an element P of the class a point provided P contains 
no element as a part except itself and V; in symbols, P is a point provided 
QC Pimplies that Q = V orQ = P. Likewise we might define: P is a point 
ifQ C P is equivalent to Q = V for all elements Q. Dual to this definition 
is the following one: An element H is a hyperplane if H is contained as part 
only in itself and U. Thus H is a hyperplane if and only if J D H implies 
J=UorJd = dH. 

We now prove the following. 

(3) If Pisa point, not a part of A + B, then A-B=(A+P)-B=A-(B+ P). 





*Thus, by the Absorption Law, the ‘“‘part’’ is absorbed when added to the “whole,” 
and the “whole” is absorbed by sectioning with a “‘part.’’ 

‘This definition of point or individual has been used in the algebra of logics (Schré- 
der, E.: Vorlesungen iiber die Algebra der Logik, 3 vols., B. G. Teubner, Leipzig, 1891- 
1905; in particular Vol. 2, pp. 320 and 326). Though in geometry it goes back to Euclid, 
(the first words in the Elements being ‘‘Point is that which has no parts’’) the theory 
treated here seems to be the first deductive treatment of geometry which logically uses 
this definition, since this concept of point depends for its logical use upon a precise defini- 


tion of the word “‘nart.”’ 
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Since P is a point and P ¢ A + B the relation ¢ being the negative of the 
relation CG, then P-(A + B) = V. From Postulate III (a) we have 


A+(4+B)-P=A+(A+4P)-B, 


whence A = A + (A + P)-B. Applying the Absorption Law to A and 
(A + P)-B, we find A-[(A + P)-B] = (A + P)-B. The left side of this 
relation equals [A-(A + P)]-B, which, in consequence of the absorption for- 
mulas, reduces to A-B. Hence 


A-B =(A+P)-B. 


Interchanging A and B in this relation we obtain A-B = (B + P).A, and the 
theorem is proved. 

Theorem (6) is equivalent to the Theorem: 

(6) If Pisa pointand A CBCA+P,thenA = B. 

In fact, since A © B we have A + B= B. NowP€A+B =B, for 
otherwise B D A + P from (7), while, by hypothesis, B C A + P. Since 
P ¢ A + Bwe have by applying Theorem (5) that A-B = (A + P)-B. By 
the absorption formulas, A-B = A = (A + P)-B = B,andA = B. 

Conversely, since A € (A + P)-(A + B) CA + P we may conclude that 
(A + P)-(A + B) equals either A or A + P. In the latter case, A + PC 
A + BandhenceP C A+ B. If P is not a part of A + B, then only the 
former case is possible, ie. (A + P)-(A + B) = A. Hence 


(A + P).(A + B)-B=A-B 


and since (A + B)-B = B, it follows that A-B = (A + P)-B and theorem (5) 
is obtained. 

Evidently from Postulates I-IV also the duals of the last two theorems may 
be deduced, that is 

(6’) If H is a hyperplane, and HD A-B, thn A + B= A-H + B= 
A+ B-H. 

(6’) If H is a hyperplane and A DBDA-H thenA = B. 


3. Deductions valid in projective and in affine spaces. Postulate III of 
the preceding section does not hold for affine spaces. If, for example, 4 
and C are two points of an affine plane and B is a straight line parallel to the 
line A + C, which joins A and C, then A + (A + B)-C = A + C, while 
A+(A+C)-B=A. 

Let us now consider a system consisting of a class of elements A, B, C, -: 
and two operations + and -, defined according to the following rules: 

Law 1. Each of the two operations is associative. 

Law 2. Each of the two operations is commutative. 

Law 3. The class contains two fixed elements.V, U, such that V + A = A, 
U.A =A for any element A. 
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Law 4. The operations are absorbent; that is, for any two elements A, B 
of the class, A + A-B = A =A-(A +B). This is equivalent to the assertion 
that A + B = B implies A-B = A and conversely. If both relations are 
satisfied we write A & B. 

Law 5. If A CBC Cthen there exists at least one element B in the class such 
tht B-B = AandB + 8B = C. 

Law +6. If P is a point and PE A+ BthenA-B=(A+P)-B. This 
is equivalent to the assertion: Jf A C BC A+ PthnB=AorB=A + P. 

These six laws are identical with the postulates and theorems I, a, II, 8, 
IV, 6, respectively, of the preceding section. Hence, they are consequences of 
the Postulates I-IV, and are, therefore, valid in projective spaces. It is ob- 
served that they also hold in affine spaces. The first five of these laws are 
self-dual. The dual of Law ‘6 is 

Law ‘6. If H is a hyperplane and H > A-B, thn A+ B=A-H + B. 
This is equivalent to the assertion: Jf A > BDA-H,thenB=AorB=A-H. 

Law ‘6 which is also a consequence of Postulates I-IV, and thus valid in 
projective spaces, is in affine spaces not in general satisfied. For if H > A-B 
and A-H = V then A + Bis not necessarily equal to A-H + B as demanded 
in Law 6. This is readily seen by calling U the affine plane such that hyper- 
planes are the straight lines of the plane and letting A be a line parallel to 
the line H and B be a line having only one point Q in common with A. Then 
HDAB=Q,bu,A+BH#A-H+B=B. 

Likewise, of course, the corresponding case of the equivalent of Law ‘6 is 
not valid in affine space. Thus, if A D B D A-H and A-H = V, then B 
need not necessarily equal either V or A. 

Thus, we are led to decompose Law ‘6 into two parts which we denote by 
Law ‘6’ and Law °6’’. 

Law ‘6’. If the hyperplane H D A-Band A-H #VthnA+B=A-H+B. 
This is equivalent to the assertion: if A D B D A-H and A-H # V, then 
B=AorB = A-H. 

Law ‘6’. If the hyperplane H D A-B and A-H = V, then A + B 
A-H + B. This is equivalent to the assertion: Jf A 2 BD A-H = 
thn B = A or B = V. 

In projective spaces Law ‘6’ and Law °6”’ are valid, while in affine spaces 
Law *6’ is satisfied and Law °6”’ is not. It is convenient for the proofs to 
decompose in a dual way the Law +6 into the two following parts, although 
both parts hold in affine as well as in projective spaces. 

Law +6’. If the point PEA+ BandA+P#U, thenA-B=(A+P)-B. 
This is equivalent to the assertion: A C B GC A + PandA + P # U, then 
B=AorB=A+4+P. 

Law +6’. If the point PE A + BandA + P =U, thenA-B = (A+P)-B. 
This is equivalent to the assertion: If A © BG A + Pand A + P = U, 
thn B = AorB = U. 


V, 
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The deductions of this section are based upon the Laws 1-5, +6’, 6’, +6” 
which are valid both in projective and affine spaces. 
We call m points Pi, Ps, --- , Pm independent points if 


Pye (Pit +++ + Pea t+ Pea +--+ + Pm) = V fork = 1, 2,---,m. 
Dually, m hyperplanes H;, Ho, --- , Hm are called independent hyperplanes if 
Hi. + M- -++ Aina: Aigi +++ Hm = U for k = 1, 2,--- 5m. 


Two points and two hyperplanes are independent if and only if they are distinct. 
It is evident that each subset of a set of independent points (hyperplanes) is a 
set of independent points (hyperplanes). We now prove the following 
Necessary and sufficient condition for the independence of points: The points 
P,, Po, --- Pm are independent if (and only if) for each fixed i, (i = 1, --- ,m—1) 
Pi: (Pisa + Pixg + +++ + Pm) = V. 


In order to prove that the condition is sufficient (its necessity is obvious), we 
have to derive from it that 


Py-(Pit Pot -+> + Peat Per +-+> + Pn) =V 


foreach point P;. In axiom +6, we put A = P;, B = Pri t Perot --> +Pra, 
P = P,.,. According to our assumption we have P-(A + B) = V and thus 
PEA + B; furthermore, Pi(Piy1 + Pere+ --- + Pm) =A-B=V. From 
+6 we have therefore (A + P)-B = V or Px: (Pin + Pear + --- + Pm) = V. 
Suppose now that for some number 1(0 < 1 < k — 1), it is already proved that; 


Px (Prat Praga +--+ + Peat Pen +--+ + Pm) =V; 
then by substituting 
A = Py, B= Prat Pru t-++ + Peat Pea +--+ + Pm, P = Pi 
in +6, we get in the same way as before 

Px-(Praat+ Prat -:+ + Prat Pea t--: + Pm) =V. 


By applying this argument k times, the assertion is proved. 

We now prove the following 

Lemma. If Pi, Ps, ---, Pm are independent points and Qi, Qe, +++ Qn aren 
points (not necessarily independent) such that 


Qi + Q2+ +--+ +Q,= Pit P2+-:++Pn, 
then for each i there exists at least one point Q,; among Qi, Qz, «++ Qn such that 
Pit Pot --- + Pee Pit --+ + Pir t+ Qt Pur t--> +Pe- 


The points on the right hand are independent. 
In order to prove this lemma, set A = P,; + P2 + --- + Pm, 


B=Pi,+---+Pi44+ Pu t+--- +P. 
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Then B+ P; = A. Since Pi, Pe, ---, Pm are independent points we have 
p,.B = Vand hence BC A. Since A = Qi + Q2 + --- + Q,, there exists 
at least one point, say Q;,, among the points Q,, Qe, --- , Qn, such that Q;. ¢ B. 
We have B+ Q; CA = B+ Pi, while BCB+Q;. ThusBCB4+Q,¢ 
B+ P;. From *6’ or +6’, we conclude that B + Q;; = B + Pj, i.e. that 
bt By 3s ee a ss Bis + Oe + Pe + --- +P Ble 
arrange these points in the order Q;;, Pi, Pe, --- Pia, Piss, --- Pm, then the 
intersection of each one of them with the sum of the following ones equals V; 
therefore the points satisfy the condition for independence and the lemma is 

roved. 
¥ By merely using law +6’, we should have obtained the lemma under the re- 
striction that P; + Pe +----+ Pm # U. Hence by using Law ‘6’, the dual 
of Law +6’, we obtain the 

RestricteD Dua Lemma If Hj, Ho, --- , Hm are independent hyperplanes 
for which H,-H2- --- Hm # V,andif Ji, J2,---, Jn are n hyperplanes (not 
necessarily independent) such that 


Ji-Je- --+ dn = Hy-He- --- Hn, 


then there exists at least one hyperplane among the hyperplanes Ji, Jo, --- , Jn; 
say J;;, such that 


ees SS ee ee a ee 


The hyperplanes on the right hand of this formula are independent. 
It is easy to deduce from the lemma the following 


FUNDAMENTAL THEOREM ON INDEPENDENT Points. If Pi, Po, --- ,Pmarem 
independent points and Q:, Qo, --- Qn are n points (not necessarily independent) 
such that 


Pi+ Po+-->+Pmr=Q+Q2+---+Qn, 
then among the points Qi, Qe, --- , Qn exist m points Q;, Qj, +++ » Qim such that 


Pi + Po+--- Pu = Qi, + Qi, + +++ + Vim 


(hence necessarily n =m). If A is the sum of a finite number of points then A 
is also the sum of independent points and the number of independent points with 
the sum A is the smallest number of points whose sum represents A. If two sets 
of independent points have the same sum, then they contain equally many points. 

The first proposition is obtained by applying the lemma m times, if necessary. 
Evidently m < n, and hence a sum of m independent points cannot be repre- 
sented as a sum of less than m points. Now, if A is the sum of a finite number 
of points, Qi, Qe, --- Q,, then either these points are independent or by omitting 
4 point at a time from the set Qi, Qs, --- , Qn we obtain finally a set 


Qi; Qi» Ps Qin 


of independent points. If A ¥ V, then m > 0, and according to the first part 
of the theorem, m is the smallest number of points whose sum represents A. 
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If Pi, Ps, ---, Pm are independent and Q:, Qs, --- , Q, are independent and 
such that P; + Po + --- + Pm = Qi + Qe + --+ + Qn, it follows from the 
first part of the proof that n 2 mand m 2 n,ie.,m =n. This completes the 
proof of the Fundamental Theorem. 

In an analogous way, one deduces from the restricted dual lemma the fol- 
lowing 

RestTRIcTED FUNDAMENTAL THEOREM ON INDEPENDENT HyperpLants. [f 
H,, Ho, --- , Hm are m independent hyperplanes such that H,-H»- --. Hy, #V 
and if Ji, J2,--+, Jn are n hyperplanes (not necessarily independent) such that 
Hy-He- -++» Hm = Ji-Ja: -++ In, then among the hyperplanes Ji, Jo, --- , J, 
there exist m hyperplanes J;,, Jj, +++ Jim such that Hy- He --» Hm =Jj,-Jj, +++ Jj, 
(hence necessarily n 2m). If A ¥ V ts the product of a finite number of hyper- 
planes, then A is the product of independent hyperplanes. If A # V is the 
product of k independent hyperplanes, then A is not the product of less than k 
hyperplanes. If two sets of independent hyperplanes have the same product and 
this product is distinct from V then the two sets contain equally many hyperplanes. 

Let the number of independent points whose sum represents an element 
A # V be denoted by ut+(A). If A may be represented as the sum of a finite 
number of points we have seen that the number of independent points whose 
sum equals A is independent of the particular representation chosen. If A 
may not be represented as the sum of a finite number of points, we write 
ut(A) = ©. If A = V, we put wt(A) = 0. Then one readily proves: 

First Property or p*(A). If wt(A) is finite, then w*(A’) is finite for each 
element A’ C A, and yu*(A) surpasses the maximum of the numbers y*(A’) for all 
A’C A by exactly unity. If P is a point, then wt(P) = 1. 

We further prove the following 

TueorEM. If AGC B,A=P,4+Pe+--- + Pm, B=Q4+Q2+ --- +, 
there exist, among the Q;, some points Q;,, Qi, --- » Qi, such that 


B= Pi + P2+---+Pnr+Qi+ Q,+--- + Qi 


and that the points on the right hand of this formula are independent provided that 
Pi, --+, Pm are independent. 

We denote by Qj, the first point among the Q; which is not part of A; by 
Q;, the first point among the Q; which is not part of A + Qi; --- by Qi; the 
first point among the Q; which is not part of 


A+Q,4+9,4+°--+Q4.- 
Finally we get a point Q,, such that all points Q; are part of 
A+Qi,+Q,+ +--+ Qiu. 
Then evidently 
B= 2-1 QW =A+Q,4+Q,+ +--+ Qn- 
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If we further suppose that Pj, --- , Pm are independent then we see: Among 
the points Qiz, Qixay*** 5 Q:,, Qi, Pi, Po, --- Pm the intersection of every one 
with the sum of the following ones equals V. Hence these points satisfy the 
condition which, as we saw, is sufficient for independence and the theorem is 
proved. 

SeconD PRoPERTY OF p*(A). If ut(A), ut(B) are finite then u+(A + B) and 
u+(A-B) are finite and 


ut(A) + wt(B) 2 wt(A + B) + wt (A-B). 


Since A-B € A and y*(A) is by hypothesis finite, by the first property of 
ut(A) we may suppose that A-B is the sum of k (finite) independent points 
Ri, Ro, --- , Re. We may write, applying the last theorem 


A=h+R.2+---+Re+ Pit P2+--- + Pn 
B=R+Re+---+R+QatQat+---+Q, 


where the k + m points whose sum represents A, as well as the k + n points 
whose sum represents B, are independent. Then 


A+B=Rh+Re+---+Rh + Pit Po 
Hee + Pat ht Qt +Qa. 


Let s denote the smallest number such that A + B is a sum of s points. 
These s points are, then, independent and wt(A + B) = s._ Evidently 


sxkim-4n; 


s S ut(A-B) + [ut(A) — ut(A-B)] + [u*(B) — ut(A-B)]. 


Whence u*(A + B) S wt(A) + uwt(B) — ut(A-B), as was to be proved. 

If we set dim A = yw+(A) — 1 for each element for which y*(A) is finite and 
let dim A = © if y+(A) = © we attach thereby to each element of the system 
a dimension, finite or infinite such that 

(1) dim V = —1. Each point P has dim P = 0. 

(2) If dim A is finite, dim A = 1 + Max (dim A’) for all A’ C A. 

(3) If dim A, dim B are finite, dim A + dim B = dim (A + B) + dim (A-B). 

It is to be noted that the introduction of the concept of dimension for each 
element A of the system is based upon Laws 1, 2, 3, 4, 5, +6. 

In an analogous way, if we denote by u’(A) the number of independent 
hyperplanes whose product represents A, where A # U, A # V, and write 
u(U) = 0, w'(A) = o if A may not be represented as a product of a finite 
— of hyperplanes, we may apply Law ‘6’ to prove the following properties 
of w'(A): 

First Restricrep Property oF u'(A). If A # V and y'(A) is finite, then 
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u'(A’) is finite for each element A’ D A, and yw'(A) surpasses the maximum of the 
numbers y'(A’) by exactly 1. If H is a hyperplane, then y'(H) = 1, 

Seconp RestTricTeD Property OF y'(A). If (A) and u'(B) are finite and 
A-B # V, then w(A + B), w(A-B) are finite and 


uw(A) +4 (B) 2u (A + B)+u(A-B). 


4. The Axiom of Sequences of Parts. Asequence of elements Aj, A»,---, A,,-.. 
is called monotonically non-decreasing provided An © Any, (nm = 1, 2,...), 
The sequence is monotonically increasing provided An C An4; for each positive 
integer n. Monotonically non-increasing sequences and monotonically de- 
creasing sequences are defined in similar fashion. A monotonic sequence is one 
which is either monotonically non-decreasing or monotonically non-increasing. 
A sequence is strictly monotonic when it is either monotonically increasing or 
monotonically decreasing. 

In finite dimensional projective and affine spaces, we have the following 
Axiom concerning sequences of parts: Each strictly monotonic sequence of ele- 
ments ts finite. 

This axiom, which states that for each strictly monotonic sequence of ele- 
ments an integer n exists such that the sequence terminates with the element A,, 
shall be referred to as PostuLaTE V when used in connection with Postulates I, 
II, III, IV of Section 2, and as Law 7 when applied in connection with Laws 
1—*6 of Section 3. 

It is easily seen that the axiom may be formulated in the equivalent form 
which. asserts that if A1, Ao, ---, An, --- ts @ monotonic sequence which for 
each integer k contains a member Ax, then there exists an integer n such that 
An = Anyi = Anse = +--+. The axiom in either formulation is analogous to a 
well-known axiom of abstract algebra—the so-called “Teilerkettensatz.” We 
draw conclusions from this axiom. 

If A # V, then there exists at least one point P GA. If A # U there exists 
at least one hyperplane H D A. 

The Laws 1-5 being sufficient for the proof of this theorem and these laws 
being self-dual, it suffices to prove one part, say the first part, of this assertion. 
Let A be an element distinct from V. If A is a point the proposition is valid. 
If A is not a point there exists a proper part of A; i.e. there exists an element 
A,C A, A, ¥ V. If A: isa point, the proposition is proved; otherwise, there 
exists an element Az C A, A2 ¥ V which is either a point or contains a proper 
part. Hence, we obtain ultimately an element A, C An-i, which is a point; 
that is A, does not contain any proper part besides V. For if this were not 
the case the strictly monotonic sequence (decreasing) Ai, As, +++ An, «++ would 
not be finite, contrary to the axiom just introduced. 

If Ao ¥ V there exists a finite set of independent points whose sum is Av. If 
Ao # U, there exists a finite set of independent hyperplanes whose product is Ao. 

Again it is sufficient to prove the first statement. Since Ao # V there exists 
a point P; © Ap. If Ay = P; the proposition is proved. If Ao # Pi then 
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VCP,C Ao. By Law 5 there exists an element A; such that P;.-A; = V and 
P, + A; = Ao, where Ai ¥ V. Hence there is a point Pp C A;. If P, = Aj, 
then Ao = Pi + Pe and the assertion is proved. In the contrary case 
Vc P;C A; and Law 5 again insures the existence of an element A: such that 
P,-Ay = V and Pz + Az = Ai, with Az ¥* V. Continuing this process we 
obtain a sequence of elements Ap D A; D A2 D --- which terminates in an ele- 
ment A, which is a point, say Pn 1. We easily deduce that 


Ax = Pru + Pie + vee tb Pass, (k = 0,1, 2,---, m). 


Since Ao is the sum of a finite number of points we can, by the Fundamental 
Theorem on independent points, represent Ao as the sum of a finite number of 
independent points.’ This completes the proof of the theorem. 

Thus under the assumption of Postulate V (Law 7), for each element A the 
numbers u+(A), w'(A) are finite; ie., to each element A may be attributed a 
finite integer dim A. 


5. Axioms of Projective Geometry. We shall assume in this section the 
Laws 1-7. Since these laws are consequences of the Postulates I-V, all con- 
clusions of this section may also be obtained by choosing Postulates I-V as 
the basis of our system. Compared with the basis of Section 3, we merely 
add Law “6’’ (thus obtaining the unrestricted dual of Law +6) and Law 7. 
By this adjunction our set of postulates becomes completely dual and hence 
in this system the proofs of all theorems on independent points proved in 
section 3 may be dualized to yield their unrestricted duals. Furthermore the 
theorems of section 4 are valid in this system. In particular, for each element A 
(also for A = V) the number y'(A) is finite and surpasses by exactly 1 the 
largest number y‘(A’) for all A’ D A [due to the validity of the unrestricted 
dual of the first property of u+(A)]. For each A and B, even if A-B = V, the 
formula 


(A) uw (A) + w(B) 2 w(A + B) + (AB) 
is valid since it is the unrestricted dual of the second property of u*(A); namely 
(F:) ut(A) + ut(B) = wt(A + B) + wt(A-B). 


Using the Laws 1-7, we now prove 
(Fs) ut(A) + w'(A) = wt(U) = u'(V), for each element A. 


Now u*+(U) = n, a finite number. We consider first the case A ~ V in 
Which the entity A considered is represented as the sum of k independent points 


on Oe 


‘It can, as a matter of fact, be shown that the points P;, Ps, Ps, +++ Pn4: are inde- 
pendent. 
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P,, Po, ---, Px. Then wt(A) =k >0. Since A € U, we may write in eon. 
sequence of the theorem of page 464. 
U=P,+ Po+--- + Pit Pes +--+ + Py. 


Let us put WH; = Pi+---+ Pint Pir t--+ + Pa, (@ = 1,2,.-.. ,n), 

Each H ; is a hyperplane for if B is an element such that H; € B CH; + Pp, 
it follows by Law +6 that B = H;or B = H; + P; = U; ie. the only element 
of which H; is a part is H; or U and hence, by definition, H; is a hyperplane. 
Further, P; € H;(j # 7) and hence 


P; GA. --- Hia-Hus- +++ He, (= 1,2,---,2), 
while 
Hi + Hi-+ HivHin +++ Hy = U, a nay 


Hence, by definition, the » hyperplanes Hi, He, --- , H, are independent. 
Since each of the points P;, Pe, --- , Pr» is part of both H, and H,_1, we have 
Pi + Po+--> + Poe & Ani-H,n. Evidently 


Hy-Hra & Aya = Pi + P2 +--+ + Poot Pra 
and so 
Py + Po+ +++ + Pre & Ana-Hn & Pi + Po + +++ + Pao + Pa = Ani. 
Since H,1-H, # Hy»_1 (otherwise H, D H,_1), it follows by the Law *6 that 
H,1-H, = Pi + Po +--+ + Pre. 


Let us assume that H,-Hya--+ Anis = Pit Pe+--> + Prat Pr. 
Then clearly P; + Po+ --» + Prw1GAn-An1--+ An-t41-Ani GAn H::: 
Ay = P, + P, a see — Ps. Again H,,-Hy-1 see Ay—t41- Ani AnH: 
H,-141, for equality of both expressions implies H,-; D Hn»-Hn—-1 +++ Hn-~+: which 
is impossible since the hyperplanes H;, He, --- , H, are independent. Hence 


Ay-Aya +++ An-iyi-Hna = Py + Po +--+ + Pri. 
Continuing this process we obtain 


Hy-Hy++++ Hint = Pi + Po +--- + Py = A. Hence w(A) = 2-4, 
ut(A) = k, wt(U) = nand Formula (Fs) is proved for this case. ; 
Finally, suppose A = V. Since u+(V) = 0, we must show u'(V) = #*(U). 


Let, as before, u+(U) = n and suppose Pi, Po, --- , P, are n independent points 
whose sum equals U. Again, for the n independent hyperplanes 

ye Py >+7. 4 Pain & Bearden Oi (i = 1,2, +++); 
we obtain 


i aoe Or. So aes ee | ee 
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and so H,-Hn-1--- H2-H; = V. Thus V can be represented as the product 
of n hyperplanes. Under the assumption of the complete Law ‘6, the unre- 
stricted dual of the Fundamental Theorem on independent points of section 3 
is valid, according to which each set of independent hyperplanes with the 
product V contains the same number of hyperplanes. Hence we have »'(V) = 
n = u*(U), which was to be proved. Hence formula (F3) is established. 

Formula (F3) gives a means of expressing the quantity u'(A) in terms of the 
quantity u+(A), namely, w'(A) = wt(U) — uwt(A). Substitution in formula 
(F,) gives wt(A) + wt(B) S wt(A + B) + wt(A-B). This, together with 
formula (Fs) yields w+(A) + w+(B) = wt(A + B) + ut(A-B) and hence we 
obtain the Functional Equality for the Dimension: 


dim A + dim B = diin (A + B) + dim (A.B). 


By combining the remark that for A + V formula (F;) also holds on the basis 
of the assumptions of section 3 and of Law 7, with the restricted second property 
of u'(A) we see that in projective as well as in affine geometry 


A.B # V implies dim A + dim B = dim (A + B) + dim (A-B). 


Summarizing the results of this section with respect to projective geometry 
we see that by assuming Laws 1-7 (or the Postulates I-V from which Laws 1-7 
may be deduced) we can attribute to each element A a finite integer, dim A, 
such that 


(1) dim V = —1. 
(2) dim A = 1 + max. dim A’ for all A’ C A. 
(3) dim A + dim B = dim (A + B) + dim (A-B). 


6. Deduction of the Axioms of Alignment and Extension of Veblen and 
Young. In order to prove that the Laws 1-7 or the Postulates I-V of the 
previous sections are a sufficient basis for the development of projective geome- 
try, we deduce from them the axioms of alignment and extension given by 
Veblen and Young in one of the best axiomatic treatments of the subject. 

These authors start from two undefined concepts “point”? and “line’”’ and 
one undefined relation “on.” The proof of their axioms in our theory will be 
possible as soon as these three concepts have been defined. We shall call, in 
conformity with the earlier sections of this paper, each element of zero dimen- 
sion a point. Moreover we call each element of one dimension a line, and we 
shall say that the point P is on the line L if and only if P C L. Two points 
P;, Ps shall be called distinct if P,-P2, = V. 

Axiom A. If A and B are distinct points, there is at least one line on both 
A and B. 

Ifdim A = dim B = 0 and A = B it follows that A-B = V. Hence dim 
(4-B) = —1 and dim (A + B) = dim A + dim B — dim (A-B) = 1. Then 
ito ® line and since A CA++ B,BGA+B, both A and Bare on 
this line, 
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Axiom A». If A, B are distinct points there ts not more than one line on both 
A and B. 

If ACL, BCLthnA+ BCL. If A # B, then by the axiom A, 
dim (A + B) = 1. If Lisaline,ie., if dim Z = 1, all proper parts of L haye 
a dimension less than one. Hence A + B EL onl soA+B= lL, 

Axiom A;. If A, B, C are points not all on the same line and D and E (D # f) 
are points such that B, C, D are on a line and C, A, E are on a line, then there 
is a point F such that A, B, F are on a line and also D, E, F are ona line. 

A, B, C, D, E are points and hence of dimension zero. Since A, B, C are 
not on a line, dim (A + B+ C) > 1 and as a sum of three points has a dimen- 
sion not exceeding 2, we have dim (A + B+ C) = 2. It follows that A + B 
and hence dim (A + B) = 1. By hypothesis we have D ¥ E and hence 
dim (D + E) = 

Since B, C, D are on a line, dim (B + C + D) = 1;i-e., B, C, D are not 
independent. Hence either B= CorDG@B+C. Since dim (A+ B+() = 
B # CandsoD €B+(C. In similar manner we have EF CA +. It 
follows that DC A+B+C,E GC A + B + C, and since evidently 
A+BCA+4B+4+0C,wehaveeA+B+D+EHECOA+B+4+0C. Hence 
dim (A + B+ D4 E) S$ 2. 

If, now, we prove dim (A + B+ D4 E) = 2, applying the functional 
equality for dimension to the entities A + Band D + E yields 


dim [(A + B)-(D + E)] = dim (A + B) + dim (D + E) 
—dim (A +B+D+8£)=0. 


Then (A + B)-(D + E) is a point which, of course, is on the line A + B and 
on the line D + E and hence Axiom Az; will be proved. 

We show dim (A + B+ D+ E) = 2, unless D, E happen to coincide with B 
and A, respectively. In the latter case dim (A + B + D + E) = 1, and 
dim (A + B)-(D+ E) =1. Then, however, all points of the line A + B satisfy 
Axiom A;. If we exclude this case* and suppose that at least one of the rela- 
tions D ¥ B, E # A is satisfied, say the first one, then we shall show that A, 
B, D are independent and hence dim (A + B + D + E) > 1 and dim (A + 
B+D+4+E)22. If DG A+B, then since BCA + B, it follows 
that B + DCA + Band sine BD, B+ D=A+B. But thisisa 
contradiction for by hypothesis dim (B + C + D) = land henceC CB+D. 
But C€ A + B = B + D, for A, B, C are, by hypothesis, not on a line. 

Axiom E;. There exists at least one line. 





°I presume that for the purposes of Veblen and Young the following formulation 0! 
Axiom A; would be sufficient: 

If A, B, C are on a line and A, B’, C’ are on a line where neither C = C’ nor simulta- 
neously C = B, C’ = B’ subsist, sod A, B, B’ are not on a line, then there exists a point D 
such that B, BY, D and C, C’, D are on a line. 
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The necessary and sufficient condition for the validity of this axiom EF; is 
dim U > 0. 

Axiom E>». All points are not on the same line. 

The necessary and sufficient condition for the validity of this axiom EZ» is 
dim U > 1. 

Axiom E;. All points are not on the same plane. 

According to the definition of plane given by Veblen and Young this means 
no triple of points P, Q, R (not on one line) exists such that for each point S 
there exists a point S’ on Q + Rsuch that Sis on P+ 8’. The necessary and 
sufficient condition for the validity of this axiom is dim U > 2. The condition 
is sufficient, for if such a triple P, Q, R described above exists, then each point 
ScP+S8S'’ CP+Q+4 Rand hence VU CP+Q4+R. Then dim U Ss 2. 
The condition is necessary for if dim U = 2 then a triple of independent points 
P,Q, R exists such that U = P+ Q+R. Let S beany point. If S = P, 
then any point on Q + R may be selected as the point S’ such that S is on 
P+S’. IfS#P,then P + Sisaline and dim (P + S) = dim (Q + R) = 1. 
SneP+S+Q4+R=P4+Q-4+R, dim (P+8+Q+ R) =2. Apply- 
ing the functional equality for dimension we obtain dim (P + S)(Q + R) = 
1+ 1—2= 0. Hence (P + S)(Q + R) is a point S’ and obviously 
SCP+8',S'’ CQO+R. 

Axiom E;. If Ss is a three-space, every point is on Ss. 

According to the definition of “‘three-space”’ used by Veblen and Young, the 
necessary and sufficient condition for the validity of this axiom is dim U S 3. 
This is proved in the same way as the analogous assertion in axiom £3. 

Axiom E,. Not all points are on the same S; if k <n. 

This axiom is satisfied if and only if dim U 2 n. 

Axiom E;. If S, is an n-space, all points are on Sp. 

This axiom is satisfied if and only if dim U S n. 

In order to describe more closely the projective systems considered, we intro- 
duce the following concepts: We call an element A of our class a simplex if 
the number of points which are part of A surpasses the dimension of A by 
exactly 1; e.g. each point is a 0-dimensional simplex. An element of dimen- 
sion k is a simplex if and only if there exist exactly k + 1 points which are 
part of A. Evidently each part of a simplex is a simplex. A k-dimensional 
simplex S has exactly 2*+1 different parts (V and S included). 

The element A is called homogenous if for each two parts B and B’ of A such 
that dim B = dim B’, the set of all points CB and the set of all points CB’ 
have the same cardinal number (i.e. may be brought, into a one-to-one corre- 
spondence). Obviously each element of a dimension <1, in particular each 
line, is homogeneous. Simplexes are other examples of homogeneous elements 
for, if Aisa simplex, then each part of A whose dimension is k, contains exactly 
k + 1 points. Moreover it is clear that each part of a homogeneous element 
is homogeneous. If A is homogeneous then, in particular, if L and L’ are two 


¥ 
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lines GA, the set of all points CL and the set of all points CL’ have the same 
cardinal number or, briefly, each two lines CA contain equally many points, 

In order that the element A be homogeneous, it is sufficient that, for each two 
parts B and B’ of A such that dim B = dim B’ = 1 + dim B-B’ [and hence = 
dim (B + B’) — 1], there exists at least one point P such that P C B + BY 
P¢ B,P¢€ B’. If this condition is satisfied and B and B’ are two parts of A 
whose dimension is k while dim B.B’ = k — 1, a one-to-one correspondence 
between the set of all points of B and the set of all points of B’ can be established 
in the following way: For each point Q of B we put 7(Q) = (Q + P)-.B’ where 
P is the point CB + B’ but ¢B and €B’ whose existence is guaranteed by 
the condition. It is easy to show that this “perspective” mapping 7 of the 
points Q of B on points 7(Q) of B’ is a one-to-one correspondence. If B and B’ 
are two k-dimensional parts of A such that dim B-B’ < k — 1 then there 
exists a finite set of elements By) = B, Bi, Bo, --- , B,a, By = B’ such that 
dim B; = k and dim B;-Bi = k — 1 for 7 = 0,1, 2,---,r— 1. Thus 
B; and B;,; and hence B and B’ have the same cardinal number, and A is 
homogeneous. 

If c is an integer and B and D are two elements such that D C B and 
dim D < c S dim B, then we denote by {D, c, B} the set of all elements C such 
that dim C = cand D ©CC CB." If A is a homogeneous element, then for 
each four parts B, D, B’, D’ of A it follows from 


DCB, D’'CB’, dimD’=dimD <c < dimB’ = dimB 


that the two sets {D, c, B} and {D’, c, B’} have the same cardinal number. 
If A is a simplex, then the set {D, c, B} contains for each D of dimension d 
and each B of dimension b exactly (? 1 ‘) elements of dimension c. 

The elements of dimension >0 may be subjected to the following classifica- 
tion: The element A is called degenerate if there exists a line L which is part 
of A and contains exactly two points; it is called non-degenerate if each line CA 
contains at least three points. The only elements of dimension 1 which are 
degenerate are the simplexes of dimension 1, i.e., the elements containing 
exactly two points. The simplexes of dimension >0 are the only elements 
which are both homogeneous and degenerate. Each part of a non-degenerate 
element is non-degenerate provided that its dimension surpasses 0. Among the 
parts of a degenerate element there may be degenerate and non-degenerate 
elements. 





7 If dim D = d and dim B = b, then the set {D, c, B} is what is called a (c — d)(b — ¢)- 
dimensional primitive or elementary form. {V, O, B} is the set of all points CB. This 
definition which gives a systematic survey of all primitive forms can be made the basis 
of a general axiomatic treatment of projective transformations. 
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A further study of the structure of projective spaces can be based on the fol- 
lowing lemma: If the k-dimensional element A is the sum of k non-degenerate 
lines which have a point in common then A is homogeneous (and hence non- 
degenerate). According to the sufficient condition for homogeneity we merely 
have to prove that under the condition of the lemma for each two parts B and 
B’ of A for which dim B = dim B’ = 1 + dim B-B’, there exists a point P 
such that PC B + B’,P €B,P EB’. We merely prove this assertion for 
the case dim A = 2, dim B = dim B’ = 1, dim B-B’ = 0 and leave the proof 
of the general case which presents no essential difficulties to the reader. In 
the case considered there exist two non-degenerate lines L and L’ such that 
L+L' =A. Let L-L’ = P. The line L, being non-degenerate, contains 
besides P two points Q and R, the line L’ two points Q’ and R’. Now, if one 
of the lines B, B’ is different from both lines L, L’, then at least one of the 
points P, Q, R, Q’, R’, is neither B nor B’. If the pair of lines B, B’ is iden- 
tical with the pair L, L’ then the point (Q + Q’)(R + R’) is neither B nor B’. 

From the lemma the following statements can be deduced: If A and A’ are 
non-degenerate and A.A’ # V then A + A’ is non-degenerate. Each non- 
degenerate element is homogeneous. 

A part of an element A is called a maximal non-degenerate part of A if it is non- 
degenerate without being proper part of a non-degenerate part of A. Since 
each non-degenerate element is homogeneous, it follows that each maximal 
non-degenerate part of A is also a maximal homogeneous part of A, i.e., homo- 
geneous without being a proper part of a homogeneous part of A. Based on 
these facts and calling projective space the universal element of a class satisfying 
the projective axioms, one easily proves the following 

THEOREM ON THE STRUCTURE OF PROJECTIVE Spaces. A projective space is 
the sum of a finite number of maximal non-degenerate (and thus homogeneous) 
elements each two of which have the product V, and of a simplex. 

If nis the dimension of U and Ui, Us, --- , U;. are the maximal non-degenerate 
parts of A whose dimensions are 7, m2, --- , 2x, respectively, and S is the 
simplex, say of dimension m, such that U = U; + U2 +---+ Ur +8, 
then we deduce from U;-U; = U;-S = V (i,j = 1, 2,---, k, i ¥ j) basing 
on the formula dim A + dim B = dim (A + B) + dim (A-B) the formula 


N=mtmt+nrmt---t+atkh. 
The simplex S may be = V in which case m = —1. The k elements U; are 
non-degenerate, thus the k numbers n; are = 1. It follows that n = 2k — 1 
Hence the number of maximal non-degenerate parts of U is at most 


(1 + dim U)/2. 


It may be that k = 0; this is the case if and only if U isa simplex. It is easy 





’ 
f 





a 





4 uo: 


fen on 
Set hee Sale 


474 KARL MENGER 


to construct examples of elements U for which the numbers k, m, m, --- , n, 
assume given values, provided that k 2 0 and n; 2 1 (¢ = 1, 2,..., k)3 

The k + 1 elements S, Ui, Us, --- , Uz may be called the components of the 
space U. While the k non-degenerate components U; are maximal homo- 
geneous elements, the simplex S is for k > 0 proper part of a simplex C U. 
Each maximal simplex € U is obtained by choosing a point P; in U; 
(¢ = 1, 2,---, k) and by forming the simplex S + P; + Pz, +.--. 4+ P,, 
If k > 0, then there are many maximal simplexes C U corresponding to the 
different choices of the P; in U;, while the components of U are completely 
determined by U itself. 

Each non-degenerate component of U satisfies not only the axioms of a pro- 
jective space considered in this and the previous section but also the axiom E, 
of Veblen and Young which we have not mentioned so far: There are at least 
three points on each line. The space U itself satisfies this axiom if and only 
if U is non-degenerate. If U is degenerate then each non-degenerate com- 
ponent of U satisfies all axioms of alignment and extension of Veblen and 
Young. If the dimension of a non-degenerate component surpasses 2, then 
the ordinary proof of Desargues’ theorem and its consequences holds for our 
theory. Hence we may introduce coérdinates on each line, the codrdinates 
being numbers of a not necessarily commutative field. Then the component 
is a projective space as described in analytic geometry whose points may be 
represented by n’ + 1 homogeneous coérdinates of a field where n’ is the di- 
mension of the component. 


7. The Affine Space. In affine space an important réle is played by the 
concept of parallelism. The definition of parallelism used in this section is 
given in terms of the concepts of Section 3. 

DeFINITION. Two entities A and A’ are called parallel provided (1) dim A 
> 0, dim A’ > 0, (2) dim (A + A’) S$ 1 + Max (dim A, dim A’), where 
Max (dim A, dim A’) denotes the greater or, in case of equality the common, 
value of the numbers dim A, dim A’, (3) either A-A’ = V (in which case A 
and A’ are called properly parallel) or A-A’ is identical with A or A’ (in which 
case one of the elements is part of the other). 

From the conditions 1), 2) it follows immediately that if A, A’ are prop- 
erly parallel, then dim (A + A’) = 1 + Max (dim A, dim A’). For 





8 In particular, there are the following types of three dimensional spaces: 

1) the non-degenerate spaces with one component, 

2) the spaces whose components are a non-degenerate plane and a point (a 0-dimen- 
sional simplex), 

3) the spaces whose components are two non-degenerate lines (all other lines and 
the planes of such a space being degenerate), : 

4) the spaces whose components are a non-degenerate line and a degenerate line 
(a simplex of dimension 1), 

5) the simplex (containing exactly 4 points). 











NEW FOUNDATIONS OF PROJECTIVE AND AFFINE GEOMETRY 475 


dim (A + A’) 21+ dim A;dim (A + A’) 21+4dim A’, since AC A + A’, 
A'C A+A’. Hence dim (A + A’) 21+ Max (dim A, dim A’) and hence 
from (2) the equality follows. If A, A’ are parallel without being properly 
parallel then evidently dim (A + A’) = Max (dim A, dim A’). In particular, 
two elements A, A’ for which dim A = dim A’ > 0 are parallel if and only 
if they are either identical or satisfy the conditions A-A’ = V, dim (A + A’) = 
1+ dim A. If H, H’ are two distinct hyperplanes then H + H’ = U and 
dim (HW + H’) = 1+ dim H. Hence two distinct hyperplanes are parallel 
if and only if their product equals V. 

Another consequence of the definition of parallelism is the following remark 
which will be of use: If A and B are parallel and dim A S dim B, and if P 
is any point of A, B ++ A= B+ P. Since A and B are parallel and dim A 
< dim B we have either A-B = A or A-B = V. In the first case the 
truth of the remark is evident. In the second case, dim (A + B) = 1 + Max 
(dim A, dim B) = 1 + dim B and since we have dim (B + P) = 1+ dim B 
adB+PC8B+4A it follows that A + B= B+ P. 

The concept of parallelism leads also to another formulation of Law °6’’ 
whose adjunction to the system of postulates (including Law 7) forming the 
basis of Section 3 was sufficient for the development of projective geometry. 
This law asserts that if H is a hyperplane and A D B D A-H = VJ, then 
B=AorB=V. Nowif A D> Bimplies B = A or B = V then A is a point 
unless A = V. Law ‘6’ may, therefore, be expressed in the following form: 
If H is a hyperplane and A-H = V, then A is either a point or A = V. This 
is equivalent to stating that each hyperplane and each element which is neither 
vacuous nor a point have a non-vacuous product. Using the concept of 
parallelism one can say that no entities exist which are properly parallel to a 
hyperplane. 

One might think, at first sight, that affine geometry could be obtained from 
the basis of Section 3 by adjoining Law 7 and the following law: 

If H is a hyperplane and P’ is a point not a part of H, then there exists exactly 
one hyperplane H’ which is such that H'’ D P’ and H’ is parallel to H; i.e., 
H.-H’ = V. If points are not hyperplanes, that is, if dim U 2 2, then this 
law and law *6’’ are not compatible. If dim U = 2, then the law is merely a 
formulation of Euclid’s postulate on parallel lines. If, however, dim U 2 3, 
it is impossible as we shall show, to deduce Euclid’s axiom on parallel lines 
(and thus affine geometry) from the assumption that to each hyperplane 
exactly one hyperplane exists containing a given point (not part of the first 
hyperplane) which is parallel to the given hyperplane. 

It may be proved on the basis of Section 3, Law 7, and the above postulate 
that if 0 < dim A and P’ € A is a point, then there exists at least one element 
A’ > P’ parallel to A and which has the same dimension as A. For there 
exists a hyperplane H D A and H > P’. If we denote by H’ the hyperplane 
containing P’ and parallel to H, it can be shown that (A + P’)-H’ is an ele- 
ment containing P’, parallel to A and with a dimension equal to the dimension 
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of A. But it cannot be proved that (A + P)-H’ is the only element con- 
taining P’, of the same dimension as A and parallel to A. We give an example 
in which dim U = 3, the laws of Section 3 as well as Law 7 are satisfied, and 
besides through each point outside of a given plane exactly one plane “passes” 
parallel to the given plane. Yet, in this example, a line exists such that through 
a point not part of it infinitely many parallel lines “pass.” 

The points of the space considered are the points of the Euclidean space 
which are exterior to a certain closed sphere; the lines and planes of the space 
are those of the Euclidean space. Each two non-parallel Euclidean planes 
have in our reduced space corresponding planes which intersect in a line of the 
reduced space. Obviously, all the Laws 1-5, +6, ‘6’, 7 which are valid in 
Euclidean space are also valid in our reduced space. Moreover, exactly one 
plane exists containing a given point and parallel to a plane not containing 
this point. 

Consider, now, a line L of the reduced space whose corresponding Euclidean 
line passes through the center of the deleted sphere, and an arbitrary point 
not on L. Then it is clear that there exist infinitely many lines through this 
point and in the same reduced plane as the line L which have no points in 
common with L; namely, all those lines through the point whose corresponding 
Euclidean lines intersect the Euclidean line corresponding to L in a Euclidean 
point of the deleted sphere. 

Affine geometry is, indeed, obtained by adjoining to the postulates of Sec- 
tion 3 the Law 7 together with Euclid’s Axiom of parallels: 

Law +8. If P, Q, R are three points, no one of which is part of the sum of the 
two others, then there exists exactly one entity L such that RC LC P+Q+4+R 
and L.(P + Q) = V. 

We prove now the following theorem: 

TueorEM I. If A, B, C are three elements such that 0 < dim A S dim Bs 
dim C and such that A is parallel to B and B is parallel to C, then A is parallel 
to C. 

We start with two lemmas: 

Lemma 1. If L, M, N are three lines® such that L is parallel to M and M 1s 
parallel to N, then L is parallel to N. 

The assertion, which is the special case dim C = 1 of Theorem I, is evident 
if L = MorM = N. We may thus assume that M is properly parallel to L 
and to N. If, then, L-N # V, there exists a point P © L-N such that L and 
N are both parallel to M through P. If L # N, this is impossible by Law *8. 
Hence L = N, which proves the lemma in this case. Finally, we assume 
L-N =V. Toprove that L and N are parallel we must show dim (L + N) = 
1+ dim L = 2. This is clear in case N C L + M. Suppose N €L+M. 
Then there exists a point P C N and not part of L + M and we have dim 





* As in Section 6, an element of dimension 1 is a line; i.e., a line is an entity which is 
the sum of two different points. 
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(L+ M+ P) =3. Put N’ = (L + P)-(M + P). Since N’ D P, we have 
(L + P)-(M + P) ¥ V and therefore dim (L + P) + dim (M + P) = 
dim (L + M + P) + dim N’. Whence dim N’ = 1. 

We prove now that N’ is parallel to M. From the definition of N’ we have 
N’CM 4 Pandso dim (M + N’) = 2. It remains to show that N’.M = V. 
Suppose the contrary. Then there exists a point Q of N’.M which, since 
L and M are properly parallel, is not part of L. From the parallelism of L 
and M it follows from a previous remark that L + M = L + Q. By its 
definition, N’ is a part of L + Pand hence N’+LOCL+P. From QC N’ 
it follows that LD + QQ L+N’ CL+P. Since P and Q are points not 
contained in L, dim (L + Q) = dim (LZ + P) and hence L + Q = L + P. 
Thus L + NW’ = L + Qand hence VN’ CL +Q=L1+4M. But this is im- 
possible since P C N’ but P ¢ L+ M. Hence N’ and M are parallel. But 
N' and N each contain P and hence, by Law +8, N’ = N. Since we had 
N'’CL + P, we now have NC L+ P;ie, lL +N GCL + Pand dim 
(L + N) = 2. This completes the proof of Lemma 1. 

Lemma 2. If A, B are two parallel elements such that dim A S dim B and 
if L, M are two parallel lines such that L € A and M-B # V, then M C B. 

In the case that A € Blet P bea point of M-B. Since Land M are parallel 
wehave MC L+PCA+PCBand hence MCB. Incase A € B we 
have, since A, B are parallel, A-B = V. Again let P be a point of M-B and 
set M’ = (L+ P)-B. Wehave P € M’ and hence (L + P)-B#V. Then 
the formula dim (L + P) + dim B = dim (L + P + B) + dim M’ is valid. 
Sinee PC BandLGA,L+P+ BCA + B, and since A and B are 
parallel, dim (LZ + P + B) = 1+ dim B. Thus the formula above gives 
dim M’=1. Since M’ CB, A-B = V,andL CA, it follows that M’.L = V. 
By definition M’ is also part of L + P and hence L and M’ are properly 
parallel. Since M and M’ both contain P and are parallel to L it follows from 
Law *8 that M = M’ and hence M C B. 

In order to prove Theorem I, we suppose that A is parallel to B and B is 
parallel to C. Choose a point P C A, a point QC B, and a point R C C such 
that if A-C # V,thenP = RCOA-C. Let Pi, Po,---, Pa be points of A 
such that P, Pi, Ps, --- , Pa are independent points whose sum is A. Then, if 
we put P+ P; = Aj, (i = 1, 2, --- , a), we have dim A; = 1, (¢ = 1,2, --- , a) 
andA = A; + Ag+ .---+ A,. Call B; the line containing Q and parallel to 
Aj, and denote by C; the line parallel to B; which contains R. According to 
Lemma 1, the lines A; and C;, (¢ = 1, 2, ---, a), are parallel. According to a 
previous remark of page 475, we may write C; + A; = C; + P for each index 1, 
while according to Lemma 2 we have B; C B,C; CC, (i = 1, 2,--- , @). 
Hence we may write, 


C+ Aw C4 Ay de he Hib Age O41, + Ar + Cot An $00 + 


+4,.=C0C4+04+P4+0.4+P4+---+G4+P=C+P, 
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Hence dim (C + A) S$ 1+ dim C. Therefore, if C-A = V,C and A are 
properly parallel. If C-A # V,then P = Rand hence PC CandC +4 = C: 
that is, A © C. This completes the proof of Theorem I. 

From Theorem I we learn that in case dim A = dim B = dim C and Bis 
parallel to A and to C, then either A and C are identical or properly parallel, 
We have thus the following corollary: 

Corotitary. If dim A > 0 and P’ € A is a point, then there exists at most 
one entity A’ such that A’ D> P’, dim A’ = dim A and A’ is parallel to A. 

We prove now the theorem: 

Tueorem II. Jf dim A > 0 and P’ € A is a point, then there exists at least 
one element A’ such that A’ D P’, dim A’ = dim A and A’ is parallel to A. 

We prove Theorem II by complete induction. For dim A = 1, Theorem II 
follows immediately from Law +8. We assume, therefore, that Theorem II is 
proved for dim A = k and we show that this assumption implies its validity 
fordim A = k+1. 

Let now dim B = k + 1 2 2 and suppose P’ ¢ B is a point. Evidently 
two elements A, L exist such that B = A+ L, A-L = P,dimA = k, dimL 
= 1,dim P = 0. Denote by A’, L’ two elements which contain P’, which 
are parallel to A, L, respectively, and such that dim A’ = dim A, dim L’ = 
dim L. The existence of elements A’, L’ is insured by the inductive hypoth- 
esis. We set B’ = A’ + L’ and we prove that dim B’ = k + 1 and that 
B’ is parallel to B. Since B’ D P’, this will complete the proof of our theorem. 

First, since B’ = A’ + L’ itis clear that dim B’ S k + 1 (forsince A’-L’ 4 V 
we have dim (A’ + L’) + dim A’-L’ = dim A’ + dim L’ = k + 1, and 
dim A’.L’ = 0). Furthermore B’ = A’ + L’ € A’, for in the contrary case 
L’ € A’ which is impossible since from the facts that L and L’, A and A’ 
are parallel, L’ € A’ would imply according to Theorem I that L is parallel 
to A, which is not the case since L-A = P ~ V, dim L S dim A andL € A. 
Hence dim (A’ + L’) 21+ dim A’ = 1+ ksince A’ C A’ + LZ, and hence 
dim B’ = k +1. 

-We next show that dim (B + B’) =k +2. Since L is parallel to L’ and A, 
A’ are parallel, we have A + A’ = A+ P’,L 4+ L’ = L + P’ and hence 
B+ B’ =B4+ P’. Then dim (B + B’) = dim (B + P’) = k +2. 

It remains to show that B-B’ = V. If we suppose B-B’ # V, then 
dim (B-B’) = dim B + dim B’ — dim (B + B’) = k and there exists a point 
P* < B.B’. One easily sees that P* € A. Hence according to the inductive 
hypothesis, an element A* D P* exists parallel to A and such that dim A* = 
dim A. The element A*, being parallel to A and containing P* is such that 


A*GCA+P* CB. 


Since dim A = dim A’ = dim A* = k and A* is parallel to A, while A is 
parallel to A’, it follows from the corollary to Theorem I that either A*=A' 
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or A* is properly parallel to A’. In either case, A* C A’ + P* © B’ and 
hence A* © B-B’. Since dim A* = dim (B-B’) = k, A* = B.B’. 

In an analogous way, we take an element L* D P*, parallel to L and such 
that dim L* = dim L = 1. In the same way as we deduced A* © B-B’, 
we may prove L* € B.B’ and hence L* € A*. Since L is parallel to L* and 
L* is parallel to (part of) A* and A* is parallel to A, it follows that L is parallel 
to A, which contradicts the hypothesis that L-A # V, dim L < dim A and 
L€ A. Hence Theorem II is proved. 

We shall not enter here into a detailed further development of affine geometry. 
We may remark, however, that in addition to the type of parallelism intro- 
duced at the beginning of this section (which might be called complete parallelism) 
a partial parallelism may be defined. Thus two entities A, B are partially 
parallel if dim A > 0, dim B > 0, A-B = V and 


1 + Max (dim A, dim B) < dim (A + B) <1+dimA+dimB. 


Finally, we observe that two methods exist for proving that adjoining Law +8 
to the basis of Section 3, together with Law 7, gives a complete axiomatic 
basis for the development of affine geometry. One may, by introducing sys- 
tems of parallel entities as ideal elements, show that the enlarged system 
satisfies all the postulates of Section 5, which, as we know, are characteristic 
for the linear entities of a projective space. A second method, in the case 
dim U = n 2 38, is to introduce coédinates and characterize each point by 
a system of n numbers of a field. 


8. Some remarks, some problems and a résumé. We now briefly con- 
sider the distributive formulas 


(+) A.(B+C)=A-B+A-C, 
(++) A+B-C=(A+8B)-(A+0C). 
From the geometrical axioms we merely could deduce two inequalities corre- 
sponding to these formulas. 

It is easy to show that on the basis of Laws 1-4, (Section 3) the above two 


formulas are equivalent. Let us assume formula (+). Then, according to 
Law 2, 


(A+ B)-(A+C) = (44+ B)-A+(A+4+B8B)-C 
=AA+BA+A-C4+BC=A+B-C 


by use of the laws of total linearity and absorption proved by use of Postu- 
lates I-IV. 

Furthermore, each of the formulas (+), (++) is equivalent to the following 
self-dual formula 


(+++) A-B+4+B.C4+C.A =(A+B)-(B+(C)-(C +4); 
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for, supposing formulas (+), (++) and the Postulates I-IV, we obtain 
(A + B).(B + C)-(C + 4) = (A-B+ B-B+A-C + B-C).(C 44) 
=(B+A-C)-(C+A)=BC+ACC+BA+A.C.4 
=A-B+B.C+4+0C.A. 
Conversely, let us assume formula (+++). If we replace C by B.C in 
(+++) we obtain 
A-B+B-C+A-B-C = (A + B)-(B + B-C)-(B-C + A). 
Applying law 4, we have 
(”) A-B+B-C=B.(A+B-C). 
Adding C.A to both sides and multiplying the result by B we have 
B.(A-B+ B-C + C-A) = B-[((A + B-C)-B4+(C.A]. 
Replacing C by A + B-C and A by C.-A in (*) we obtain 
A-B.C + B.(A + B-C) = B.[C-A + B-(A + B.C); 
whence in consequence of (*) we have 
B.(A-B+B.C+C-A) =A-BC+A-B+BC=A-B4+ BC. 
By formula (+++) and the absorption formulas we have 
B.(A-B+ B.C + C-A) = B-(A + B)-(B4+0C)-(C+ A) = B-(A40) 


whence B-(A + C) = A-B + B.C, which was to be proved. 

It has been shown” that the distributive law is equivalent to the uniqueness 
of the inversion of the operations + and -; that is, with the assertion: If 
A © BCC, then there exists exactly one element B such that B-B = A and 
B+B=C. 

If one adjoins Law 7, concerning chains of parts, to Laws 1-6 then if U 
can be represented by the sum of n independent points, the system of all en- 
tities satisfying the axioms is isomorphic with the system of all subsets of a 
set of n elements or, what is equivalent, the system of all simplexes which are 
part of a simplex of dimension n — 1, and hence contains exactly 2” entities. 
It is possible to make correspond to each element A a subset of a set M of 
cardinal number n, in such a way that to V and U there corresponds the vacuous 
set and the set M, respectively and that, if the sets M’ and M”’ correspond, 
respectively, to the elements A’ and A’’, then the sets corresponding to the 
entities A’ + A’’ and A’-A”’ are the sum and product of the sets M’ and M", 
respectively. 





10 Remarks in this direction are already contained in Schréder’s work. Proofs are 
given by Huntington, Trans. Amer. Math. Soc. 5, 1904, p. 288, by Skolem, Videnskapssel- 
skapets Skrifter 1919, and by Bergmann, Monatshefte f. Math. u. Phys. 36, 1929. 
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If one does not adjoin Law 7, then one has postulates, not independent, 
allowing the deduction of an algebra of logic according to the well-known 
theory of the latter due to Huntington." 

In consequence of the arithmetic translation of all theorems of elementary 
geometry into theorems on matrices given by analytic geometry, it is clear 
that the axiomatic treatment given in this paper may be translated into a 
system of postulates for matrices. 

By varying slightly some of the axioms of our system, new geometry sys- 
tems might be obtained.” Particularly promising in this respect is a variation 
of Axiom ‘6 which, as we have seen constitutes the single difference between 
projective and affine geometry. 

Further interesting questions are connected with the construction of a pro- 
jective and affine geometry of infinitely many dimensions, for which, naturally, 
Law 7 must be weakened and the operations of addition and multiplication 
are to be extended to infinitely many summands and factors. 

In terminating this paper a résumé may be given of the axiomatic theories 
of projective geometry developed here.’* The axioms of projective geometry 
are inclosed in a line and those of affine geometry are inclosed in a dotted line. 
Besides, we summarize the five axioms for projective geometry. 





Trans. Amer. Math. Soc. 5, p. 288. 

12 This matter is evidently related to the question of the independence of our axioms, 
which is not considered in this paper. 

18 For a first sketch of the algebra of a projective geometry see Menger, Jahresber. d. 
D. M. V. 37, 1928 p. 309 where the dimension was, however, introduced as a number at- 
tributed to each entity according to certain conditions. G. Bergmann (Monatshefte f. 
Math. u. Phys. 36, 1929 p. 269) postulated certain laws on independent points and law *6, 
and proved that dimension defined in a certain way satisfies the conditions of the paper 
referred to above. O. Schreiber in his Vienna thesis (1933) developed the theory of inde- 
pendent points and of dimension from Postulate III of section 2, this Postulate having been 
pointed out by Menger (Ergebnisse e. math. Kolloquiums 4, p. 6). This thesis, which also 
contains the remarks on the self-dual form of the distributive law at the beginning of section 
8, was used in section 3 of this paper. Axioms ‘6’ and ‘6’ have been formulated by F. Alt 
who remarked that ‘6’ is valid as well in affine as in projective spaces, and found that °6”’ 
completes the axioms of projective geometry by yielding the functional equality for dimen- 
sion. The whole section 5 is due to Alt. From the functional equality for dimension the 
ordinary axioms of projective geometry have been deduced by Menger. Due to F. Alt are, 
finally, the example of page 476, complementary, so to speak, to Klein’s model for hyper- 
bolic geometry, and contributions to section 7. 

Addition in the proofsheets: While this paper was under press an interesting theory 
related to our algebra of projective geometry (developed in the quoted papers Jahresber. 
d. D. M. V. 3F and Monatshefte f. Math. u. Phys. 36) has been published by G. Birkhoff, 
Annals of Math. 36, 1935, p. 743. 
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With each two entities A and B there corresponds 


anentity A+B an entity A-B, and we assume 
A+(B+C)=(A+B)+C (1) A-(B-C) = (A-B)-C 
A+B=B-+A. (2) A-B = B.A. 
There exists an entity V (3) There exists an entity U 
such that V+ A =A. such that U-A = A. 
A+A-B=A (4) A-(A +B) = 
(5) 
IfACBCEC 
then there exists an entity B such that 
B+B=C and B.B= 4A. 
(7) 
Each strictly monotonic sequence of elements is finite. 
(6’) 
If P is a point and If H is a hyperplane and 


AGCBECA+P#U, 
then B =AorB=A+P 


ADBDA-HFYV, 
then B = Aor B=4A-H 


If P is a point and (*6’’) | (6’’) If H is a hyperplane and 
ACBCA+P=U, ADBDA-H=YV, 
then A = Bor B = U. fost BorB= V. 











| 

(+8) | 
If P, Q, R are points, no one of which | 
is part of the sum of the two others, | 
then there exists exactly one ele- 
ment ZL such that | 
ea ee: | 





The operations + and - satisfy the laws (1), (3), (5), (7) and the weak 
distributive law A + (A + B)-C =A+(A4 C)-B, A-(A-B4+ 0) = 
A.(A-C + B). 





VIENNA (AvsTRIA). 
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ON SOME EXTREMAL PROPERTIES OF POLYNOMIALS 


By J. GERONIMUS 


(Received April 9, 1934) 


INTRODUCTION 


The object of this paper is to solve the three following problems: to find the 
extreme values of the linear expression 


(1) w(P) = aAo + %Ai+ --- + 4,A,, sin 
for all polynomials P(x) of degree S n 
(2) P(x) = Aox™ + Ayx™! + .-- + An, 


subject to one of the following conditions: 
1 


I. L(P) -{ |P(x)| dx = 1; 


1 
II. L(P’) = / | P’(x) | dx = 1, 1.e. the total variation of our polynomial in 
—1 
(—1, +1) is given; 
1 
Ill. L(P’) = [ | P’(x) | dz = 1, where P’(x) does not change its sign for 
—1 


-1 <2 S11, te. the total variation of a monotonic polynomial in (—1, +1) is 


given. 
The solution of the first problem in a particular case—when 


w(P) =A, 


may be found using Tchebycheff’s method;! but this method is based on con- 
tinued-fraction expansions and is very complicated. 
In a still more particular case—when 





w(P) = Ao 
the problem has been solved by Korkine and Zolotareff,? by M. Fujiwara,* 
and lastly by M. S. Bernstein.‘ 3 





‘ Oeuvres, t. 1, pp. 387-469. 

*“Sur un certain minimum.” Nouvelles Annales de Mathématiques, II Série, t. XII 
(1873). 

* “Uber die Polynome von der kleinsten totalen Schwankung.”” Téhoku Math. Journal, 


vol. 3 (1913), pp. 129-136. 
‘“Sur une propriété des polynomes de Tchebycheff.”” Comptes Rendus de l’ Académie 


des Sciences de ’-URSS (1927), pp. 405-7. 
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Supposing that s < [n/2] we will give the solution of the first problem which 
will be reduced to the resolving of the secular equation of degree s + 1. Sup. 
posing further that n tends to infinity while s is finite we will obtain the asymp- 
totic formulae giving the upper bound of the expression (1) and in particular the 
bounds of the coefficients. 

Considering the second problem we will show that its solution may be reduced 
to the solution of the first problem. t 

Lastly considering the third problem we will show (for large values of n and 
finite s) that the supplementary condition—to be monotonic—divides by 7/2 
the upper bound of the linear expression (1) when there is given the total 
variation of our polynomial in (—1, +1). 


PROBLEM [| 


1. The necessary form of the polynomial P(x) for which the extremum is 
actually attained. If for a certain polynomial P(x) the expression w(P) at- 
tains its maximum wp under the condition 


L(P) = 1, 


then for the polynomial —P(z) the expression w(—P) attains its minimum 
—w since 


L(—P) = L(P) = 1; 


therefore we shall only seek the maximum of w(P). 
We shall denote hereafter by 2(P, Q) the following expression 











w(P) w(Q) 
L(P) L(Q) 
denoting by P(x) the polynomial for which the maximum is attained we have 
(4) aA(P, R) = 0 
where R(x) is any polynomial of degree <n; we have indeed 
w(P) > w(R) 
L(P) ~ L(R)’ 


whence follows (4). 
We will prove the following theorem: 
I. If the polynomial P(x) of degree n has complex roots or roots lying outside 


the interval (—1, +1) then this polynomial may be replaced by a polynomial of 
lower degree. 


Suppose that our polynomial is of the form 
P(x) = 0(x) P,.(2), 


where P,,_,(x) has all its roots in the interval (—1, +1) and @(z) > 0 for 
—-ls27zesl. 
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Consider also the polynomial 
Q(z) = Pr+(x) [0(x) — 4], 
where the positive constant 6 is so chosen that 
Oz) —6>Ofor—-l1 S21; 
then we have 
L(P — Q) = L(P) — L(Q), 
and further 
L(P) = L(Q) + 6L(P.), 
w(P) = w(Q) + b0(Pr). 
It is very easy to show that 
a(P, Q) = —s2(P, P+); 
since Q(P, Q) = 0 and 6 > 0 we get 
Q(P,--, P) 20 


ie. the polynomial P(x) may be replaced by the polynomial P,_,(z). Now 
we will prove the following theorem: 
Il. If the polynomial P(x) of degree n has multiple roots inside the interval 
(—1, +1) then this polynomial may be replaced by a polynomial of lower degree. 
Let us have 


P(x) = (x — a)* P,_-+(2), mi¢emi, ERR 
Consider the polynomials ¥(x) and ¢(x) 

P(x) = (x — a)? ¥(x); g(x) = [(@ — a)? — &] YG), 
where 6 is a small constant. It is easy to see that’ 

L(P — y) = L(P) — Lv) + BR, 
where R satisfies the inequality 
Rs M &*, 
M being a finite constant. Then we have 
L(P) = L(y) + &L(y) — R, 
w(P) = w(¢) + Fly), 


Se SS es es es 


* Loc. citat,? p. 131. In proving Theorems I-III we have used the method of M. 
Fujiwara. 
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whence we deduce easily 
A(P, ) = — #Q(P, ¥) + Ra(P); 
taking 6 sufficiently small we see, that 
ay, P) 20 


since Q(P, y) = 0; thus we see that the polynomial P(x) may be replaced by 
¥(z). 

Lastly we will prove the theorem: 

III. If +1 is a simple or multiple root of the polynomial P(x) of degree n then 
this polynomial may be replaced by a polynomial of lower degree. 

If we have 


P(x) = (l+2)¥ Prix), k21, 
we introduce again the polynomials g(x) and y(z). 
P(x) = (l+2)¥(z); oft) =(Ltx—S) H(z), 6>0; 
then we have again 
L(P — ¢) = L(P) — Liv) + BR, 
where |R| < Mé**+!. We may write further 
L(P) = L(y) + 6L(y) — BR 
w(P) = w(y) + bw(y) 
and we find 
Q(P, y) = 6Q(y, P) + Ra(P); 
thus we see that for sufficiently small values of 6 we have 
ay, P) 20; 


therefore the polynomial P(x) may be replaced by the polynomial y(z). 

From the theorems I, II and III follows the general theorem: If the polynomial 
P(x) for which the maximum is actually attained is of degree n, it must have n 
changes of sign inside the interval (—1, +1), 7.e. its roots are 


(5) "—L<m <a <--> < mea << 1. 


If the polynomial P(x) has only n — k changes of sign inside the interval (-1, 
+ 1) and is 


(6) P(x) = P,+(z) 6(2), 


where 0(x) = 0 for —1 < x < 1, then the polynomial P(x) may be replaced by 

the polynomial P,-x(x) which has n — k changes of sign inside (—1, +1). 
We shall solve our problem supposing that our polynomial P(z) is of degree ” 

and consequently has n roots inside (—1, +1); if some roots are equal or 
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coincide with +1, then the maximum will be attained by a polynomial of 
degree < 7. 


9. The transformation of our problem. For the sequel it will be very useful 
to write our polynomial in the form 


(7) P(x) = p> BU,-«(2), 


+=0 


where 





(2) = 82 (k+l¢ 


(8) Ur(x sing ’ ¢g = arc COs 2, (k = 0,1,2,---). 


Then our linear expression w(P) will take the form 


(9) w(P) = >) aids = >) Bi 
i=0 i=0 
where the numbers bo, bi, --- , 6, are to be found. 


We will prove the following theorem: 
Substituting in the expression 


(10) 3A (x) = +> oer 


r=0 


1 i 


gntl? gn? eee ? gn—et1? we will ob- 


i( + t) instead of x and finding the coefficients of 


tain bo, bi, --- , bs, i.e. 
1 bs by bo 1 
4A | a(« + ‘) | _ gn—stl + ya ee + 2” + grt + (45) ’ 


1 ; 
where (Fs means the members with z~"*», z-*® etc. 


We have indeed 








(11) w(P) = > a,A, = A, [ A@Pedr, 


k=0 


where the contour T encloses the segment (—1, +1). It is clear that the 
polynomial U;.(x) may be written thus 


a9 Ui) get ty, 


a 
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where the sign of the radical is chosen so that | x + (x? — 1)?} > 1. 
Then we have 





1 : gn-ktl __ 2—(n—k+1) 
w(P) = =~ [ A(z) 2 B, dz. 


2-2! 


Put 


then we obtain 


ii 1 ,\1 1 n—ktl _ (nb) 22 
o(P) = 52; [54[5 e+ 3)| > Bel z oe 


where for all points of the contour C in the z-plane we have |z| > 1. On 
putting 


1,f1 1 by 1 
(13) 343 (: + ‘| ~ Ly pHi + (4) , 
we see that 
w(P) = >> & B,. 
k=0 


Using this theorem we find easily the b’s: we have 





r 


s—k 
[ : —n+k+2r—-1 
(14) bi. = bs _—o ou ( ” ’ (k = 0, 1, 2, festy , 8) . 


r=0 


Thus our problem may be stated in this form: to find the maximum of the linear 
expression 


w(P) = } bi By 


un [ 


3. The fundamental equations. Let 7.(k = 1, 2, --- , ») be the roots of our 
polynomial P(x) inside the interval (—1, + 1) 


under the condition 





B; U,-i(x) dx =1l. 
=0 


a 


—~l<an<e<--- <q < gy <1. 





M 


to 


an 
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Since 
Tiss(x) , 
(15) [ vq ar = ™O +0, (i = 0,1,2,--- ) 


where T,(z) = cos (v are cos x) is the Tchebycheff polynomial, we have 
‘ (— 1)" Bn i 
L(P) = <A (= 1)§ + 27 i41(m) — 27:41) 
(16) 2 ‘+t 
foes) + 2(— 1)" Tim) + (— D9 | 
the conditions of extremum are 


\(— 1) 
i+1 





b+ = {(— 1)* + 27i4a(m) — 27 %41(n2) 


(17) foes $= 1) Tila) + (— DY 


(6 = 0,1)2,-:-,8)3 > Daa edge dO. 


Multiplying by B,_; and summing up we obtain 





(18) w(P) = rL(P) ; 
to find \ and the abscissae m, 72, --- , 7 divide both sides of (17) by 
mi git? Xx 
ae +1 


and sum up; then we obtain 








fu ae bn: (i + 1) “> (— 1)*4+ (—1)* 





. git2 
(19) i=n-8s 
+2 > (— 1) pa Sate 
To find the sum 
(20) 2 +> —— (k = 1,2,--- ,n) 


i=0 
we write the Tchebycheff polynomial thus: 
(21) 27 isa(m) = 2h? +a); ae = mt (ni — 1)"; 
then it is easy to see that for |z| > 1 


Tisa(ne 2 1 1 1 
™ 2») Put) - 24 (. + =) + (ga): 


— & Z2— 2 
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Further we find that 


2 1 
‘ rats ,  (n—even), 
n i P as 1 nt 




















git2 2 1 
“2-H tT (=) Co 
Suppose first that n is odd. Then we have 
IwvbsG+D) 1 #21 
hot ee 1 +l 
: 1 1 
(24) + 2 (. the _-) 
yv—-l1 
1 BF _jn+l 
- Gat —5)+(*): =| 2 | 
‘Put 
ae LF] 
(25) g(x) = Il (x — ners) ; v(x) = i (x — nox). 


Then integrating both sides of (24) from © to z we obtain 





1 1 
bas 22 [32 +2) 1 
x - ga G7 tS +(4). 
i=n—8 y 9 ‘Fs 


whence finally 








. EC be 7) 
s—s* "19 Z 1 b; 1 
ata log 2  ° fi : ~~) Lo gH + (4) F 
elae+:) |) = 


Suppose now that n is even. Then we have 


1~ boii +1)_ 2 . 1 1 
ates gite s+ D (+ --) 


i=n—s 2 — Zek- 


‘ 1 1 1 
-> (Hata) +@): v 














Ce) 


thus finally 





wher 
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oer Let 2D] 1g b, + (23). 


(27) ai ae 1 1 at znd pete 
sad i=0 
ela(e+ 2) 


where the polynomials g(x) and y(zx) are defined by the same formulae (25). 
The equations (26) and (27) are fundamental in our problem. 








4, The particular case of the first problem. Putting aside the consideration 
of the general case we shall investigate the particular case of our first problem— 
we shall suppose that s < [n/2] and consequently 


(28) Qs41 = Gy2 = +++ =a, = 0. 
Using (14) we see that in this case 
(29) best = D2 = --- =O, = 0. 
Suppose that n is odd. The fundamental equation (26) may be written thus 


een eres) 
. Xe) 





I~s Db 1 
“er zr 7 (4) ‘ 


t=0 





We shall prove the following property of the polynomials g(x) and (x): 


eter rece an) 


where q(z) is a polynomial of degree s with real coefficients. 
To prove the statement put 


ola) = DY) ans Tila) = 5 >) aile! + 2-4) | 
(32) iv she oa 3 (« +3); 
v(z) = 2, By U;-1(x) a > By Cs. 


—_ x 
i=1 pest Zz Zz 


thus we get 


[e+ 3)]-2(-)o[if42)]-2 eterna 


i=1 


fy - 
+ 5} 2s Zz (ay + B,-i) + ay. 





x 
3 
q . 

’ 
t 
: 
i 
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As the expansion of the right side of (30) begins with z~~** it is clear that 
the expansion of the fraction 


> z' (ai — Bri) + p> z~* (a_i + Bi) + 2a, 
i= is 


> ai (24 + 2-4) 


i=0 





in powers of z~! must begin with z~“~*t»; as the numerator of this fraction 
contains z’ it is clear that the expansion of the denominator must begin with 
z~’-*), Therefore we have 

(33) w%i= Bi, (i = 1, 2, seals v) } a, = 0 
%itBi=0, (¢ = 1,2,---,»—s-—1); 


thus we see that 


g(a) = ya a T,(x) , v(x) = ¥ a; U,_i-1(z) ; 


(34) 
? Ee + ‘)] + BC - ) v Ec + ‘)] = p> ag?—t = 2°-* Q(z), 

where 

(35) q(z) = - az? 


and further 


1 1 1 1 1 1 1 
al = ay fee fas me = 2-8) gi}. 
@o) —o[3{2 +2) |- ae -2)¥ [ale +2) |= a) 
Thus our problem is reduced to finding a, a1, «++ , &—the coefficients of the poly- 
nomial q(z). 
Let us return to (30)—as s S H we will have only one member in the 
expansion of the logarithm and we get 
1 1 1 1 1 1 
Lal: +) -3(: - 7) +X ai 3) Ls _b 43 
Et ‘)| = Ly poi T pe) 
7) 2+ 








~=0 


2 
Using (36) we obtain 


1 1 1 $ b; 8 a Be P 
m0(5) =a ea wl + 2‘ 1+ (A), 





wl 


(38 


the: 


Ho O 
(40) 
To f 


Supp 


is equ 
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whence finally 
(ao + oe + +++ + aa2! + a, 2) 
(37) 





bs— 
= (aue* + onz** + ei + a12 + as) (s + ae wee +%) + (2). 
where we have put w = 2d. 
Hence we get the system of equations 
acodo + ab; teeo + 51051 + a,b, = Ma , 
abi + abe + --> + aid, = um, 


cob, = Mas ; 
then y is to be found from the secular equation 
bo — w bi be--- bea dg 
bi be — pw bs--- bz 0 
(39) B(u) Po evar) eee eee eer ee eee = 0. 








b, 0 Q0--- 0 —4p 


It is well known that all roots of this equation are real; we choose the root 
uo Of the largest modulus. Then the solution of our problem is 


(40) o(P) = 3 | wo| L(P) . 


To find the polynomial P(x) for which this maximum is actually attained we 
find the polynomial g(z): 


b—w 8b Jedd! hy 
bi be— pe 0, --- B& 0 

1) a) = Fear m const. 2000, 
bss b, 0 —p O 
2 is get notte 1 








supposing that the rank of the matrix 
bo — Ko bi be Seti bs-i bs 
bi be — Mo bs eee b, 0 


eee ewe were eee eee ee ee HHH 














is equal to s. 
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Using the formula 
(42) g(x) + (x? — 1)'y(@z) = 2*qz), =z = 2+ (@ — 1), 
we get by squaring 
(43) g(x) + (a? — 1)8e(x)o(x) + (@? — I)P(e) = 2*41g%(2), 
In the same way we get 
(44) g(x) — 2(a? — 1)4p(x)p(x) + (2? — I)Y*(z) = (1/2), 
whence 

4(x* — 1)4g(x)p(x) = 2m g*(z) — 2-0 g°(1/z) ; 


thus we obtain finally our polynomial P(x) (up to a constant factor) 


(45) ee ee 


t=0 k=0 


Suppose now that n is even. Then we find from (27) 


(2+ ly 3(¢ + *)] —(-l)¢ EC + ?)) 
(46) us ig Del a( = . ] | 
sh > uf, 1 (34): 


We will show that in this case the polynomials g(x) and ¥(x) possess the following 
property: 


a7) - vel az +4) + © + vo[ He + )] = eta), 


where q(z) is a polynomial with real coefficients 
(48) q(z) = apz* + az t+ .-- tay. 


To prove this we put 








>| 


(49) elt) = > a,iRi(z); (2) = 2 By: Ss(2) , 


where 


sin (4 + 4 gitt — 2-(i+) 
R(x) = (i+ d)¢ el Zz 





gy = arc COS 2; 





2sintg AaA-— 2 
as 4 1) ; ond rights 5 wil tad 
S; io SE gg | Laan 
(z) 2 cos 49 2(2? + 274) (i = 0,1,2,---); 





thu 


(51) 


and { 


where 


Thus ° 
P(e) y 


(57) 


Since | 
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thus we obtain 


(+ Dv EC + *)] <G+ De [3(: , I 


(1) a | 


= 5) = yh zith(a,_; _ B,-i) + p> z- +) (a4 4+ B,-:) . 


t=0 t=0 


Since the expansion of the logarithm in the formula (46) in the powers of z~ 
must begin with z-“—**+), we have 








wi = Buy, («= 0,1,2,--- ,»); 
(52) : 
%it Bi =0, (¢ = 0,1,2,---,»—s—1). 
Thus we see that 
ry 1 Pov grit gp gt 
[2+ 3) |-324 ate’ 
(53) 
Bi 1\] wk — git 
? EC + 1)] = 2 >» ™ = ge , 








and finally we obtain 


(e+ iy (= += | + @- De | (= + ‘) = 2H 4(2), 
cooler] e- bie ] -nead) 


where q(z) = aoz* + a2z*-1 4+ .-- + a@,. Inserting (54) in (46) we get 


- » /l 1 1\] a 23; 1 
® Xa) -6- wf . ap An (Fa) 


and finally on putting 4 = 2d we obtain 
ulay + az tee baz?! + a2") 


(56) 
= (apz* + ayz*! + —e + ad(b, + Pt + coe ot ») + (2). 


2 z 


Se” 


(54) 


Racestennsnil 





Thus we come to the same equation (37) as for n odd. To find the polynomial 
P(r) we square (54), whence 


(57) 4( — 1)p(x)p(a) = 2r-%et2g%(2) — 2% gR(1/z), x = 4 (2 + (1/2)). 


Since we have 


22 — 1 = 22(zx? — 1)! 
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we obtain finally 


G8) Pi) = gr-2et1 g2(z) — g-(n-2et)) q?(1/z) - bs D> oso U nix(2), 


(x? — 1) i=0 k=0 





i.e. the same answer as for n odd. 


5. On roots of the polynomial P(x). We will prove that under certain con- 
ditions the polynomial P(x) actually has n changes of sign inside the interval 

We will show first that all roots of the polynomial q(z) lie inside the circle |z| = 1 
if s roots of (39) have the moduli < |wo|. Substituting z = 1/u we may write 
(37) thus 





Oe + aiu+-->+-aour_ 1 , . - as 4 
(59) a taut: +au' o — Wt s-1U + +. ou’) + 


Now we will apply the following theorem: if near u = 0 we have the expansion 


Qs + @s1U +--+ + au’ 


(60) a +au+::: +a,u* 


=@+aqu+-:---+ cu +.:-- 





and if unity is the (s — k)"” positive simple root of the equation 


Xr 0 ---Q0 Ge Gie-: C 


oeeeere eee eee eee eee eee eeee 


(61) D(A) = 








whose positive roots are 
No = = oh lbs = ds =r>0, 
then k roots of the equation 


(62) q(u) = agu® + qut14+ .-- +a, 


lie inside the circle |u| = 1 and s — k roots outside.® 
It is very easy to show that 


(63) D(\) = + C(A)C(— 2d), 





6 ef. N. Achyeser ‘(On a minimum problem of the theory of functions’’ (in Russian), 
Bulletin de l’ Académie des Sciences de ’ URSS (1931), p. 1183-4. We suppose that ao, a1, °'*) 
a, and therefore co, c:, --- , cs are real numbers. 





wh 
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(66) 
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(67) 
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where 
Ce — XA Cs—1 Ci © 
(64) er ee ee Ree 1 








therefore the positive roots of D(A) are the moduli of the roots of C(A). 
Comparing (60) with (59) we see that 


. a. Te. 
Ho Mo Mo 
bi be 
= am eae © 
(65) C(A) = Ho Ho ; 
Bat in 
Mo 








therefore unity is the root of the largest modulus of C(A) and consequently the 
largest positive root of D(A). Hence it follows that k = s and all s roots of the 
polynomial g(z) lie inside the circle | z | = 1, if the moduli of all other s roots 
of (39) are < | uo |. 

Now we shall show that in this case all roots of the polynomials g(x) and (x) 
are real, distinct and lie inside (— 1, + 1); the roots of these polynomials separate 
each other, i.e. between any two consecutive roots of g(x) lies one root of p(x). 

Suppose for instance that n is odd. Then we have for -1 Sz 21 


(8) oe) + ECL — a) Ye) = 2g), 2 = Fiat. 
Denote by a the argument of this function; then 
(1 — 2)"? y(z) 

g(x) 


Consider the variation of a when the point z describes the contour | z| = 1 
anticlockwise. It is quite clear that a varies from 0 to 2v7; therefore tan a 
has 2v zeros—when a is equal to 


(67) tan a = 





0, , 27, eee , (2v _ 1)r 
and 2» poles—when a is 


nw 30 4,—1_. 
aah tale 
thus we see that when we go from x = 1 to z = —1 and return from z = —1 


‘or = 1, the denominator (1 — 2?)"/? ¥(x) has 2v zeros; thus the polynomial ¥(z) 
has » — 1 zeros inside the interval (—1, +1). In the same way the numerator 
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v(x) has v roots inside (—1, +1); we see further that between any two consecu- 
tive zeros of g(x) lies one zero of Y(x). 

Quite similarly we prove our statement if is even. 

Suppose now that o roots of (39) have the same modulus | uo |. In this case 
unity will be the largest positive root of (61) of multiplicity o; the equations 


q(z)=0, 2g (?) = 0 


have o — 1 common roots: 


g(z) = O5-1(2) (ape*?t 4 anz*-? + +++ + aso41) , 


(68) 1 
zo(? ) = 0,-1(2) (Qs—o41 z-otl + ag 2% + +++ + aw) 


and the polynomial 


(69) q(z) = az? + ana? + +++ + Oeo41 
has all its roots inside the circle | z | = 1.’ 
Suppose for instance that n is odd; then we have 
g(x) + (2? — 1)? Y(z) = 2”* 6,-a(z) gz) , onet 
(70) q(z) = age? ot — 
g(r) — (x? — 1)? Y(z) = 2 a.(2) o(?) ; 2d 


The second of these expressions may be written otherwise 


(71) ole) — @ — yi y(a) = ert aa) (2) 


then we obtain our polynomial P(z) 
gntl—2s q?(z) oe g—nt2s—20+2 e(? 


P(z) = CS Dee 





—o+1 s—ct+l 
= 6?_,(z) ; : 


ajo, U noir) « 
gr—l 





t=0 k=0 


It is quite clear that @,-:(z) can only be of the following form 


(73) G.1(2) = (2 — 1)* (24 1)8 I Gu ch), 


o—1=2m+a+B6, 


1 
as the roots of the 6,.1(z) are common roots of the polynomials g(z) and ed(2) 





7 Loc. citat,® p. 1177. 
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We have further 


£43) Ue) + TTT UG +d) Hed) 


r=1 


and finally 

a 8 ae aye 4 Th @- a, 

where we have put 

(75) r= He +2); t= 3(« +4), (ry = 1,2, ---,"). 


Using the same method as before it is very easy to see that the polynomial 


s—o+1 s—o+l1 


(76) 2d p> aj, Un41-i-1(2) 


has n — o + 1 changes of sign inside the interval (—1, +1), while the factor 


(w — 1)* (2 + 1)* JJ (@ — ,)? 
r=1 
is not negative for (—1, +1). Using the theorem stated in §1 we see that the 
maximum is attained by the polynomial of degree n — o + 1 
s—ot+l s—ot+l1 


(77) P(x) = >» pm a0, Un—o41+—4 (2) . 
t=0 k=0 
We obtain the same results if n is even. 
It is interesting to point out that in this case—when the equation (39) has o 
roots of modulus | uo |—the root wo may be found as the root of the largest 
modulus of the simpler secular equation 








be-1 — we b. 749 b.-1 b, 
(78) be beri — w--- Ds 0 =0, 
b, 0 0 —pe 
and the polynomial 
(79) q(z) = ape? tl + ayer? + ees 4 eo 


is given by the formula 














poten eras. Fn 


4 
KJ 
B 
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€ 
f 
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a 
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(80) 


q(z) = 
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bo—-1 — po b, wR bs-1 b, 
b, beir — wo: bs O 


OOS C2 OC eo Caw oe 6 oe o'ee 8  6 O8. 4 844 


bs1 bee =e O 


gs—otl gee or zZ 1 





6. Particular cases of the first problem. Consider some particular cases of 
our problem—let 


s even. 


bra = 0, (k = 1, 2, --- , 8/2), 


It is easy to see that instead of (39) uo may be found from a simpler equation 


(81) 


(82) 


bo — 





q(z) = |- 





ML be ba se bs—2 bs 


SSCS eH OSS O CHOCO eS OOF 





bo = ba — og ess 


CHSC HHECHD 9B EOC DOS OO 8 6 6 06 6 OR OW 





yg gs-2 gs-4 a ian hae 22 1 


Suppose now that s is odd and 


ee 
bu = 0, (z= 0,1,2,---,°) 


It is easy to see that in this case we have 


(83) 


where 


(84) 


b(u) = 


B(u) = b(u) b(—»), 


ee ee eo er ee 


ecoeoeeoeeo ec ese eee seo eae eso eer eee ee 








Th 


mo 


an 
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ey 
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Then necessarily B(u) has roots +o and therefore q(z) and z*q(1/z) have com- 


mon roots. 
We find easily that in the case when yo is a simple root of (84) we have 





bi — Mo bs net i bs-2 b, 
bs s—Mo--: b O ~ ; 
(85) 1 oe Ge ied pS age? 2i-1 
b.—2 bs ++ —po O — 
ze ges weg?! 1 








and the polynomial for which the maximum is attained is of degree n — 1 


a 


s—l s— 
2 


(86) P(x) = 








Me 


02; ata. U n—2i—2k—1 (zx) : 


co 


k 


0 


° 


Consider now the case when 


(87) bo = db: = bg = --- = Bg = D1 = O; b = 1. 
Our secular equation is 

—p 0 0 0 0 1 

0 -»p 0 0 1 0 
(88) Se te? aati naceaenicsnt 

0 1 0 0.--- —p O 

1 0 0 0--- O -—p 








and all its roots are +1; therefore for s < [n/2] we have the inequality: for 
every polynomial satisfying the condition 


1 
(89) | |BoU,(x) + BiU u(x) + --- + B,Uo| dx = 1, 
-1 
the inequality 
(90) |B.| S 3, s = 0,1,2,--- ,[n/2], 
is valid. 


The polynomial for which this maximum is attained is U,_.(x). It is interesting 
to point out that in this case the polynomial q(z) is defined by the single condition 





(91) q(z) = aoz* + az) + agz? + --- + ae2? + az + a, 
Le, 


(92) z°q(1/z) = q(z), 
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the coefficients ao, a1, --- being arbitrary; then we have 
2 
(93) P(e) = 2 v2) 


and it is easy to show directly that under condition B, = 4 


(94) "| q2(z)Un-a(2x) 


Zz 
We have indeed 





1 
—1 





(95) q(z) = 2° > d;, Ti.(x) 
and therefore 
(96) P(e) = 4 Dy dif Unei(2) + Urev(a)}. 


It is not difficult to see that for k ¥ 0 


[’ Un-244(2) dx — fe Un-s+4(2) dx fieee dt (—1)"-* 


™ 








(97) 1 
i Un~244(2) dz = 0, 
In-s 
where 7, 12, -:+ , Mn—s are the roots of U,_,(x);8 therefore we see that 
1 1 
(98) |P(e)| dx = 4 | | Un-e(x) | dx = 1. 
—1 —1 
Consider now the following particular case 
(99) § = 1; w(P) = ay Ag + aA, = bo Bo + b, By. 
Using the formula (14) we see that 
(100) bo = 2" a, bi = 2°14; 
then our secular equation is 
b—n b 
(101) : = wv’ — bu — bi = 0, 
by —-b 
and we find easily that 
(102) | wo] = 2" {| ao| + (a5 + at)4}; 





*Cf. J. Geronimus. “Sur une formule de Tchebycheff.”” Rendiconti della Reale Ac- 
cademia Nazionale dei Lincei, Vol. XI, Ser. 6* (1930), p. 276-7. 





th 
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thus we get the inequality: for every polynomial P(x) satisfying the condition 
1 
(103) ‘ |P(x)|dx=1 


is valid the inequality 

(104) | aoAo + a:Ai| S 2"*{| a9| + (a) + aj)}}; 
this maximum is attained for the polynomial 

(105) P(x) = k°U,(x) + 2kUpa(z) + Un_o(z), 


where 





_ |ao| + (a5 + ai)! 


(106) +k 
a) 


the sign of k being that of ap. 
Now we will find the extremal values of the coefficients. 
Suppose that s ts even; let 


(107) do = 4 = +++ = A2 = a1 = 0; a,=1. 


We find the numbers };; it is easy to see that 


—n+s-—1 
m= 2 a ) (« = 0,1,2,-..,8); 








(108) 2 
s—2 
bev = 0, (i= 0,1,2,--., . ; 

We see that 

’ 

— nN + s_— 
b k ” 
(109) t = (— 1)* . bo = 2” ( 8 ) 
lc- 
k 








. 





504 J. GERONIMUS 


therefore our secular equation (81) is 








(110) 8 s bo 8 pio. =0, 
n—>% (n - 8,2) (n- 5,3 


Tre Tree Cee Ce eee eT ee eee eT eee ee rea ee 


(33) 
73 
( ) wy bo 
oo . 


where (a, k) = a (a — 1) (€ — 2) --- a —k +41). 
In particular we get: for every polynomial 








P(x) = Aogt® + Ayz™'= + --- + An 
satisfying the condition 
[/ \P@ la - 1 
the inequalities 
(111) |Ao| S$ 2"™*;, | As] S 2%*[n — 1 + (mn? — Qn + 5)" 


are valid. 
Suppose now that s is odd. Then we have 


s—1 
Dokt1 _ _ 1)k k 
bi *f 1) ea, 
(112) ( | 
k 
—n+s-—1 
naa( ee) ). 
2 


Comparing these formulae with (109) and remembering that in this case 
the secular equation is (84) we come to the conclusion: the maximal value of 




















se 
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the coefficient A, of x"~* (s—odd) of the polynomial of n» degree is the same as 
the maximal value of the coefficient A, of x"~* of the polynomial of the n — 1 
degree. 

Thus we obtain 


(113) |Ai| S$ 2"*; |As| S 2" [n — 2 + (n? — 4n + 8)!]. 


7. Asymptotic formulae. Now we will find the asymptotic solution of our 
problem supposing that n tends to infinity while s is finite. We will suppose 


also that ao, @1, --+ , @, are of the same order of magnitude. 
Suppose first that s is even. Then we have 
—n+s-—1 * > 
(114) by = 2"-* a, . ~ (= 1)? 2" g,, 
2 a! 
while b;, be, --- , 6, are of lower order; we have 
(115) lim 7 = . (k = 1,2,---,8). 
n—2 YO 


Therefore we find from (39): 


s+1 x 
H H 1\ _ 
- (2) + (-#)' + 0() -0. 
whence we find 


8 
n2 2”-* | a, | 


=i 


(117) | wo | ~ | bo] ~ 


Thus we find the asymptotic inequality: for every polynomial 
P(x) = Ayx” te A,zx™! + eee H+ An 


satisfying the condition 


[i \P@lar=1 


we have (under suppositions which we have made) the following asymptotic in- 
equality 

n—s—1 : 
(118) Jay + Ar + ++» +aA,| S$ —™ Jay]; 
a 
5! 


the polynomial for which this maximum is attained is U n(). 
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Suppose now that s is odd. Then we have 


s—l e—1 





8-1 9n—st1 2 s—1 Ons << = 
(119) bb ~ (—1) ? _ site. eg) ee ee 
e—1, e~-i, 
= ie 
and — 
rsa “ual (k = 2,3,4,---,9). 


Then we find that 
s—l1 


8 2 
sad f 


[mol ~ 5 {I bo| + (3 + 4b8)4) 





1 {| de | + (a3_, + a3)}}, 
aos 


2 


and finally we get for s odd, the following inequality 
s—1 


n—s—1 
(120) |aydo + adi +++ + aA,| $7" — ffaal + lata). 
! 
=? 








The polynomial P(x) for which this maximum is attained is 
P(z) sites k? U,,(2) + 2kU »-1(z) + U,-2(z) ’ 


om ck = Weal + a+ ay) 





the sign of k being that of as-1. 


Now we will find the extremal values of the coefficients A,. 
Using (109) and (112) or directly from (118) and (120) we find 


(122) [4.15 , bm H : 





2 


the polynomial for which this maximum is attained is U,(x), if s is even and 
Un-1(z) if s is odd. 


8. The method of solving the first problem in the general case. In the 
general case—when s in the expression 


w(P) = ay Ao + aA + see 4. a,As 


is arbitrary we do not have the possibility of solving our problem so simply 
as for s S [n/2]. 








ie 
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Suppose that n 1s odd. Introduce in (30) the variable x = i(: + 1) and use 
(13). We obtain 


(x) 1 (Qn | An ap 1 
(123) op ow |-a (24 2 + +*- +&)|-ve+(3.). 


Expand the function 





1 M{[ Qn Qn-1 ao 1 
ata [E+ ato +%)]. oigili 


in powers of 1/z, 


1 mm . ak _ 9 , % , Ge 
aad @— iy on} >) fin |-2+3+34 rats 
Let 
(125) g(t) = yor? +mart +--+. 


Then we obtain the following system of equations 


YG + WAG1 +--+ + Yoo = 0, 
YrO1 + Yr-102 + -++ + YoOr41 = 0, 


a 


(126) 


Yr Fp + VYr—-1 Fy41 + * ee + YoC, = 0, 


whence we find the equation for » 


ri) O1 *** Gy-1 Oy 
01 O02 «+: Oy Oy+i1 

re Oh ee eee = 0; 
Fy Gy4t *** Tay—1 Ow 








thus we get the solution of our problem: 
the extremal value of | w(P) | is | uo |, where jo is the root of largest modulus of 
(127). The polynomial g(x) is then given by the formula 











00 O1 +++ Oy-1 Oy 
01 02 Oy Oy+1 
(28) ole) = yor + yer + oe tay = cost | 
Orv-1 Ty *** F%y—-2 F2%—-1 
ig@=s fF 








~icachone 
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y-—l1 
the coefficients of the polynomial y(x) = Zz 6a”* are given by the formulae 
7=0 


ooo = 450, 


Yoo1 + Y190 = O1, 
—_— é&£&8 4 §$« eae aeqaia weed 


COC CHS OTE SOO 


Yoor—-1 + 19-2 + sk Sd + Yr-190 = by—-1 ° 


It is necessary to verify that the polynomial P(x) = ¢(zx) ¥(x) has actually n 
changes of sign inside the interval (—1, +1). For n even we have the same 


answer—the single difference is that » = 5 and the o’s are given by the ex- 
pansion 
(130) oa on ee wit2eneos 

r+ Pp 2 Parl gn—kt1 | z a? a3 = 


ProsBLEmM II 


9. The reduction of the second problem to the first. Consider now our 
second problem: to find the extremum of the linear expression 


(131) &(Q) = GAy + GA + --- + 4,4, 
for all polynomials of degree = m 
(132) Q(z) = Age™ + Ay +... + An, 
the total variation in the interval (—1, +1) being given 
1 
(133) L(Q) = [ |Q’(x) |dzr =1. 
Denoting 
m—1 
(134) P(x) = Q(z) = >) (m—k) Ayam, 
k=0 
we see that 


L(Q) = [ | P(a) | de = L(P). 


Introducing the new numbers a;(k = 0, 1, 2, --- , s) connected with a by 
the formulae 


(135) ee. (k = 0, 1,2, --+ 58) 
m—k 
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and considering our polynomial P(x) 


m—1 we n 
(136) P(t) = D&S (m—k) Ayam = YS Apa, 
k=0 k=0 
where 
(137) n=m—1, Ar=(m—k) A, (k =0,1,2,---,m—1), 
we see that 
(138) &(Q) = p> dG A, = >> a, A; . 


Thus our problem is reduced to the first problem. 
We find the answer: for every polynomial 


Q(x) = =. A, a 
k=0 
of degree S m there ts valid the inequality 
m—1 
<1|; < 
= 3 | Ko | ’ $s => | 2 | ’ 


the total variation of our polynomial in (—1, +1) being given 








039) ~~ | a(@) | = | d aA, 


(140) L(Q) = E | Q"(z) |dx = 1; 


jo 1s the root of largest modulus of the secular equation 


bo — ii b; b---6, 46, 
b; be —pE bs oa b, 0 
ERE ao re es: = 0; 
b, 0 0. 0 -—-_@ 








the b’s may be found from the relation 


(142) :> dr _— > + (Za). 
— if. i\j"— Sz z 
wen EG * | 


whence we find 
s—k 
[+] i. m+k+ " 








—— m—k—2r—1 Ak+or 
(143) “ >, 2 m—k — 2r 


r=0 


r 


(k = 0,1,2,---, 8); 
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in particular for every polynomial satisfying (140) we get: 








= Qm-2 — Qm-3 
. =r < | 
| Ao | = m ’ | A; | = m — 1 ’ 
2 => m— 2 ’ 
144 
( ) a | < 2" *[m — 3 + (m? — 6m + 13)!"] | 
3 = n — 3 ’ 





a rs m—3 2 1/2 
| doAo + GAi| S = { a|+ a + (—" :) at \ ete. 


Suppose now that m tends to infinity while s is finite; then we have (if all a’s 
are of the same order of magnitude): for every polynomial satisfying (140) we 
have the asymptotic inequalities 











m—s—2 wy 2 
E — |a.|, (s — even), 
5 ! 
(145) |@Ao + a 41 + --- + 4,A,| S | ve 
Qm—s—2 2 ” - - 
a teal + Ga + aH, 
! 
ie (s — odd). 
In particular 
= Qm—s—2 pp i-1 ‘ 8 
lls ans. 
(146) 4)s7 ial 


The polynomial for which | A,| attains its maximum asymptotically is 7',(z) 
for s even and 7'n_;(x) for s odd. 


PrRosuLEM III 


10. The fundamental equations. Consider now the following problem: to 
find the extremal values of the linear expression 


w(P) = Apo of aA, + eee + a,A, 
for all polynomials 
P(x) = Aox” +. A,z™" +eee + A, 


of degree <n monotonic in the interval (—1, +1), the total variation of our poly- 
nomial in this interval being given 


L(P") = [| P'@)| ae = 1. 





W 


m 


wi 


W 


Ww 


si 
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We shall prove first that the polynomial P(x) for which this extremum (e.g. 
maximum) is attained is of the form 


Piz) = | (1 — 2)*(1 + 2)? w(2) dz, 


where a, 8B = 0, 1.° = 
It is quite clear that P(x) may be written thus 


(147) P(x) = [ (1 — x)*(1 + 2)? w(x) q(x) dx, 


where g(x) > Ofor -1 Sz S11. 
Consider the polynomials 


Pz) = | (1 — 2)*(1 + 2)? we) dz, 


P(x) — dPo(z) 
w(P) — dw(Po) 





R(z) = (P), 


where \ is apositive constant chosen so that 
giz) -—rA>O for-lsS2zcl. 


The polynomial R(x) as it is easy to see possesses the following properties: 
1. its degree is S n; 
2. o(R) = w(P); 

Q(P, Po) 


3. L(R’) = L(P’) — x 
(R’) (P’) a(B) — dw(Pa) 
since 2(P, Po) = 0. Thus we find that 


w(R) . «(P) 
L(R’) = L(P’)’ 


whence we see that q(x) in (147) may be taken as a constant. We must now 
find the extremal values of the expression 


w(P) = amAo + 4A1+ --- +aAz 


< Li(P’), 








under the condition 


L(P’) = [ (1 — x)@(1 + x)Pur(x) dx = 1. 


On putting 


u(x) = > a;:P,i(t), (n=2m+a+ 641), 
t=0 


* Supposing that our polynomial is monotone increasing in the interval (—1, +1). 
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where P;(x), (k = 0, 1, --- ) are the normalized Jacobi polynomials corre- 
sponding to the characteristic function (1 — x)* (1 + 2)® we find easily that 


L(P’) = >> a?, WP) = FD) avr Bu, 
i=0 


i=0 k=0 


where we have put 


(—1)* 1 = 
(148) Bix = a aC — sy (1 + ‘y Py-i(x) Pr_x (x) y ane (n — r)a™ x pre 1 3 


(i,k, = 0,1, 2, ---,8; Bux =0 if t++k>=s); 





the contour I encloses the segment (—1, +1). The conditions of extremum are 


> a: Bu = daw (k = 0, 1, 2, ---, 8), 


i=0 

—_ (a, = 0 for k>s); 

whence follows that \ 

(150) w(P) = »L(P’) 

and ) is to be found from the secular equation 

Boo — X Bo --- Beso Bao 
Bu Bu-dA-++ Bair O 


ed 


(151) 








If our polynomial is monotonic then 
min [w(P)] = —max [w(P)] 
and therefore we have 


|o(P)| 


“L(P’) = S|, 


where Xo is the root of largest modulus of (151). 
If our polynomial is monotonic increasing we have the narrower bounds 


x w(P) < 
Amin = L(P’) = max 
where Amin 2Nd Amax denote the smallest and the largest root of (151). 


11. Particular cases. Consider in particular the case s = 1. 
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Suppose first that n is odd. Then we have a = 8 = 0 or = 1 and 


(—1)* 5) a | de 
Bu = — [0 —35 1 + in — De P—i(X) Pm_x(2) r% 




















(i,k = 0,1). 
On writing the Jacobian polynomial 
P,(z) = D) dar, (r = 0, 1, 2, ---) 
i=0 
we see that 
Bu = (—1)*2 [aP, Bu = (—1)*# aa? 
n n—1 
and our secular equation is 
Boo _ nN By | 
Bu —)| — 
whence 
(152) A= 3 [Boo + (Boo + 4B;,)'). 
On substituting” 
q™ = (2m + 2a)! (2m + 2a + 1) m!(m + 2a) | 
°  Qntam!(m + a)!(m + 2a)! 2 , 
. ae | m(m + 2a) | 
d™) =~ (2m + 2a + 1) (2m + 2a — 1) 
we find 
dy? n(n — 2a — 1) (n + 2a — 1) ; 
(153) y = 120"T J (_4)e 2 a ‘]}. 
) Qn ( 1) Q& +] a+ (n ” 2) (n — 1? a; 


Comparing these roots for a = 0 and a = 1 we find the following result: 
for every polynomial of degree < n which is monotonic increasing for —1 S x < 1 
1 
and is subject to the condition i P’(x) dx = 1, there are valid the inequalities 
—1 
(for n odd): 


ES 
Polya und Szegé Aufgaben und Lehrsdtze aus der Analysis, Bd. II. SS. 93, 292. 
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if |r| S<n—2 


n—1 (n—1)? n(n + 1)(n — 3) ,}* 
. + [1+ Gap @ se |} Atom 


+o hgh zn 
— 1? 
(n — 1)! (1+ [14 n alt 
n—2 


“i ntl n—1 14 








lA 





154 
— if |r| >n—2 


4 
—2=0F {ft + 2] wi i < Ao + rA, 
14 


gn t=), 
(n — 1)? | n i 
(ee 1 2 
~ oni M@— 1 ¥ are 
5° 


A 





ay 
where we have put r = —. 
Ao 


If our polynomial is only subject to the condition of being monotonic we 
have the simpler inequality: 


_ae 
(154) | dodo + aii] S 4 ats E +o ai|}. 
r ~ 


Ont n—1 


By an analogous computation we find for n even: 
for a monotonic increasing polynomial 


n? nay ai n y 2 isi? 
peal we b+ ("4 “1 ~ a(n — IF 


(155) S aAo + Ai 





12 


n nay P n \2 . ay | a | I: 
anes n ¥ f Ap | + (n re 1? + E + (4 i) a; + n(n a 1)? } 
2 


for a monotonic polynomial 





pS 


2 





na 
| aAo + mAi| S soo + ita 


2 2 : 0 1/2 
+ [ots (Gayot + sel 


Qnt+3 Aa 14 
2 


(155’) 





Fre 


(15 


wh 


if i 


Ja 


wi 
su 


th 
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From these formulae we find in particular the inequalities 

















n — odd 

4. Sa pepeek = . 1 45-44-25 ( : y"; 
ale aly on M—1y p~ a 
(156) 
nm — even 
! 2 12 

el g—e -4(—*) n! s A: s ( n ) n!? ; 
gnte 14 sie ante = I n—l onts 14 
where 6 = 6, = 1 if the polynomial is monotonic and 6 = tod § 1= Aah. 
n+1 n 


if it is monotonic increasing. 


12. Asymptotic formulae. Suppose now that n — ~ while s is finite and 











(o, @, «++ , Gy are of the same order. Using the asymptotic formula for the 
Jacobian polynomials due to M. 8S. Bernstein 

[x + (2? — 1)¥2] "tet _2a+1 _ 241, 
(157) Pa) ~ Gyi@—ip@pin? 4 * MO gt 


|a + (2? — 1)¥?7|>1+.6e, 


where ¢ is an arbitrarily small, but fixed, positive constant, we find easily on 
substituting in (148) 


z+(@— 1)" =2 





that 
(158) t Ba ~ (= Ds [3 ar “ ene 
207 Cc 2 oan ( ) E a Zz 
n—fT 5 z+ > 
where the contour C encloses the circle | z| = 1. On putting 


mS ae BAe). 
on a, ie 


We see at once that 











(— 1)", 
(160) Bi - bi+k 


(i,k = 0,1, 2, --- ,8; Bu=O0ifi+tk>s); 








4 
. 
- 
8 
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on comparing (159) with (142) we see that the 6’s have the same value as in 
our second problem (see §9). 
Our secular equation is 








fur 
by) — (—1)*7d b re b 
: - s (C 
(161) bi be — (3 wr eee b, 0 * 0 r 
Lae hentade.1 ae ed bus epee kee oleae ee aba ae red 
b, 0 0 —(-1ena (I 
and we get finally effi 
Tr 
|w(P)| 
(162) TP) = | ro]. 


Comparing this with the solution of our second problem 


(162’) |o(P)| < Stal 


where by (161), | uo| = 2|Xo|, we find the following theorem: 


the extreme value of the ratio 


|a949 + Ai + --- + 4,A,| _ |(P) | 
. L(P’) 
| | nAgx™! + (n — 1)Aia*™? + --- + Ana| dz 
—1 








(for large values of n and finite s) is for a monotonic polynomial 1/2 times smaller 
than it is for a polynomial which is not required to be monotonic. 


1 
Therefore we get on putting L(P’) = / |P’(x)| dx =1 
—1 





—~—e—l1 <—1 
imal (s — even), 
eit 
(163) |aAo + a,4,4+---+a,A,| < i 
n—s—ly 2 
et taal t+ ata, 
—_t (s — odd). 





In particular it is very easy to find the extremal values of a coefficient of 2** 


Qnr-s-1 pi-l 8 
164 | oo j=] -]. 
— |A.| S —y ’ H 


Kuarkow, U.S. S. R. 
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ADDED IN PROOF (MARCH 28, 1936) 


Since the time this paper was sent in f icati 
further results: or publication, the writer has obtained 

1. The problem I is generalized for i 

the case if tri 

(Comptes Rendus, t. 198, pp. 2221-2 and Bull. Amer. Met Bos 6 peynenians 

2. The problem I is solved for all s (Comptes Rendus, t ‘199 deagy 8 
reducing this problem to another solved by M. M Ach agp 1010-2) by 
(Trans. Kharkow Math. Soc., t. IX, pp. 9-28) Pee yeser and M. Krein 

3. The problems I-III are solved 

: under the suppositi 

a of our polynomial are given (Comptes Pons ts ee oe the first co- 
rans. Kharkow Math. Soc., t. XII, pp. 49-59) a se ae 





